RODVKA tab

Same textbooks, kleck away

NCERT Class 12 Maths

Solutions

X

Chapter - 11

Exercise 11.2

1. Show that the three lines with direction cosines

13°13°13°13°13°13° 13" 13’13
are mutually perpendicular.
Sol. Given: Direction cosines of three lines are

12 -3 -4 _, 4123

132 13 13 - ‘v ™M g qgi g T e M Ty
3 -4 12

and E, E, E =l3, m3, n3
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Sol.

Sol.

For first two lines;

Lly + mymgy + nqny = 12 (4] + (_3j (12] + (_4) [3)
13 (13 13 113 13 /|13
48 36 12 48-36-12 0
“ 169 169 169 - 169 169 =
The first two lines are perpendicular to each other.
For second and third line,

lyls + mgmg + ngng
4 (3 12 (-4 3 (12 12 48 36
=—|l—=|+=|—=|+ Z|=| === - — + —
13 {13 13 | 13 13 {13 169 169 169
_12-48+36 0 -0
- 169 © 169
Second and third lines are perpendicular to each other.
For first and third line,
lll3 + mymg + nqng

12 (3 -3\(-4 -4\ (12 36 12 48
- 13[13) * (L3](13) * [13](13] T 169 169 169
_36+12-48 0 _ 0
- 169 © 169

First and third line are also perpendicular to each other.

The three given lines are mutually perpendicular.
Show that the line through the points (1, - 1, 2), (3, 4, — 2) is
perpendicular to the line through the points (0, 3, 2) and (3, 5, 6).
We know that direction ratios of the line joining the points

A(1, — 1, 2) and B(3, 4, = 2) are xy — %1, Y9 — ¥1, 29 — 21

e, 3-1,4-(-1,-2-2=2,5-4=a,, by, c; (say)
Again, direction ratios of the line joining the points

C(0, 3, 2) and D(3, 5, 6) are xg — X1, Y9 — Y1, 29 — 21
ie., 3-0,5-3,6-2=3,2, 4=a,, by, ¢y (say)
For these lines AB and CD,

@@y + biby + ¢ = 2(3) + 5(2) + (— 4)(4)

=6+10-16=0

Given line AB is perpendicular to given line CD.
Show that the line through the points (4, 7, 8), (2, 3, 4) is
parallel to the line through the points (- 1, - 2, 1), (1, 2, 5).
We know that direction ratios of the line joining the points
A(4, 7, 8) and B(2, 3, 4) are xy — xq, Y9 — ¥1, 29 — 21
le, 2-4,3-7,4-8 e, —2,—4,—4=aqaq by, c; (say)
Again, direction ratios of the line joining the points C(- 1, — 2, 1)
and D(1, 2, 5) are 1 — (= 1),2-(-=2),5-1=2,4, 4 = ay, by, cy
(say)
For these lines AB and CD,



ay by ¢y 2 4 4
Given line AB is parallel to given line CD.
4. Find the equation of the line which passes through the
point (1, 2, 3) and is parallel to the vector
A A A
3i +2J -2k. 1.2, 9)
Sol. A point on the required line is

a b g as—2=—4=—4(=_1each)]

A1, 2, 3) = (x4, ¥1, 27) 7
i.e., Position vector of a point E>=3f+2}_22(
on the required line is 0 (origin)

— A A

4 =0A=(1,23=i+27 +3k.
- A A A
The required line is parallel to the vector b =31 +2J -2k
(and hence direction ratios of the required line are coefficient of
AN A —
i,Jj,kin b ie, 3,2,—-2=aqa,b, e
Vector equation of required line is

4 - d BN A A A A A A
r=a+ib e, r =(; +2j +3k)+M3i +2j -2k)

where A is a real number.

Remark. Also cartesian equation of the required line in this Q.

No. 4 is

s T Sl T At G x-1 y-2 z-3
a b ¢ o3 T 2 T -2
5. Find the equation of the line in vector and in cartesian
form that passes through the point with position vector
A /.\ A A A A

2i - J +4F and is in the direction i +2; - k.

Sol. Position vector of a point on the required line is
- N N N

a =2i — ] +4k =(2,-1,4) = (xq, y1, 27)
The required line is in the direction of the vector

— A N A

b =1 +2] -k

. . . . . . NOAA
(= direction ratios of required line are coefficients of i, j,

N
in b ie,1,2,—-1=a,b,c)
- -
Equation of the required line in vector form is r = a
) - A A A A A A
ie., r =Qi - j +4k)+Mi +2j - k)
where A is a real number and equation of line in cartesian form is

%
+A b

X-% _Y=h _E-&m o, x-2 _ y+1 _ z-4
a b c o 1 2 -1




6.

Sol.

Sol.

