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Preface

This book is the fruitful effect of my experience and teaching in Real Analysis-1 for more than
two and half decades. The book entitles ‘‘Real Analysis-1’’ is written according to the prescribed
syllabus. The aim of the book is to explain the concepts symmetrically and develop understanding
of the algebra and its problem solving methods. In this book all the topics and examples are discussed
step by step in detail, without leaving aside anything, so that the reader may understand the subject
themselves without the help of others. The book contains large number of solved examples for
understanding and unsolved problems for practice related .

The auther is greatful to his publishers for their full co-operation in bringing out the book in the
present nice form. While we are sanguine that this book will serve the intended purpose, still
suggestions for improvement of the book are quite welcome.

– Author



About The Book

This book provides important basic algbraic concepts and method needed by the mathematics
students in their applications. In this book, an attempt is made to present in a simple and systematic
way pertinent definitions, theorems, lemmas and methods together with solved examples. All the
principles and theorems presented in the book are illustrated by numerous worked examples. The
book draws a balance between theory and practice.

 In this book I have concentrated on both of these aspects: the tools for formula in the mathematical
equations and also the method of solving them. A number of solved and unsolved problems are
presented for subject learners. Exercises for practice problems for students practice to amplify
and extend theory are also included.

I am grateful to all those who had a direct impact on this work.

– Author
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 Dr. V. N. Jha, is working as Professor & Head in the Department of Mathematics, Galgotia’s
College of Engg. & Technology, Gr. Noida. Dr. Jha is an active academician he has authors so
many books of mathemtics for undergraduate and post graduate level and competitive books. He
has written several research papers in national and international journals repute. He is also the life
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1.1 Introduction

Algebra established from the connections performable in sets of natural
numbers. This constitutes one of the ancient collective accomplishments of
human beings. With the development of civilization numerous other
examples of connections came into being before it was realized that they
could be viewed from a uniform stands point and that far reaching
generalizations could be reached that means in each set one or more
connections can be defined by attracting one element of it to each two
elements of the same sets, where after it can be termed as mathematical
structure. Group theory throws light on the concept of abstraction in pure
mathematics. All the groups are studied together through the concept of
an abstract group. Because of this use of abstraction in modern algebra,
this subject is often called abstract algebra. Algebra deals with the
investigations into such structures, its research is limited by some
restrictions. One of these is that of all imaginable connections only those of
practical importance must be investigated. The exact formulation of this idea
is owed to the genius of Ernst Steinitz who by establishing the “Principle
of Isomorphy” in his epoch-making treatise “Algebraic theory of Bodies”
created herewith something similar in algebra to what Felix Klein had done
in geometry in his contribution “Programme of Erlangen”. The subject is
described as a study of groups equipped with mathematical operations. The
purpose of this study is to give some basic concepts of group theory which
are essential for the study of modern algebra. Group theory is a young
branch of mathematics one should not be surprised at the tremendous
amount of algebraic studies in recent years.

1.2 Binary Operation of Set

Let G be a non-empty set, then cartesian product G × G = {(a, b) : a  G, b
 G}. If f : G × G G, then f is called binary operation of G × G on the set

G. The image of the ordered pair (a, b) under the function f is denoted by
a f b. Sometimes we are using symbols +, ×, *, •, ° etc. to denote binary
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4 Algebra

operations on a set. Thus ‘+’ will be binary operation on G if and only if
(iff):

a + b  G,  a, b  G and a + b is unique.

Similarly ‘*’ will be a binary operation on G iff:

a * b  G,  a, b  G and a * b is unique.

A binary operation on a set G is sometimes also called binary
composition in the set G. If ‘*’ is a binary composition in G, then a * b  G

 a, b  G. Therefore, G is closed with respect to the composition denoted
by *.

Example. Addition is a binary operation on the set N of natural numbers.
The sum of two natural numbers is also a natural number. Therefore N is
closed with respect to addition

a + b  N,  a, b  N.

Subtraction is not a binary operation on N. We have 4-7 = -3  N
whereas 4  N, 7  N. Thus N is not closed with respect to subtraction.
But subtraction is a binary operation on the set of integers I. We have
a-b  I,  a, b  I.

1.3 Semi-Group. Definition

An algebraic structure (G,*) is called a semi-group if the binary operation*
is associative in G i.e., if

(a * b) * c = a * (b * c),  a, b, c,  G

addition numbers. Obviously addition is an associative operation in N.

