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Solutions
Exercise 9.4

For each of the differential equati

Xer‘dses 1 to 4, find
the general solution: s
’qi%,,,’ »
dy 1l-cosx
L dx = l4cosx
Sol. The given dlfferentlal equatlo
dy 1-cos«x 1-cosx
dx T ltcosx OQ/%% 1+cosx
@ 2 sin? f
Integrating bot _[ dy = -f os? x dx

DO | &

tan
X
ory= jtanzg dx = f(secza—l] dx =

—X+cC

N | =
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Sol.

Sol.

Sol.

x
0ry=2tan§—x+c

which is the required general solution.

dy
de = V4- y2 2<y<2)

. dy 5 .
The given D.E. is dx = 4-y = dy = \J4-y% dx

Separating variables, 473} = dx

. . dy
Integrating both sides, _[ ﬁ dy = J‘ 1 dx

.1 Y dx—sm1£
sin” " 5 =x+c [ I /
= % = sin (x + ¢)
= y = 2 sin (x + ¢) which is the required general solution.
Doy=1 (321
dx
The given differential equation is d—i +y=1
dy
= %zl—y = dy=0-ydx = dy=-(y-1) dx
: . dy
Separating variables, 51 A dx
dy
Integrating both. sides, J. — = = j 1 dx
y-1
= log|ly-1|=~a+c
= ly—1|=e**¢ [ If log x = ¢, then x = €]
= y—1l=te**¢ = y=1txe %e
= y=1xee ™
= y =1+ Ae™* where A = + ¢°
which is the required general solution.
sec?xtany dx + sec?ytanx dy = 0
The given differential equation is
sec x tan y dx + sec® y tan x dy = 0
Dividing by tan x tan y, we have
sec?x sec?y d 0 Variabl ted
tan x 0% * tan y ly = (Variables separated)
. . sec?x sec?y
Integrating both sides, _[ dx + _[ dy = log ¢

tan x tan y



Sol.

Sol.

“(x
or log|tanx | + log|tany | = log ¢ { I’;((x))dx=10g|f(x)|}
or log | (tan x tan y) | = log ¢ or |[tan x tan y | = ¢
tan x tan y = + ¢ = C where C = * c.
[ Jt]=al@a=20) = t==*al

which is the required general solution.

For each of the differential equations in Exercises 5 to 7,
find the general solution:

EeE@+eV)dy-(€"-e¥dx=0

The given D.E. is (e +e ¥ dy = (e —e ) dx

ef—e”
or dy= i dx

ef—e "
Integrating both sides, _[ dy = _[[ x] dx

e’ +e”
‘()
or y=log|e*+e*|+c { I«?(x)dx=loglf(x)l}
which is the required general solution.
dy 2 2
dx =1+ x99 + y9)
The given differential equation is .c% =(1 + 221 + y?
= dy=01+ 221 +9> dx
dy
Separating variables, 1+ yz = (1 + x?) dx
Integrating both sides,
1 2 8

dy = | (" +1) ‘dx = tan"ly =" +x+c

.[ y2 +1 Y -f Y 3

which is the required general solution.

.ylogydx -xdy=0
Sol.

The given differential equation is y logy dx —x dy = 0
= —xdy=-ylogydx

S G bl dy dx :
eparating variables, ylogy = x ..(0)
. . dy dy
Integrating both sides J. ylogy = f P
For integral on left hand side, put log y = ¢.
1 dt dy
— =7 = . =dt
y —dy y
Eqn. (i) b [
qn. (i) becomes ;=
= log|¢t|=1log|x|+1log|cl| ..(21)

= log | xc |



logy = £ xc =ax wherea =tc¢
y = e* which is the required general solution.

For each of the differential equations in Exercises 8 to 10,
find the general solution:

= [¢]=]xc |

= t =+ xc

[V Jxl=]ly| = x=1y]
=

dy 5
8. «x de =Y
. : : o dy 5
Sol. The given differential equation is «x I =Y
= 20 dy = — y® dx
S ti iabl . . -5d -5d
eparating variables, 5y =~ "5 =y Yy =—x x

Integrating both sides, f y? dy = — _[ 7% dx

g e

T T e b
Multiplying by — 4, y = — A 4c
= x*+yt=—4dc = x*+y *=C whereC =-4c

which is the required general solution.

y .1
9. — =sin" " «x
dx

Sol. The given differential equation is % =sin !«
or dy = sin™ ! x dx
Integrating both sides, J. 1 dy= _[ sin"'x dx
or y = J.Sinflx . 1dx
I II

Applying product rule,

y = (sin” ! x) _[1 dx — J.% (sin™ ! x) .[1 dx dx

1
—xsmlx—f x dx @)
1-x?
To eval atef ad d 1 _[ 2 d
valu ——dx = - = X
1-x? 2 \1- 2

Put 1 — x2 = ¢. Differentiate — 2x dx = dt

*Remark. To explain * in eqn. (i7)
If all the terms in the solution of a D.E. involve logs, it is better to use
log ¢ or log | ¢ | instead of ¢ in the solution.



