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INTRODUCTION : 

This topic is about a branch of discrete mathematics called graph theory. Discrete 

mathematics – the study of discrete structure (usually finite collections) and their 

properties include combinatorics (the study of combination and enumeration of objects) 

algorithms for computing properties of collections of objects, and graph theory (the study 

of objects and their relations). 

Many problem in discrete mathematics can be stated and solved using graph 

theory therefore graph theory is considered by many to be one of the most important and 

vibrant fields within discrete mathematics.  

Many problem in discrete mathematics can be stated and solved using graph theory 

therefore graph theory is considered by many to be one of the most important and vibrant 

fields within discrete mathematics.  

DISCOVERY 

It is no coincidence that graph theory has been independently discovered many 

times, since it may quite properly be regarded as an area of applied mathematics .Indeed 

the earliest recorded mention of the subject occurs in the works of Euler, and although the 

original problem he was considering might be regarded as a some what frivolous puzzle, 

it did arise from the physical world.  

Kirchhoff’s investigations of electric network led to his development of the basic 

concepts and theorems concerning trees in graphs. While Cayley considered trees arising 

from the enumeration of organic chemical isomer’s. Another puzzle approach to graphs 

was proposed by Hamilton. After this, the celebrated four color conjecture came into 

prominence and has been notorious ever since. In the present century, there have already 

been a great many rediscoveries of graph theory which we can only mention most briefly 

in this chronological account. 

WHY STUDY GRAPH? 

The best way to illustrate the utility of graphs is via a “cook’s tour” of several 

simple problem that can be stated and solved via graph theory. Graph theory has many 

practical applications in various disciplines including, to name a few, biology, computer 
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science, economics, engineering, informatics, linguistics, mathematics, medicine, and 

social science, (As will become evident after reading this chapter) graphs are excellent 

modeling tools, we now look at several classic problems. 

We begin with the bridges of Konigsberg. This problem has a historical 

significance, as it was the first problem to be stated and then solved using what is now 

known as graph theory. Leonard euler fathered graph theory in 1973 when his general 

solution to such problems was published euler not only solved this particular problem but 

more importantly introduced the terminology for graph theory 

1.THE  KONIGSBERG  BRIDGE  PROBLEM 

Euler (1707-- 1782) became the father of graph theory as well as topology when 

in 1736 he settled a famous unsolved problem of his day called the Konigsberg bridge 

problem. The city of Konigsberg was located on the Pregel river in Prussia, the city 

occupied two island plus areas on both banks. These region were linked by seven bridges 

as shown in fig(1.1).  

The problem was to begin at any of the four land areas, walk across each bridge 

exactly once and return to the starting point one can easily try to solve this problem 

empirically but all attempts must be unsuccessful, for the tremendous contribution of 

Euler in this case was negative. 

In proving that the problem is unsolvable, Euler replaced each land area by a 

point and each bridge by a line joining the corresponding points these by producing a 

“graph” this graph is shown in fig(1.2) where the points are labeled to correspond to the 

four land areas of fig(1.1) showing that the problem is unsolvable is equivalent to 

showing that the graph of fig(1.2) cannot be traversed in a certain way. 

In proving that the problem is unsolvable, Euler replaced each land area by a point and 

each bridge by a line joining the corresponding points these by producing a “graph” this 

graph is shown in fig(1.2) where the points are labeled to correspond to the four land 

areas of fig(1.1) showing that the problem is unsolvable is equivalent to showing that the 

graph of fig(1.2) cannot be traversed in a certain way. 
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Figure1.1: A park in Konigsberg 1736 

 
 

 

 

 

Figure1.2: The Graph of the Konigsberg  bridge problem 

Rather than treating this specific situation, Euler generalized the problem and 

developed a criterion for a given graph to be so traversable; namely that it is connected 

and every point is incident with an even number of lines. While the graph in fig(1.2) is 

connected, not every point incident with an even number of lines. 

2.ELECTRIC  NETWORKS 

Kirchhoffs developed the theory of trees in 1847 in order to solve the system of 

simultaneous linear equations linear equations which gives the current in each branch and 

around each circuit of an electric network..  

Although a physicist he thought like a mathematician when he abstracted an 

electric network with its resistances, condensers, inductances, etc, and replaced it by its 

corresponding combinatorial structure consisting only of points and lines without any 

indication of the type of electrical element represented by individual lines. Thus, in 

effect, Kirchhoff replaced each electrical network by its underlying graph and showed 

that it is not necessary to consider every cycle in the graph of an electric network 

separating in order to solve the system of equation. 

Instead, he pointed out by a simple but powerful construction, which has since               

became std procedure, that the independent cycles of a graph determined by any of its 
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“spanning trees” will suffice. A contrived electrical network N, its underlying graph G, 

and a spanning tree T are shown in fig(1.3) 

 
N: 

 

 

Fig (1.3)- A network N, its underlying graph G, and a spanning tree T 

 

 G: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.UTILITIES  PROBLEM 

These are three houses fig(1.4) H1, H2, and H3, each to be connected to each of the 

three utilities water(w), gas(G), and electricity(E)- by means of conduits, is it possible to 

make such connection without any  crossovers of the conduits?  

 

 

 

 

 

Fig(1.4)- three – utilities problem 

Fig(1.4) shows how this problem can be represented by a graph – the conduits are shown 

as edges while the houses and utility supply centers are vertices 
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4.SEATING  PROBLEM 

Nine members of a new club meet each day for lunch at a round table they decide 

to sit such that every members has different neighbors at each lunch  

 

 

 

 

 

Fig(1.5) – Arrangements at a dinner table 

How many days can this arrangement lost? 