1.4 Group

Let G be a non-empty set equipped with a binary operation denoted by
• i.e., a • b or more conveniently ab represents the element of G obtained
by applying the said binary operation between the elements a and b of G
taken in that order, then this algebraic structure (G, •) is a group, if the
binary operation • satisfies the following postulates:

g1. Closure property a b  G  a, b  G.

g2. Associativity (ab) c = a (bc)  a, b, b  G

g3. Existence of Identity. There exists an element e  G such that
ea = a = ae,  a  G. The element e is called the identity.

g4. Existence of Inverse. Each element of G possesses inverse. In other
words a  G  there exists an element b  G such that ba = e = ab. The
element b is thus called the inverse of a and we write b = a-1. Thus a-1 is an
element of G such that a–1 a = e = a a-1.



Abelian Group (Commutative Group). A group G is said to be abelian
or commutative if in addition to the above four postulates the following
postulate is also satisfied.

g5. Comutativity a b = b a,  a, b  G.

Example 1.1 Show that the set of all positive rational numbers forms
an abelian group under the composition defined by a * b = (a b)/2.

Solution. Let Q+ denote the set of all positive rational numbers. We
define an operation * on Q+ as follows: a * b = (a b)/2,  a, b  Q+

To show that (Q+, *) is a group:

Closure Property. Since for every a, b  Q+, (a b)/2 is also in Q+,
therefore Q+ is closed with respect to the operation *.

Associativity. Let a, b, c  Q+, then (a * b)*c = a*(b * c),  a, b, c  G.

Commutativity. Let a, b Q+, then a * b = (a b)/2 = (b a)/2 = b * a.

Existence of Identity. The number e will be the identity element if
e  Q+ and if e * a = a = a * e,  a  Q+.

Now, e * a = a  (e a)/2 = a (a/2) (e-2) = 0  e = 2,

since     a  Q+ a  0.

Now 2 Q+ and we have 2 * a = (2a)/2 = a = a * 2,  a  Q+

Therefore, 2 is the identity element.

Existence of Inverse. Let a be any element of Q+. If the number b is to
be the inverse of a, then we must have b * a = e = 2 (b a)/2 = 2 
b = 4/a. Now, a  Q+  4/ a  Q+

We have,          (4/a)*a = 4a/2a = 2 = a*(4/a)

Therefore 4a is the inverse of a. Thus each element of Q+ is invertible.

Hence (Q+, *) is an abelian group.

In a group G the underlying set G consists of a finite number of distinct
elements then the group is called a finite group, otherwise an infinite group.
The number of element in a finite group is called the order of the group.
An infinite group is said to be of infinite order. We can represent the order
of a group G by o(G).

The smallest group for a given composition is the set {e} consisting of
the identity element e alone.

Example 1.2 Show that the set N of all natural numbers: N = {1, 2, 3,...,}is
not a group with respect to addition.

Solution. Addition is obviously a binary composition in N i.e., N is
closed with respect to addition. Also addition of natural numbers is an
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associative composition. But there exists no natural number e  N such that
e + a = a = a + e,  a  N. For addition of numbers, the number 0 is only
the additive identity and 0  N. Therefore (N, +) is not a group.

Example. (Z, +), (Q, +), (R, +) and (C, +) are all abelian groups, while
(N, +) is not a group.

Example 1.3 None of (Z, •), (Q, •), (R, •) and (C, •) is a group. If we
use S x to denote the set S {0}, then we can see that (Qx, •), (Rx, •) and
(Cx, •) are all abelian groups. Note that (Zx, •) is still not a group. It is
also clear that (Q+, •), (R+, •) are abelian group.

Example. The set Z is not a group under subtraction.

Example. The set of even integers is an abelian group under addition.
The set of odd integers is not a group under addition.

Example. The set {1, -1} is an abelian group under multiplication. The
set {1, -1, i, -i}  C is an abelian group under multiplication.

Example. Let S = {a} be a singleton set. There is only one way to define
a binary operation on S, that is, a a = a. It is clear that this makes S an
abelian group and e is only element in S is the identity element.

Definition 1.1 Let G be a group. We call |G| the order of G. If G is
finite, we say G is a finite group. Otherwise, we say G is an infinite group.