10.
Sol.

11.

Sol.

1
2
1
__ = Y h_ 2
IV R
,[ x
,1—x2 dx in (7), the required general
y=xsinlx+ J1-x2 +c
etanydx + (1 -¢*) sec’>ydy =0

The given equation is e* tan y dx + (1 — %) sec? y dy = 0
Dividing every term by (1 — ¢*) tan y, we have

Putting this value of

solution is

X 2

s Y g0 Variabl d
1_e* @x+ tan y ly = (Variables separated)
I ing both sides, | —— d fseczd
ntegrating both sides, 1_ot & + N y =
or _[_ dx +log |tany | = ¢
)
or —logl—ex+logtany|=c{'-' _[ dx=log ! f(x)!
fx)
[tan y |
or log 11—e*| = log'¢” (See Remark at the end of page 612)
[tan y|
or | 1 e S

or tany=C (1 -eH. [ |t]=¢ = t=1xc¢ = C (say)]
For each of the differential equations in Exercises 11 to 12,
find a particular solution satisfying the given condition:

2

&3 + x +x+1)3 =2x> +x,y=1, whenx =0
X

The given differential equation is (x® + x% + x + 1) % =2x +x
x

P +a®+x+ Ddy =262 +x) dx

2
Separating variables dy = % dx
x°+x"+x+1
2x% + x
(x+Dx2+1)
[+ +x+1=22+ D+ @+ 1=+ D+ 1)
Integrating both sides, we have

or dy =



1 J- 2% + x J- 2% + x
f =) Gip+n @ o0 Y=l i@y

2% + x A Bx+C
Let 12+ = x+1 * a2+ (Partial fractions)

Multiplying both sides by L.C.M. = (x + 1)(x®> + 1), we have
22 + x = A® + 1) + Bx + C)x + 1)

or 2% +x=Ax>+A+Bx?+Bx+Cx+C

Comparing coeff. of % on both sides, we have

A+B=2
Comparing coeff. of x on both sides, we have
B+C-=1

Comparing constants A + C = 0

Let us solve eqns. (iii), (iv) and (v) for A, B, C

eqn. (iii) — eqn. (iv) gives to eliminate B,
A-C=1

Ji

Adding (v) and (vi), 2A =1 or A= 9
1}
From (v), C=—A=—§

Putting C g B 9 B 1.3
utting =—21n(w), —2=1 or =1+2=2

Putting these values of A, B, C in (i), we have

y 1 3 o

2%+ x AT +§x—§
(x+Da®+D) - x+1 T o521

1 1 3 x 1 1
Tox+1 v 2 4Pl T2 K%+l
1 1 3 2x 1 1
2x+1 v 4 x%+1 T2 2?41
Putting this value in (i)

1 1 3 2x 1 1
y=§Iﬁdx+ljx2+1d’“‘§jx2+1d’“
1 3 2 1
y=2log(x+1)+4log(x +1)—2tan x+c

2x “(x
.Ix2+1dx=J];((x))dx=log
To find ¢

When x = 0, y = 1 (given)
Putting x = 0 and y = 1 in (vii),

1 l1 1 §1 1 1 -1o
_20g +40g—2tan +c

(D)

(i)

..(uD)

...(lv)
(V)

..(vD)

...(vii)

fx)



12.

Sol.

or 1l=c¢ [ log1=0andtan !0 =0]
Putting ¢ = 1 in eqn. (vii), the required solution is

1

3 1
y = 10g(x+1)+Zlog(x2+1)—§tan‘ x+ 1.

