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T
Sol. LetI = [ 05 cos?x dx

T o(m
I= L)Z cos (z—x) dx
d
or I= I()Z sin®x dx
Adding Eqns. (i) and (i),

21 = J.O5 (cos® x + sin®x) dx = J.O§ 1 dx = (x)

m m
= 2] = B = I= 1
J-g Jsin x

2. Jo Jsin x +./cos x dx

J/sin x

Sol. LetI = J-OE m dx

(D)

[ L‘)’ f(x) dx=j(‘)' fla—x) dx}

(1)

ownla

(D)

i bid

= s1n§—x

I=I2 . (m U
2

or I= J'Z \/COS.’)C
4/COS X +qsmx

Adding Eqns. (i) and (ii), we have

[ f: fx) dx=.|.g fla—x) dx}

(1)

21_1”[ foin x

JJsin x +/cos x

J-Og [Jsmx +,/cos x
T
2
0

= 1=

= 2= ()2 =5 055
g sin®? x dx
0 sin®2 x + cos®? x
Sol. Let 1 |2 —p iz
0. et _J.
0 sin®2 x + cos®? x

T
Changing x to 9 — %

\Jcos x ]
dx

JJeos &+ \[sin x

1/s1nx+«/cosx] dx = J.Z 1 dx

T
1

(D)

[ I: Fx) dx = j: fla—x) dx}



- 3/2( T
J‘% sin (2 x)

=" sin®/2 E—x + cos®/? E—x dx
2 2

3/2

J-g cos®’? x o
; (73
0 cos®? x +sin®? x

Adding Eqns. (i) and (i),

ol gsin3/zx+c0s3/2x p Eld T oq I n
= B X = I2 X = 2 =5 1=
0 sin®2 x + cos®? x 0 [x]o 2 4
g cos® x dx
0 sin’x + cos® x
3 cos® x )
Sol. LetI = 5 dx (D)

0 sin®x + cos®x

x coss(n—x}
2 2
=0 sin5(n—xj+cos5[n—x) g
2 2
[ J.(;Z f(x) dx=j§ fla-x) dx}

n -5

I 5 sin® x y @
= — 5 .5 dx LG
0 cosdx+sin®x

Adding Eqgns. (i) and (ii), we have

T 5 =5
B} COS X sSin- x
21 = J.O Sl 5 dx

or

sin®x + cos®x  cos® x + sin® x

7 cos® x +8in° x z z
= [2 22wty % = (2 - 2
= 2=y sin® x + cos® x dx = IO 1 de = (x)o
o=+ 1=
= =5 = I=7.
5
5. J'_5Ix+2l dx
5
Sol. Let = [, lx+2] dx (D)
We can evaluate this integral only if we can get rid of the

modulus.

Putting expression within modulus equal to 0, we have
x+2=0, e, x=—2¢€ (-5,5)

5
From (i), I =J‘75 lx+ 21 dx

-2 5
= lxt2l e+ [ 1x+2] ax



[ _[j f(x) dx:j: f(x)dx+_[cb f(x) dx Wherea<c<b}

D@ ax s [, @42 ax

[ On(-5,-2),x<-2 = x+2<0
=S |jx+2|=—x+2 and on (- 2, 5); x > -2
= x+2>0>|x+2|=x+ 2by definition of modulus function]

2 -2 2 5
- _ x2+2x] +[x2+2x]

2] (2o

50
=4+?=4+25=29.

8
6. [,1x-51 dx
Sol. We know by definition of modulus function; that
x-5 if x-5>0,ie,x>5 ..0()
lx—-5]=

—(x-5)=5-x, if x<5 ..(10)
8 5
o Jle=Bldx = [Jle=51 dos [P1x-51 da

5 4 x2 5 x2 8
- j2 (5-x) dx + j5 (x—-5) dx = (535—2]2 + (2—5x]5

[By (i)l [By ()]

25 25
= (25-2] — (10 - 2) + (32 - 40) —(2-25]

25 2 8-38 2 25 34 50 34 -25=9
= - 9 - - — 9 + = — 9 = — =
By using the properties of definite integrals, evaluate the

integrals in Exercises 7 to 11:

7. j; x(1-x)" dx

Sol. Let I

f; x1-2)" dx

—

= J.; 1-x) (1=(1=x) dx[ J': f(x)dx:J.g f(a—x)dx}

or I= I;(l—x) (1-1+x)"dx



1 1
or I= fo 1-x) x"dx = Io (" —x" 1) dx
1
xn+1_xn+2 1 1
“ln+l n+2 0 = n+1 - n+2 -0 -0

Cn+2-n-1 1
T m+Dn+2 T (m+Dn+2)°

7
8. jg log (1+tan x) dx

Sol. Let I = J.oZ log (1+tan x) dx ()
Changing x to g -x [ J.: f(x) dx = .[g fla—x) dx}

N 1 u 1-tanx
I J'(;i log{1+tan(4—xﬂ dx = J.(f log{lJrlthanx *

tanE—tanx
tan(n—x]: 4 _l-tanx

1+tangtanx l+tanx

J.glog l+tanx+1-tan x Y
= Jo 1+tan x *

n 2
= [41og (] dx i)

1+tanx
Adding Eqns. (i) and (i), we have

n 2
21 = J‘(;l |:10g (1 + tan x) + log (]ﬂanx]:| dx

dx = I()Z log 2 dx

z 2
— |4 =
= .[0 log {(1+tan %) (1+tan x)}

i T T
or 2I = (log 2) [x]g =3 log 2 Dividing by 2, I = 3 log 2.

9. _[: x\2-x dx
Sol. Letl= [ x/2-x dx
Changing x to 2 — x [ _[: fo) dx =.|.§ fla—x) dx}

Ij 2-x)y2-2-x) dx

[P@-oVrde= [} @ 5" dx

I



52 5277 4 2 2 e
{2'3/2‘5/2};(3'2 57 )-“’-0)
4 2 8 8
3x2«/——5x4x/7=[3—5]\/§
(0 9232 = (212 = (Y28 = V2 V2 V2 =242
and 292 = (220 = (V2 = V2 V2 V2 V2 V2 =22.42
16v2
=4\2) = 15

10. JE (2log sin x - log sin 2x) dx

Sol. Let I = J.n/z (2 log sin x — log sin 2x) dx
= .[0 (log sin? x — log sin 2x) dx
_ J-rr/2 IOg[SIH xjdx N J-n/2 [ .Sin2x jdx
0 sin 2x 2 sin x cos x
or I= '[n/z log( tan x]dx ..(0)
T L i o[ F@ dx=[" fla-x) da
= 2 2 "o ~Jo
n/
or I= .[0 ? log(; cot x] dx (73]

Adding Eqns. (i) and (i),

9T = J' {log(2 tan x)+ log[; cot xﬂ dx
1 T
— 9] = J‘ log(2 tanxgcot xjdx J log dx =log — 4 ( x), 2

T Y
=(log1—10g4)2=—§log4 (. log1=0)
1—514—71122—@12—512
_—4og _—40g _—40g _—2og.

11 J_2nsinxdx
2
K2 n
Sol Let I= [2 sin"x dx or I=2 [2sin’x dx )

2
['.- For f(x) = sin® x, f(= x) = sin? (- x) = (- sin x)% = sin® x = f(x)
f(x) is an even function of x and hence



[* Fedc=2] ) dxl
I=2 .[()g sin? (g—x] dx [ J.g f(x) dx=.|.: fla-x) dx}

T
or I=2 J-O§ cos?x dx (7))
Adding Eqns. (i) and (ii), we have
T
2l = 2 J‘5 (sin®x + cos®x) dx
T

T
or 21—2j21dx—2()2 =2.5=n. I=g.

Using properties of definite integrals, evaluate the following
integrals in Exercises 12 to 18:

12. -[0 1+smx

nox
Sol. Let I = J.O 1t sinx dx )
Changing x tomw —x, I = J: ﬁ——xs dx
T T—X a a
or I= fo Trsinc® (73] [ J.o f(x) dx=.[0 fla—x) dx}

Adding Eqns. (i) and (ii), we have

n x T—X TX+T—X
21 = + dx = — d
-[0 [1+sinx 1+sinx] o -[0 1+sinx x

b1 m 1

= Jo Tremz 0" o Tremz &
/2 dx
or 2I = 2x _[ o —
[ [2 feo dx=2[" f@) du, if f(2a - x)= f(x)}
=21 In/z _odx . .
1+sin[n_x] [ [¢ Fede=[° fla- dx}
2
/2 dx
= 2 -
§ '[ 1+cosx
x /2
‘can5
e T /2 n
:«I:nJ'O/ZL__J'O Seczgdx T T
2 cos? = x 5 i



13.