Find the cartesian equation of the line which passes
through the point (- 2, 4, - 5) and parallel to the line given
by

x+3 _y-4 z+8
3 5 = 6
Given: A point on the required line is
(_ 2, 47 - 5) = (xly Y1 21)' ~
Equations of the given line in cartesian <
form are

A

x+3  y—-4 z+8
3 5 6

(It is standard form because coefficients
of x, y, z are unity each)

Direction ratios (D.R.’s) of the given line are its denominators
3, 5, 6 and hence d.r’s of the required parallel line are also 3, 5,
6 =a,b,c.

Eqations of the required line are

Xox& _Yon _EZzzm o, x-CDT yod z2-(5)

a b c ’ 3 5 6
x+2 y—4 z+5

le., = =

3 5 6

The cartesian equation of a line is x?: 5 = 4 = 2 6 .

Write its vector form.
Given: The cartesian equation of a line is

x=-5 yt+t4 2-6

3 7 2

L, XB _y (46
3 7 2

compairing the given equation with the standard form

X—% _Y-h _ 274

a b c

we have x; =5, y;=-4, 21=6; a=3, b=T7,¢=2
Hence the given line passes through the point

- N A A
a =(x1,y1>21)=(5;_4,6)=5l _4J +6k
and is parallel (or collinear) with the vector

RN /\ A A /\ A A
b=al +bj +ck=31 +7j +2k

%
? +Ab

%
.. Vector equation of the given line is r =

N A A A A A A
ie r = 5i—-4j+6k)+A@Bi+Tj+2k)



8.

Sol.

Sol.

Find the vector and cartesian equations of the line that
passes through the origin and (5, - 2, 3).
Vector equation of the line

%
a = Position vector of a point here O (say) on the line

A A A — 0(0,0,0)
=(0,0,00=07 +0j +0k =0

ﬁ
b

= A vector along the line A5, -2,3)
—
= QA = Position vector of point A — Position vector of point O
A A A
=(5,-2,3-00,0,0=(6,-2,3) =5i -2 + 3k
- - -
Vector equation of the lineis r = a + A p

. — — A A A - A A A
e, r =0 +M5i —2; +3k)ie. r =M5i —2j + 3Fk).

Cartesian equation of the line
Direction ratios of line OA are 5 -0, -2 -0,3 -0
e, 5,—-2,3 | X9 — %1, %9 — 91, 29.= 21 =a, b, c
A point on the line O is (0, 0, 0) = (x4, y5, 27)-
Cartesian equation of the line is

Xox Y- o_2tA g, x=0 4 y-0 _ z-0

a b c N 5 -2 3
ie, ==L -2
5. -2 3

Remark. In the solution of the above question we can also take:

JEN A A A
a = Position vector of point A=(5,-2,3)=5; —2j + 3k
for vector form and<point A as (xy, y;, 21) = (5, — 2, 3) for
Cartesian form.

- - -
The equation of line in vector formis r = a + A}

- A A A A A A
ie, r =5i -2 +3k +M5i -2j +3k)

- +2 -3
and equation of line in cartesian form is X 5 5 = 2 . z 3

Find vector and cartesian equations of the line that passes
through the points (3, - 2, - 5) and (3, - 2, 6).
Vector Equation

Let ;) and z) be the position vectors of the points
A(3, — 2, — 5) and B(3, — 2, 6).

RN A A A i A A A
a =3i —2j -5 and b =3i -2 +6k



10.

Sol.

%
A vector along the line = AB = position vector of point B —

position vector of point A
— - A A A A N A A
=b —a =31 -2] +6k -31 +2J] +5k =11F
Vector equation of the line is

%
N — A A A A
r = a +AMAB ie., r =3i -2;5 -5k + M11k)
- A A A A
ie., r =3i —2j -5k + 11Ak.
Note. Another vector equation for the same line is
— - — 4 A /\ A AN
r = b +1AB ie. r =3i —2j] +6k + 110k.

Cartesian Equation
Direction ratios of line AB are 3 -3, -2 + 2,6 + 5

ie., 0,0, 11 | Xy — %0, ¥y — V15 29 — 24
.. Equations of the line are XTH_YTHh 274
a b c
i x-3  y+2 z+5
0 11

Find the angle between the following pairs._of lines:

i A A A A A A

@ r =2i -5j + kR +AM3i +2j +6Fk) and
- A A A A A
r =7i -6k +p(i +2j +2k)
- A A A ATTA A

Gi) r =3i + j -2k +Mi - j -2Fk) and
i g A N n "
r =2i - j -56k . +n3i -5j -4k).