1
[210g(x+1)+310g(x2+1)]—§ tan~'x + 1

1
[bgu4-n2+Mgu2+1ﬁy-§tmr1x+1

y:

N N N M

1
log (x + 1)? (x? + 1)%] — 3 tan~ ' x + 1

which is the required particular solution.
2 dy
x (@ -1) dx =1;y =0 when x = 2.

d
The given differential equation is x(x®> — 1) d7i =1

dx
= x(x®-1)dy =dx = dy =79
1
Integrating both sides, _[ 1dy= J. A ) dx
1 .
= y = fm dx + ¢ (l)
1 A B C

Let the integrand +

il + -1 ..(@0)
(By Partial Fractions)

x(x+ Dx-1) ~ x

Multiplying by L.C.M. = x(x +1)(x — 1),

1=A+ Dx—-1) + Be(x — 1) + Cx(x + 1)
or 1=Ax?-1)+B?~=x) + Cx? + x)
or 1=Ax?>-A + BxX~Bx + C«x® + Cx
Comparing coefficients of 2, x and constant terms on both sides,
we have
¥ A+B+C=0 (i)
x: -B+C=0 = C=B ...(lv)
Constants — A =1 or A=-1
Putting A = — 1 and C = B from (v) in (i),

-1+B+B= or 2B = = B =

1
2
From (iv), C = B =

Putting these values of A, B, C in (i),

1 1
1 -1 2 2

xx+Dx-1) = x ter1 T a1




13.
Sol.

J- 1 J-l l 1 1 1
2x+Dx -1 de=— ] de+ o) yde+ o) TTydx

1 1
—log|x|+§log|x+1|+§loglx—ll

[-2Tlog|x|+log|ax+1]+1log|x—1]]

N[ N

[~ log | x | + log | (x + D(x — 1) []

| 1 1 1Og|x2—1| _Ljpg 21l
= - = x? T2 &

Putting this value in (@),

[u—y

\V]

x?-1
x
To find ¢ for the particular solution
Putting y = 0, when x = 2 (given) in (v),

1
y=7 log +c ..(v)

e 2 FAY°
=g log 4 +c = c=ig log 5

Putting this value of ¢ in (v), the required particular solution is

1, e
Y=g 08 9 08y

OR

x?-1

x2

1 x 1
To evaluate Jm dx = J.W _[ z(x _1)
Put % =t
For each of the differential equations in Exercises 13 to 14,
find a particular solution satisfying the given condition:

dy
dx] =a(ae R;y=1whenx =0

The given differential equation is

dy R); 1 wh 0
cosdx_a(ae ); ¥y = 1 when x =

dy 1 -1

e oS a = dy = (cos™ " a) dx

Integrating both sides
Jll dy = J.(COS%G) dx = y=(cos’1a)J.1 dx

= y=(cos 'a)x +c (D)
To find ¢ for particular solution
y =1 when x = 0 (given) o From (i), 1 = c.
Puttingc =1in (i), y =x cos ' a + 1
1 y-1 1

= y—-1l=xcos " a =



= cos [y—) = a which is the required particular solution.
x
14. dy =ytanx;y =1 when x = 0
dx
Sol. The given differential equation is % =y tan x
X

= dy =y tan x dx

Y
Separating variables, 7 = tan x dx

1
Integrating both sides J. ; dy = J. tan x dx

= log|y|=1log|secx|+log]|c]

= log |y | =1log|c secx| = |y |=|csecx]|
: y =t c secx
or y = C sec x (D)

where C = £ ¢
To find C for particular solution
Puttingy =1landx =01in (i), 1 = C sec 0 =C
Putting C = 1 in (i), the required particular solution is y = sec x.
15. Find the equation of a curve passing through the point (0, 0)
and whose differential equation isy’ =e"* sinx.
Sol. The given differential equation is 'y’ = ¢* sin x

dy : .
—— =¢'sinx = dy-=e¢" sin x dx
dx
Integrating both sides, J. ldy = I e“sin x dx
or y=1+C (D)
where I = [ e*sinx_dy i)
I II

Applying Product Rule [ T.11dx=1[ ITdx- | (5(1) [ dxj dx}
X

=¢* (- cos x) — f e® (-cosx) dx

= I

—¢e* cos x + _[excosx dx
I 11
Again applying product rule,
I=—-¢"cosx + e sinx— .[exsinx dx
= I=¢"(—cosx +sinx) -1 [By (1)l
Transposing 21 = € (sin x — cos x)
X

I= % (sin x — cos x)

Putting this value of I in (i), the required solution is



16.

Sol.

17.

1
y=3 e* (sin x —cos x) + ¢ L)

To find e. Given that required curve (i) passes through the point
(0, 0).
Putting x = 0 and y = 0 in (i),

1 1
—2(—1)+c or 0= 2 +c .- 0—5

1
Putting ¢ = 9

in (ii7), the required equation of the curve is
1, . 1
== sin x — cos x) + —
y 2 e* (sin x x) )

LCM. =2..2y=¢"(sinx —cosx) +1 or 2y — 1 =e*(sinx — cos x)
which is the required equation of the curve.

d
For the differential equation xy ?i = (x + 2)(y + 2), find
the solution curve passing through the point (1, - 1).

dy
The given differential equation is xy dr =(x + 2)(y + 2)

= xy dy . =(x + 2)(y +2)dx
. . Yy x+2
Separating variables V42 dy = . x
I ing both sid dy = 22 4
ntegrating both sides, y +2 y = X
y+2-2 x 2
- Z+ =
= J. y+2 dy = I(x x] dx
y+2 2 2
_ _ 1+2
= -[[y+2 y+2] dy—f( +x] dx
2 2
5 A[sfa- 1) e
= y—-2log|ly+2|=x+2log|x]|+c
= y—x=1log (y+2?+logx®+c | P =a?
= y—x=1log (y +2%x) +¢ (D)

To find ¢. Curve (i) passes through the point (1, - 1).