Sol.

14.

Sol.

15.

Sol.

m
-1 (tan4—tan0j =m(l-0)=m.

Ny

sin’x dx

[

Let I = _[En sinx dx
T2
Here Integrand f(x) = sin” x
f(=x) =sin” (- x) = (- sin x)" = — sin” x = — f(x)
f(x) is an odd function of x.

o4

K
I= J._QE Sin7x dx = 0.
2

[ If f(x) is an odd function of x, then '[fa f(x)dx = O}
2n 5
f cos'x dx
0
2n n
J.o cos®x dx = 2 _[0 cos®x dx

[ Ja o0 de= 3 Pl if £2a =10

Here f(x) = cos® x . f(@n — x) = cos® (2n — x) = cos® x
=f(x) =20 =0
[ Ija f(x) dx =0,iff(2a —x)=—f (x). Here f (x) = cos® x
fm—x) =cos® (m—2x) = (—cos x)° = — cos® x = — f(x)]

2
Alternatively. To evaluate J. On cos”x dx, put sin x = .

21 n n n e
Remark. In fact Io cos"x dx or .[o cos”x dx for all positive

odd integers n is equal to zero.
This is a very important result for I.I.T. Entrance Examination.

n .
~ sinx-cosx
2 — =~ % dx
0 1+sinxcosx

b1 .
Let [ = [2 SI2X-COSX gy (D)

0 1+sinxcosx

Changing x to g — x in integrand of (),

[ f;‘ f(x) dx = j: fla—x) dx}

N T
n 81n(2—x]—cos(2—xj T COS X sinx
I= J.Z dx: 27' dx
0 0 1+ cosxsinx

. (T T
1+sin| ——x |cos| ——x
(2 2



16.

Sol.

J-f sin x — cos x (i)

0 1+ sin x cos x it

Adding equations (i) and (ii), we have 21=0 or I=0.

_[: log (1 + cos x) dx

Let I = jg log (1+cosx) dx ()
I= I;[ log (1 + cos (T —x)) dx [ I: f(x) dx = I: fla—x) dx}

or I= Ig log (1 —cos x) dx .(i0)

Adding Eqns. (i) and (ii), we have
oI = _[g [log (1 + cos x) + log (1 — cos x)] dx

= I; log (1+cosx)(1-cosx) dx = LT; log (1-cos®x) dx
=9I = J'g log sin?x dx = 2 fg log sin x dx (.. log m" = n log m)
n i
Dividing by 2, I = J.o logsinx dx = 2 J.g log sin x dx ..(111)

{ For f(x) = log sin x, f (m — x) = log sin (1 — x) = log sin x =
fx) and if f(2a — x) = f(x); then _[ja fx) dx = 2f: ) dx}
-2 [2 logsin[g—x) dx [ INCEEIN f(a—x)dx}

4
or I =2 J.g log cosx dx ()
Adding Eqns. (iii) and (iv), we have

2 = 2 JE (log sin x + log cos x) dx

T
Dividing by 2, I = P (log sin x cos x) dx

IZ o [2s1nxcosx} e _[g log(sin22x] "

J% (log sin 2x —log 2) dx

or I

or I= JE log sin 2x dx — J.g log 2 dx

. kd
or 1= Ig log sin 2x dx — log 2 (x)2



17.