Definition 1.2 The trivial group is the group {e}, the group of order 1.
If we say G is non-trivial group, we mean G is a group of order more than
one.

Example. Let n be a positive integer, then Zn is an abelian group under
addition. The identity element is 0 while the inverse of k is (-k).

Example. Let {0, 5, 10, 15}  Z20. This is an abelian group under addition.

Proposition 1.1 Consider (Zn, •), the class 1 is the multiplicative identity
element in Zn . An element k has an inverse if and only if k and n are
relatively prime.

Example. Any vector space is an abelian group under vector addition.

Lemma. Let (S, •) be a set with an associative binary operation. If S
contains an identity element and a  S has an inverse, then ab = ac  b = c
and ba = ca  b = c.

Proposition . Let G be a group and let a, b, c  G:

(a) Cancellation Law. If ac = bc then a = b. If ca = cb then a = b.

(b) The equation xa = b has a unique solution in G. The equation ay = b
has a unique solution in G.



1.5 Operation Table
For group we need to give a set and describe binary operation on it as:

Y

xy a1 a2 ... an

x a1 a1a1 a1a2 ... a1an

a2 a2a1 a2a2 ... a2an

... ... ... ... ...

an ana1 ana2 ... anan

In a group there is always the identity element e. We can place e in
place of ai. It then easy to find in first row and the first column.

Corollary. In operation table for a finite group, every element of G
appears in each row exactly once, and every element appears in each column
exactly once.

Example. Let G be a group of order 2. Compose all possible operation
tables.

Example. Let G be a group of order 3. Compose all possible operation
tables.

Example. Let G be a group of order 4. Compose all possible operation
tables.

Definition 1.3 The abelian group {e, a, b, c} of order 4 with e as the
identity element, and a2 = b2 = c2 = e, a b = c, b c = a, c a = b, is called the
Klein Vier-group and is usually denoted by V.

EXERCISES 1.1

(1) Let a and b be elements in a group, them prove all the following
identities hold.

(a-1)-1 = a, (b) (ab)-1 = b-1 a-1, (c) (aba-1) n = abn a-1.

(2) Let (S, •) be a set with a binary operation. Suppose that (S, •) contains
an identity, is associative and satisfies cancelation law. Does it imply that S
is a group under operation ‘•’?

(3) For n  2, define U (Zn ) = {k  Zn : (k, n) ~ 1}. The notation
(k, n) ~ 1 means that 1 is the Greatest common divisor (GCD) of k then:

(a) Show that U (Zn) is an abelian group under multiplication.

(b) Show that for n  2 there are at least two elements in U(Zn) that
satisfy x2 = 1.

Group theory 7
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(4) Let G is abelian group, then prove that:

(a) (ab)2 = a2 b2, for all a, b  G.
(b) (ab)-1 = a-1 b-1, for all a, b  G.
(c) aba-1 b-1 = e, for all a, b  G.
(d) ab = ca  b = c, for all a, b, c  G.
(5) If a = e for all a in a group G, then show that G is abelian group.
(6) Let G be a finite group. Show that the number of elements x of G

such that x3 = e is odd.

1.6 Permutation Groups

Symmetric groups. By the results on bijective maps, we can write the
following proposition.

Proposition 1.2 Let S be a set, then set of all bijective maps from S to S
is a group under composition. Its identity is 1  S, and the inverse of a
bijective map is its inverse map.

Definition 1.4 Let S be a set. The group of all bijective maps from S to
S is called the symmetric group on S and it is denoted by Sym. S. An element
inside a symmetric group is called a permutation.

Let, S = {a1, a2, ...,an} be a finite set with n distinct elements, fi : S S
and f is one-one onto, then f is a permutation of degree n. Let f(a1) = b1,
f(a2) = b1,..., f(an) = bn,, where {b1, b2,...,bn} = {a1, a2,...,an} i.e. b1,b2,...,bn is
some arrangement of elements of S. We find it convenient to introduce a
two line notation to write this permutation as:

1 2

1 2

...

...
n

n

a a a
f

a a b

Each element in the second row is the f-image of the corresponding
element of the first row lying directly above it.