Puttingx =landy=-1in(i),-1-1=1og (1) + ¢

or —2=c¢ (. log1=0)

Putting ¢ = — 2 in (i), the particular solution curve is
y—x=1log (y +2?2x% -2

or y—x+2=1og (y+ 2?2 x2.

Find the equation of the curve passing through the

point (0, - 2) given that at any point (x, y) on the curve the

product of the slope of its tangent and y-coordinate of the

point is equal to the x-coordinate of the point.



Sol.

18.

Sol.

Let P(x, y) be any point on the required curve.
According to the question,
(Slope of the tangent to the curve at P(x, y)) x y = x

= d_y .y=x = ydy=xdx
dx
Now variables are separated.
2 2
Integrating both sides fy dy = J.x dx y? =5 tc
Multiplying by L.CM. = 2, 3% =% + 2c
or Y =x2+A ..(0)

where A = 2c.
Given: Curve (i) passes through the point (0, — 2).
Puttingx =0andy = -2 in (7), 4 = A.
Putting A = 4 in (i), equation of required curve is
y=x2+4 or y>-—x%=4.
At any point (x, y) of a curve the slope of the tangent is
twice the slope of the line segment joining the point of
contact to the point (- 4, — 3). Find the equation of the
curve given that it passes
through (- 2, 1).
According to question, slope of
the tangent at any point P(x, y)
of the required curve.
= 2 (Slope of the line
joining the point of
contact P(x, y) to the
given point A(- 4, =.3)).

(Point of contact)

dy s y-(=3) Yo = A(-4,-3)
= dx x—(=4) Xy — Xy

dy 2y+3)
T odx T (x+4)
Cross-multiplying, (x + 4) dy = 2(y + 3) dx

2
Separating variables, m = 44 dx
. . [ 1 [ 1

Integrating both sides, y+3 dy = 2 x+ 4 dx

= log|y+3|=2log|x+4]|+1log]|c]|

(For log | ¢ |, see Foot Note page 612)

= log|y+3|=log|x+4P+log|c|=log|c|x+ 47

= |y +3|=]c]|x+4)?

= y+3=%|c|(x+4)?

= vy + 3 =Clx + 4) ...;) where C = £ | ¢ |



19.

Sol.

20.

To find C. Given that curve (i) passes through the point (- 2, 1).
Putting x = -2 and y = 1 in (i),

=1.

AN

1+3=C-2+4?2 or 4=4C = C =

Putting C = 1 in (i), equation of required curve is
y+3=@x+4? or (x+4%=y+3.

The volume of a spherical balloon being inflated changes at

a constant rate. If initially its radius is 3 units and

after 3 seconds it is 6 units. Find the radius of

balloon after ¢ seconds.

Let x be the radius of the spherical balloon at time ¢.

Given: Rate of change of volume of spherical balloon is constant

= k (say)

i ﬂx3 k 4£ 3 2 % k 4 2 % k
= ar | 3 =RT o Y g TR T gy T
Separating variables, 4nx? dx = k dt
Integrating both sides, 4n _[ x® dx =k _[ 1 dt

3

= an oo=ht+c ()
To find ¢: Given: Initially radius is 3 units.
= Whent=0,x=3
Putting ¢t = 0 and x = 3 in (i), we have

4n ..

3 (27) = ¢ or _.c = 367 ..(11)
To find k: Given: When ¢ = 3 sec, x = 6 units

: .. 4m
Putting ¢t = 3 and/x = 6 in (7), 3 (6) = 3k + c.

