Exercise 8.2

Find the coefficient of x° in (x+3)8

Solution 1:
It is known that (r+1)" term, (T,

rl
T,="Ca""b

Assuming that x* occurs in the (r +1)th term of the expansion (x+3)8 , We obtain
T,..="C.(x)""(3)
Comparing the indices of x in x° in T, ,,
We obtainr =3

r

_ 8! 5 87650

Y, 3*=1512.
315! 3-2.5!

Thus, the coefficient of x° is °C, (3)’

Find the coefficient of a’b’ in (a—2b)12

Solution 2:
It is known that (r +1)th term, (T,
T,="Ca""b"
Assuming that a°h” occurs in the (r +1)th term of the expansion (a—2b)12, we obtain
_I_r+1 =12Cr (a)lzfl‘ (—Zb)r =12Cr (_Z)r (a)lzfl‘ (b)r
Comparing the indices ofaand bin a°0” in T, ,,
We obtainr =7
Thus, the coefficient of a’0’ is

I . .9.8.71
g, (L2 12! ,;_12-1110-9-8-7!

715! 5-43-2-7!

). in the binomial expansion of (a+b)" is given by

(-2)" =—(792)(128) =-101376.

), in the binomial expansion of (a+b)" is given by



Write the general term in the expansion of (x”— y)6

Solution 3:

It is known that the general term T,,, {which is the (r +1)th term} in the binomial expansion of

r+1

(a+b)" isgivenby T, ="C, a""b".

r+1 —

Thus, the general term in the expansion of (x*—y®) is

Tr+1 — 6Cr (X2 )64 (_y)r _ (_1)l’ 6Cr.X1272rlyr

Write the general term in the expansion of (X - yx)12  x#0

Solution 4:
It is known that the general term T,

r+1

(a+b)" isgivenby T, ="C, a""b".

r+1 —

{which is the (r +1)th term} in the binomial expansion of

Thus, the general term in the expansion of (x* - yx)12 is

Toa =2C, (3 )" (=yx) =(=1) 2C, 02" y" =(~1)2C, 3¢y

Find the 4™ term in the expansion of (x—2y)12.

Solution 5;:

It is known (r+l)th term, T,,,.in the binomial expansion of (a-+b)" is given by
T.,="C.a""b".

Thus, the 4™ term in the expansion of (x2 —2y)12 is

- ! 12-11-10
T,=Tyy :12C3(X)12 3(_2y)3 Z(_l) 'ﬁ'xg .(2)3 Y=

33 (2)3 x’y? =-1760x°y*

18
Find the 13" term in the expansion of (9X—ij X#0

3Jx

Solution 6:



r+1? r+1 =

Itis known (r +1)th term, T, ., in the binomial expansion of (a+b)" isgivenby T, ="C,a" b’

18
Thus, the 13" term in the expansion of (QX—LJ is

3x

12

w
gln—\
b
~

18-12
T13 = T12+1 = 18C12 (9X) (_

. 12& 6 6 1 12 i 12
(0 @ (5] ()

18-17.16-15-14-13.12! (1) o 1 o (o
T 165432 (F)Sl [?j [9 =(¥) _31}

=18564

3 7
Find the middle terms in the expansions of (3—%)

Solution 7:
It is known that in the expansion of (a+b)n , in.nis odd, then there are two middle terms,

th

n+1)" n+1
Namely (Tj term and (T +1j term.

. . : <Y 7+ 7+1 ",
Therefore, the middle terms in the expansion 3—3 are - =4" and T+1 =5
term

S Y 7, X
T,=T.='C, (3)7 3(_Ej :(_1)3ﬁ'34 g

76541, 1 o 105,

3.241 ~ 2.3 8
4
74 X 4 T N
Ty =T, ="C,(3) [_EJ =) 7z ¥
7'6'54! 33 12 35 12
= or g X T X
413.2 2*.3 48

3 7
Thus, the middle terms in the expansion of [3—%) are —% x° and %x”.



10
Find the middle terms in the expansion of (§+9y)

Solution 8:
It is known that in the expansion of (a-+b)", in n is even, then the middle term is

n th
(— +1j term.
2

10 th
Therefore, the middle term in the expansion of [§+9yj is (E +1j =6"

2
10-5
X 10! x°
T4 :T5+l :lOC5 [gj (9y)5 :_5|5|'§.95 : y5

_10-9-8-7-6.5!.£.310.X5 5 95_(32)5_310
~ 5.4.3.251 3 y B B

=252x3-X>-y* =6123%°y°

10
Thus, the middle term in the expansion of (§+9yj is 61236 X°y°.

In the expansion of (1+ a)mm, prove that coefficients of-a™ and a" are equal.

Solution 9:
It is known that (r+1)" term, (T,

r
T,="Ca""b

Assuming that a™ occurs in the (r +1)th term of the expansion (1+a)" ", we obtain
T.,=""C.()"" " (a) =™"C,a"

Comparing the indices ofain a™in T,,,,
We obtainr =m

Therefore, the coefficient of a™ is
(m+n)! (m+n)!