This situation can be represented by a graph with nine vertices such that each 

vertex represent a member, and an edge joining two vertices represents the relationship of 

sitting next to each other. Fig(1.5) shows two possible seating arrangement – these are 1 

2 3 4 5 6 7 8 9 1 (solid lines), and 1 3 5 2 7 4 9 6 8 1 (dashed lines) it can be shown by 

graph – theoretic considerations that there are only two more arrangement possible. They 

are 1 5 7 3 9 2 8 4 6 1 and 1 7 9 5 8 3 6 2 4 1. In general it can be shown that for n people 

the number of such possible arrangements is (n-1)/2, if n is odd. (n-2)/2, if n is even  

WHAT IS A GRAPH? 

A linear graph (or simply a graph) G = (V,E) consists of a set of objects V = {v1, 

v2,…..} called vertices, and another set E = {e1, e2,…..} whose elements are called edges, 

such that each edge ek is identified with an unordered pair (vi , vj) of vertices. The 

vertices vi , vj  associated with edge ek  are called the end vertices of  ek . The most 

common representation of a graph is by means of a diagram, in which the vertices are 

represented as points and each edge as a line segment joining its end vertices 

The object shown in fig (a) 

The Object Shown in Fig.(a) 
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Fig (a) – Graph with five vertices and seven edges 

Observe that this definition permits an edge to be associated with a vertex pair (vi 

, vj) such an edge having the same vertex as both its end vertices is called a self-loop. 

Edge e1 in fig (a) is a self-loop. Also note that the definition allows more one edge 

associated with a given pair of vertices, for example, edges e4 and e5 in fig (a), such edges 

are referred to as ‘parallel edges’. A graph that has neither self-loops nor parallel edges 

is called a ‘simple graph’.  

FINITE   AND  INFINITE  GRAPHS 

Although in our definition of a graph neither the vertex set V nor the edge set E 

need be finite, in most of the theory and almost all application these sets are finite. A 

graph with a finite number of vertices as well as a finite number of edge is called a ‘finite 

graph’: otherwise it is an infinite graph. The graphs in fig (a), (1.2), are all examples of 

finite graphs. Portions of two infinite graphs are shown below 

 

 

 

 

 

Fig(1.6) – Portion of two infinite graphs 

INCIDENCE  AND  DEGREE 

When a vertex vi  is an end vertex of same edge ej , vi  and ej are said to be 

incident with (on or to) each other. In fig (a), for examples, edges e2, e6 and e7 are 

incident with vertex v4. Two nonparallel edges are said to be adjacent if there are incident 

on a common vertex. For example, e2 and e7 in fig (a) are adjacent. Similarly, two 
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vertices are said to be adjacent if they are the end vertices of the same edge in fig (a), v4 

and v5 are adjacent, but v1 and v4 are not. 

The number of edges incident on a vertex vi , with self-loops counted twice, is 

called the degree, d (vi), of vertex vi , in fig (a) for example d(v1) = d(v2) = d(v3) = 3, 

d(v2) = 4 and d(v5) = 1. The degree of a vertex is same times also referred to as its 

valency. 

Let us now considered a graph G with e edges and n vertices v1, v2 ,…..vn  since 

each edge contributes two degrees 

The sum of the degrees of all vertices in G is twice the number of edges in G that is  

 

 

       

Taking fig (a) as an example, once more d(v1) + d(v2) + d(v3) + d(v4) + d(v5) = 3 

+ 4 + 3 + 3 + 1 = 14 = twice the number of edges. 

From equation (1.1) we shall derive the following interesting result. 

THEOREM  1.1 

“The number of vertices of odd degree in a graph is always even”. 

Proof : If we consider the vertices with odd and even degree separately, the 

quantity in the left side of equation (1.1) can be expressed as the sum of two sum, each 

taken over vertices of even and odd degree respectively, as follows. 

 

 

 

Since the left hand side in equation (1.2) is even, and the first expression on the 

right hand side is even (being a sum of even numbers), the second expression must also 

be even 

 

 

 

Because in equation (1.3) each d(vk) is odd, the total number of terms in the sum 

must be even to make the sum an even number. Hence the theorem. 

1

( ) 2 (1.1)
n

i
i

d v e
=

= − − − −�

1

( ) ( ) ( ) (1.2)
n

i k
i even odd

d v d vj d v
=

= + − − −� � �

( ) (1.3)k
odd

d v an even number= − − − − − −�



9 

A graph in which all vertices are of equal degree is called a ‘regular graph’ (or 

simply a regular). 

DEFINITION:  

ISOLATED   VERTEX , PENDANT  VERTEX  AND  NULL GRAPH  

 

 

 

 

 

 

Fig(1.7) –  Graph containing isolated vertices, series edges, and a pendent vertex. 

A vertex having no incident edge is called an ‘isolated vertex’. In other words, 

isolated vertices are vertices with zero degree. Vertices v4 and v7 in fig(1.7), for example, 

are isolated vertices a vertex of degree one is called a pendent vertex or an end vertex v3 

in fig(1.7) is a pendent vertex. Two adjacent edges are said to be in series if their 

common vertex is of degree two in fig(1.7), the two edges incident on v1 are in series. 

In the definition of a graph G = (V,E), it is possible for the edge set E to be 

empty. Such a graph , without any edges is called a ‘null graph’. In other words, every 

vertex in a null graph is an isolated vertex. A null graph of six vertices is shown in fig 

(1.8). Although the edge set E may empty the vertex set V must not be empty; otherwise 

there is no graph. In other words, by definition, a graph must have atleast one vertex  

 

 

 

 

Fig 1.8: Null graph of Six Vertices 
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