4n
Putting ¢ = 36n from (1), 3 (216) = 3k + 36m
or 4m (72) — 36m = 3k = 288n — 36m = 3k
or 3k = 252n = k =84n (773
Putting values of ¢ and % from (ii) and (ii7) in (i), we have
in
5 X = 84nt + 36m
e

Dividing both sides by 4, 3 = 21t + 9

= «® =63t + 27 = x = (63t + 212

In a bank principal increases at the rate of r % per year.
Find the value of r if ¥ 100 double itself in 10 years.
(log, 2 = 0.6931)



Sol. Let P be the principal (amount) at the end of ¢ years.
According to given, rate of increase of principal per year
= r% (of the principal)

dP r
= 4 =100 *F
. . dP r
Separating variables, P = 100 dt

Integrating both sides, log P = t+c (@)

r
100
(Clearly P being principal is > 0, and hence log | P | = log P)
To find c. Initial principal = ¥ 100 (given)

i.e, Whent¢ =0, P =100

Putting ¢ = 0 and P = 100 in (i), log 100 = c.

r
Putting ¢ = log 100 in (i), log P = 100 t + log 100

00

P r

r ..
= log P — log 100 = 100 t = log 100~ 100 t ..(@0)

Putting P = double of itself = 2 x 100 =% 200
When ¢ = 10 years (given) in (ii),

e 220 T 1o N e
%8 700 T 100 * E B NV,

= r =10 log 2 = 10 (0.6931) = 6.931%. (given).
21. In a bank, principal increases at the rate of 5% per year. An
amount of ¥ 1000 is deposited with this bank, how much
will it worth after 10 years (e%® = 1.648).
Sol. Let P be the principal (amount) at the end of ¢ years.
According to given rate of increase of principal per year
= 5% (of the principal)

dP 5 dP P
= @ T100 X T @ T
= 20dP =P dt

. ) dP dit
Separating variables, P =320

Integrating both sides, we have

1
log P = 0l *¢ @)
To find ¢. Given: Initial principal deposited with the bank is
< 1000.

= When ¢ = 0, P = 1000
Putting ¢ = 0 and P = 1000 in (i), we have log 1000 = ¢

¢

Putting ¢ = log 1000 in (i), log P = 20 * log 1000
log P — log 1000 = — log = L

= log & —log = 20 = %8 7000 < 20

Putting ¢ = 10 years (given), we have



22.

Sol.

P 10 1

logm=%=§=0.5
P s . '
= 7000 = ¢ [.- Iflog x = ¢, then x = €']
= P = 1000 %% = 1000 (1.648) [ e%® = 1.648 (given)]
1648
= 1000 (1000) =Y 1648.
In a culture the bacteria count is 1,00,000. The number is

increased by 10% in 2 hours. In how many hours will the
count reach 2,00,000, if the rate of growth of bacteria is
proportional to the number present.

Let x be the bacteria present in the culture at time ¢ hours.
According to given,

Rate of growth of bacteria is proportional to the number present.

] dx | ti 1t
i.e., — is proportional to x.

dt prop

dx . R

E = kx where k is the constant of proportionality (¢ > 0
because rate of growth (i.e., increase) of bacteria is given.)

dx

= dx =kxdt = 7=kdt

1
Integrating both sides, J. A dx =k I 1 qt

= logx =kt + ¢ @)
To find e¢. Given: Initially the bacteria count is x, (say) =
1,00,000.
= When ¢ =0, x = x4
Putting these value in (i), log x4 = c.
Putting ¢ = log x, in (i), log x = kt + log x,

x
= log x — log %, = kt = log g =kt ..(11)
To find k: According to given, the number of bacteria is increased
by 10% in 2 hours.

10
Increase in bacteria in 2 hours = 100 X 1,00,000 = 10,000

x, the amount of bacteria at t = 2
= 1,00,000 + 10,000 = 1,10,000 = x; (say)
Putting x = x; and ¢ = 2 in (ii),

logx*0=2k :>k=§logx0

1110000 1 11
= k=518 7050000 = 2 18 1o



23.

Sol.

x 1 11
Putting this value of % in (ii), we have log 970 =3 (log 10] t

When x = 2,00,000 (given);

2,00,000 110 11 1 11
then log 1,00,000 = | 2 g 10 t = log 2 = D) log 10 t
C 11 2 log 2
Cross-multiplying 2log 2 = | log 10 t = t= TSR hours.
(log —)
10

The general solution of the differential

equation ﬂ =e**Yis
q dx ~

A ef+eY=cB)ef+e=c C)e*+e=c D)e*+e?=c

: . dy
The given D.E. is —= =¢**7

dx
@y e’ . e d e d
= go=c. = dy =é". x
Separating variables, (7'3/) =e*dx. or eV dy =¢e dx

Integrating both sides J. e’ dy = J. e’ dx

eV
= ‘1=e"+c = —e?-¢e"=c¢
Dividing by — 1, e ¥ +e*=-¢

or e¢*+ e ” = C where C = —.¢ which is the required solution.

Option (A) is the correct answer.