Let S = {1, 2, 3, 4} is a finite set with four elements, then

1 2 3 4 1 2 3 4
, , ... ,

2 4 1 3 1 3 2 4
f g etc

Are all permutations of degree 4. Here in the permutation f the elements
1, 2, 3, 4 have been replaced respectively by the elements 2, 4, 1, 3, Thus,
f(1) = 2, f(2) = 4, f(3) = 1, f(4) = 3.

1.7 Equality of Two Permutations

Two permutations f and g of degree n is said to be equal if f(a) = g(a),  a
 S,



1 2 3 4 2 4 3 1
If ,

2 3 4 1 3 1 4 2
f gExample. are two permutations of

degree 4, then we have f = g.

Theorem. The set Pn of all permutations on n symbols is a finite group
of order n! with respect to composite of mappings as the operation. For
n  2, this group is abelian and for n > 2 it is always non-abelian.

1.8 Cyclic Permutations

Suppose f is a Permutation of degree n on a set S having n distinct elements.
Let it be possible to arrange m elements of the set S in a row in such a way
that the f-image of each element in the row is the element which follows it,
the f-image of the last element is the first element and the remaining
(n – m) elements of the set S are left unchanged by f, then f is said to be
cyclic permutation or a cycle of length m or an m-cycle.

1.9 Subgroup

Let (G, •) be a group, then we say that (H, •) is a subgroup of (G, •) if H
is a subset of G and (H, •) is a group itself.

Example

(1) (Q, +) is a subgroup of (R, +), while (Qx, •) is not a subgroup of
(R, +).

(2) Determine which is whose subgroup among (Z, +), (Q, +), (R, +).

(3) Determine which is whose subgroup among (Qx, •), (Rx, •) and
(Cx, •).

(5) The set of even integers is a subgroup of (Z, +).

(6) The set {1, -1} is a subgroup of Qx under multiplication.

(7) The set {1, -1, i, -i} is a subgroup of (Cx, u).

(8) {0, 5, 10, 15} is a subgroup of Z20 under addition.

(9) Dn is a subgroup of Sn, and the set of rotations inside Dn form a
subgroup of Dn.

Proposition 1.3 Let K be a subgroup of H and H be a subgroup of G,
then K is a subgroup of G.

1.10 Subgroup Tests

To find whether a subset H of a group G is a subgroup, it is not necessary
to verify all the group axioms. First of all, note that the binary operation
on H must be inherited from G.

Group theory 9
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Thus, the binary operation on H must be associative. The more essential
question is whether the binary operation is closed in H and thus really
induces a binary operation on H. Once we have verified this, it remains to
check the other group axioms.

Theorem 1.1 (Three-Step Test). A subset H of a group G is a subgroup
if the following conditions satisfied.

(i) H is non-empty;

(ii) H is closed under the operation:  a, b  H  ab  H, (a + b  H
in additive notation);

(iii) H is closed under inverses: a  H  a-1  H (-a  H in additive
inverse).

To check H is non-empty, it is most common to show that the identity
e is in H. Although it will do if one can find some other element in H.

Theorem 1.2 (Two-Step Test). A subset H of a group G is a subgroup if
the following conditions satisfied:

(i) H is non-empty;

(ii)  a, b  H ab-1  H (a - b  H in additive inverse).

Theorem 1.3 (Finite Subgroup Test). A finite subset H of a group G is
a said to be subgroup if the following conditions hold:

(i) H is nonempty;

(ii)  a, b  H  ab H (a + b  H in additive condition).

Example. Let n be an integer. Show that H = {nk : k Z} is an additive
subgroup of Z.

Example. Let m be an integer and let n be a positive integer. Show that
H = {mk  Zn : k  Z} is an additive subgroup of Zn.

Example. Let Hm = {mk  Z6: k  Z}, then

H0 = {0}, H1 = Z6, H2 = {0, 2, 4}, H3 = {0, 3},

H4 = {0, 4, 2} = H2, H5 = {0, 5, 4, 3, 2, 1} = H1.

Generating Sets. To describe a subgroup in a group, there is really no
need to specify every element in it. It will be sufficient to describe certain
key elements. For example, suppose H is a subgroup of Z and we know
2  H, then without speaking, H must also contains 0, 2, 4, 6,. . . and also
-2, -4, -6,....

Definition 1.5 Let S be a subset of a group G, than the smallest subgroup
of G containing S is called the subgroup generated by S, and is denoted by
S. If H = S, we also say S generates H or S is a set of generators or a
generating set for H.
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