Sol.

n T
or 1= Ig log sin 2x dx — 5 log 2

T
or I=1 - B log 2 ..(v)

T
where I, = JE log sin 2x dx (Vi)

Put 2x = ¢ to make I, look as I given by (iii)
dt

zﬂ 2dx =d d. -
_dxor x_torx_2

To change the limits: When x =0, ¢=2x =10
T
When x = 9 t=2x=m

) T . dt 1 /n .
From (vi), I; = _[0 log sin ¢ 5 =3 .[0 log sint dt

1 T
or L =5 x2 fg log sin ¢ dt

(For reason see Explanation within brackets below Eqn. (ii7))

T T b b
or I = f()Z logsint d¢ =J.02 log sinxdx['-' _[a @ dt:_[a fx) dx}
I
or I = 9 [By Eqn. (iii)]
. . i I =
Putting this value of I; in Eqn: (v), I = 9~ 7% log 2
Multiplying by L.C.M. =2, 2l = I — n log 2
or 2 - I =-mlog2 or I=-mlog?2.
hE—
o Jr+ja-x
e ~
Let I=Jo /7 Ja—x dx (D)

I _ J-a Ja - X d Ia 1[
0 Ja-x+a-(a-=x Ja
.(iD)
Adding Eqns. () and (i7), we have

-l | £

\/§+\/a—x \/a x+x Ve +Ja—x

or 2= [ 1de=(x)) =a- I=



18.

Sol.

19.

Sol.

20.

Sol.

4 O . O
jo lx-11 dx 0 1 4
4 .

Let I= [, lx-11 dx D)

Putting the expression (x — 1) within modulus equal to zero, we have

x=1¢€ (0,4
4 1 4
From (i), I = jo lx-11 dx = j0|x-1| dx + jl lx—11 dx

=— J';(x_l) dx + If(x—l) dx

[ On@0,1);x<1 = x—-—1<0and hence | x —1|
=—(x-1andon(1,4),x>1 = x-1> 0 and hence

| x — 1| =(x — 1) by definition of modulus function]
2 Lo,2 4
x 1 16 1
=— |5 5 X =-1|]=-11]-0 ——-4-|=-1
(2 ]0+[2 ]1 ((2 ) ]+[2 [2 D
— +1 R g 1
=5 +l+8-4-35+ =6-5=6-1=5.

Show that J.: f(x) g(x) dx = 2 f: f(x) dx, if f and g are

defined as f(x) = f(a - x) and g(x) + gla - x) = 4.

Given: f(x) = f (a — x) ..(0)
and g(x) + gla —x) = 4 ..(@1)
Let 1= [  f(x) g dx i)

I= I: fla-=x)gla - x)dx [ J.g F(Jc)dx:Jn(;Z Fla-x) dx}
Putting f (@ — %) = f (x) from (),

I= jo“ f(x) gla - x)dx .(iv)
Adding Eqns. (iii) and (iv), we have
21 = f: (f(x) g(o) + f(x) gla - x)) dx = J': F(x) (g(x) + gla —x)) dx

or 21 = [ f(x)@) dx [By D] =4 [ f(x) dx

Dividing by 2, 1= 2 [, f(*) dx = RH.S.

Choose the correct answer in Exercises 20 and 21:

T
The value of J'_2n (x®+xcosx+tan® x +1) dx is

A) 0 > ®) 2 © = D) 1

m
Let I = _[_Zn (x®+xcosx+tan®x+1) dx
2



n hd r d
_ J-—Zn 3 dx + J}nxcosx dx + .[En tan®x dx + I?nldx
5 2 2 2

000(’“]2 L k. I A
SRRl )T T e T2t T

{ Each of the three functions x°, x cos x and tan® x is an odd
function of x as f (- x) = — f (x) for each of
them and 'f_aa f(x) dx =0 for each odd function f (x)}

Option (C) is the correct option.

z 4+3sinx
21. The value of J.OZ log| ———— is

4+3cosx
3
(A) 2 (B) 1 ©) o D) -2
Sol. LetI = J.glog m d .
ol. LetI= J; 413 cos x x ()]
. |4+3sin[l-x
I= Io2log - dx
4+3cos(2—x]

4 +3cosx
or I

(i)

T

2] A S
-[0 0g[4+3sinx
Adding Eqns. (i) and (ii), we get

z 4 +3sinx 4+3cosx
[2[log| === |+ log
0 4+3cosx 4+3sinx
Iglo 4+3sinx 4+3cosx T
& 4+3cosx 4+3sinx .[02 log1 dx

21

Tt
:21:[050 dc=0 = I=§=0.