SO 1)

m mi(m+n-m)!  min!

), in the binemial expansion of (a+b)" is given by

m+n

m-+

Assuming that a" occurs in the (k +1)th term of the expansion (1+a)""", we obtain
m-+n m+n—k kK _ m+n k

T.=""C(1)" " (a) =™"C,(a)

Comparing the indices ofain a" andin T,,,,

We obtain
k=n



Therefore, the coefficient of a" is

mn~ _(M+n)l (m+n)!
Cn_n!(m+n—n)!_ nim' )

Thus, from (1) and (2), it can be observed that the coefficients of a™ and a" in the expansion
of (1+a)"" are equal.

The coefficients of the (r—l)th, r'" and (r +1)th terms in the expansion of (x+1)n are in the
ratio 1:3:5. Find n and r.

Solution 10:

It is known that (k +1)th term, (T,.,), in the binomial expansion of (a-+b)" is given by

T, ="Ca"" b

Therefore, (r—1)" term in the expansion of (x+1)" is

T, ="C, () 2 ) =mC, )

(r+1) term in the expansion of (x+1)" is

T..="C, ()" (1) ="Cx™"

r" term in the expansion of (x+1)" is

T.=C,, () @) =, )

Therefore, the coefficients of the (r—l)th ™ and (r +1)th terms in the expansion of (x +1)n

"C._,, "C._;, and "C, are respectively. Since these coefficients are in the ratio 1:3:5, we obtain

Crp 1,0 Ca 3

"C,, 3 "C, 5

"Cos _ n! reDin—r+D)t - (r=1)(r=2)Y(n—r+1)!
"C. (r=2)(n-r+2)! n! (r=2)(n-r+2)Y(n-r+1)!
_or-1

n-r+2

-1 1

“n-r+2 3

=3r-3=n-r+2

=n-4r+5=0 ....(1)

"C, n! ><r!(n—r)!_ r(r-1){(n-r)!

"C, (r-1)Y(n-r+1) n! (r-1)}(n-r+1)(n-r)!

o
n-r+1




) r 3

“n-r+l 5
=5r=3n-3r+3
=3n-8r+3=0 ... (2)

Multiplying (1) by 3 and subtracting it from (2), we obtain
4r-12=0

=>r=3

Putting the value of r in (1), we obtain n

-12+5=0

=>n=7

Thus, n=7 and r=3

Prove that the coefficient of x" in the expansion of (1+ x)2n is twice the coefficient of x" in

the expansion of (1+x)""".

Solution 11:
It is known that (r+1)" term, (T,

r+l
T.,="Ca""b".
Assuming that x" occurs in the (r +1)th term of the expansion of (1+ x)2n , We obtain
T..="C. ()" (x) =*"C.(x)

Comparing the indices of x in x" and in T, ,, weobtain r=n

). in the binomial expansion of (a-+b)" is given by

Therefore, the coefficient of x" in the expansion of (1+ x)2n is

e — (2n)!  (2n)! (2n)! )

" nl(2n-n)l ninl(nry? T

Assuming that x" occurs in the (k +1)th term of the expansion of (1+ x)zn*l, we obtain

Tea =""C (U (%) =2"C, ()"

Comparing the indices of x in x" and in T,,,, we obtain k=n

Therefore, the coefficient of x" in the expansion of (1+ x)znfl is
~ (2n-1r  (2n-2)

" n!(2n-1-n)! nl(n-1)!

2n.(2n-1)! (2n)! 1] (2n)!

“2nni(n—1)1 2nmn! 2 (ny | (2)

From (1) and (2) , it is observed that

%(Zn Cn ) _ 2n71Cn

2n-1




:>2ncn — 2(2n—1Cn)
Therefore, the coefficient of x" expansion of (1+ x)2n is twice the coefficient of x" in the
2n-1

expansion of (1+Xx)
Hence proved.

Find a positive value of m for which the coefficient of x* in the expansion (1+x)" is 6.

Solution 12:
It is known that (r +1)th term, (T,.,), in the binomial expansion of (a+b)" is given by
T,="Ca""b".
Assuming that x* occurs in the (r +1)th term of the expansion of (1+x)" , we obtain
T ="C, ()" () ="C, (x)
Comparing the indices of x in x* and in T, ,, we obtain r =2
Therefore, the coefficient of x* is "C,
It is given that the coefficient of x* in the expansion (1+x)" is 6.
- "C,=6
m!

m(m-1)(m-2)!
(zx(n)l(—z)! Los
=m(m-1)=12
=m -m-12=0
=m*—4m+3m-12=0
=m(m-4)+3(m-4)=0
=(m-4)(m+3)=0
=(m-4)=0o0r (m+3)=0
=m=4 or m=-3
Thus, the positive value of m, for which the coefficient of x* in the expansion (1+ x)m is 6, is
4.