(i) Given: Equation of one line is
- A AA A N A
r =21 -5 -+ k +M3i +2J] +6Fk)

- N —>
Comparing with r = a; +A1b,
— A A

a; =21 —-5J] + k and a vector along the line is
- A A A
b =3i +2J +6k (D)

%
(It may be noted that vector a; is the position vector of
a point on the line and not a vector along the line).
Given: Equation of second line is

— A A A N A
r =71 -6k +u(i +2J + 2k
- - 4
Comparing with 7 = @ + pby we have
- AA
a;, =71 — 6k and a vector along the second line is

- A N A
by =1 +2] +2k i)



Let 6 be the angle between the two lines.

b, .b,
We know that cos 6 = M
- -
15 115y |
_ 3(1) +2(2) +6(2) _ 3+4+12
J9+4+36 [1+4+4 4949
19 19 . 4 19
cos6_7(3)_ﬁ c 0 = cos o1
(i1) Comparing the equations of the two given lines with
— - — — - —
r =a +ib and r = ay +pb, we have

- A A A - A A A
by =i -J -2k and b, =3i -5] -4k.
Let 6 be the angle between the two lines

- -
b .by _ 1)(3) + (=1)(=5) + (- 2)(- 4)

cos 6 =

- = J1+1449+25+16
1b; 115y 1

_3+5+8

~ 650

~ 16 ~ 16 & 16

" 300 . /3x100 1043

or cosG:i . 0.= cos™

1
53 543
11. Find the angle between the following pairs of lines:
x-2 y-1._2z+3 nd x+2 y-4 z-5

@) = a =
2 5 -3 -1 8 4
X Y Z x—5_y—2_z—3
(11)2—2-1and4_1_8,
x-2 y-1 z+3
Sol. (i) Given: Equation of one line is 5 = T = __3

(It is standard form because coefficients of x, y, z are unity

each)

Denominators 2, 5, — 3 are direction ratios of this line

i.e., a vector along the line is
- A A A
b =2,5,-3)=2i +5] -3k

x+2 y-4 z-5

Given: Equation of second line is
-1 8 4

(It is also standard form)

Denominators — 1, 8, 4 are direction ratios of this line

i.e., a vector along the line is



4 A N A
by =(-1,84)=-1 +8J +4k ..(11)
Let 6 be the angle between the two given lines.

b, b,

We know that cos 6 = M

- -

16y 11, |

2D +5(8) +(=3)4)

- J4+25+9,1+64+16
-2+40-12 26

26
R — -1 |
= 0= TRy el 9vss 0T [9@]'

(i1) Given: Equation of one line is

(From (i) and (i7))

5 = E = I (Standard Form)

Denominators 2, 2, 1 are direction ratios of this line
i.e., a vector along this line is
4 A A A
b =2,2,1)=2i +2J + Fk (D)
Given: Equation of second line is
x—5 y—2 z-3 (Standard Form)
7 - 1.- 8 andard Form

Denominators 4, 1, 8 are direction ratios of this line
i.e., a vector along this line is

= A N A
by =(4,1,8) =41 + J + 8k ...(i0)
Let 6 be the angle between the two lines.
b b
We know that cos 6 = u
- -
15 115y |
2@+ 21)+18) _8+2+8 18 2
Ji+4+1/16+1+64 Jo81  3x9 3
2
0= cos! 3
- -14
12. Find the values of p so that the lines 1-x = 7y =
3 2p
z-3 and - = y-5 = 6-2 are at right angles.
2 3p 1 5

Sol. Let us put the equations of these lines in standard form (i.e.,
making coeff. of x, y, z unity in each of them)



The first line can be written as

=D Ty-2)  =2-3 x-1 y-9 z-3

3 2p 2 7 -3 (21,] 2
7

direction ratios of this line are — 3, 2_p, 2 =ay, by, cg.
7

And the equation of 2nd line can be written as

-1x-)  y-5 —(z2-6) or x-1 y-5 2-6
3p 1 5 _3p 1 -5
7

_3p

.. The direction ratios of 2nd line are , 1, — 5 = ay, by, Cy.

*." The two lines are perpendicular, therefore
aa, + bbby, + c1c5 =0

:_3(ﬂ)+(27p)<1)+2x<—5) -0

7
9p  2p 11p 70
-10=0 — =W = —.
= 7 + 7 = - =p 11
13. Show that the lines Z X = y—+2 = = and r.¥ 2 z
7 -5 1 1 2 3

are perpendicular to each other.
Sol. Given: Equation of one line is

xX—9
kMgl +2 x il (Standard form)
7 -5 1
Direction ratios of this line are its denominators 7, — 5, 1

— A A A
=al,b1,cl (= bl =71 -5J] + k)
Y

z
Given: Equation of second line is % == = g (Standard form)

2
Direction ratios of this line are its denominators 1, 2, 3
— A A A
=ay, by, cg (= by =1 +2J] +3k)
- -
by . by =aay + biby + cicy = T(1) + (= 5)(2) + 1(3)
=7-10+3=0
The two given lines are perpendicular to each other.
14. Find the shortest distance between the lines
- A A A A A A
r =(i +2j +k)+A(i - j + k) and
> A A A AN A
r =2i -j -k +p2i +j +2k).



Sol.

15.

Sol.

Comparing the equations of the given lines with

N - - —

r =a +Ab and r = ay +ub,, we have

= A NN T A A A

a =1 +2] +k, b =1 -] +k

— A S ¢ N A
and a =21 —J -k, b =20 +J +2k

We know that the S.D. between the two skew lines is given by
e

l(ay —a;). (b X by) |
- -
16 x by |

A

- - AN A \ NooAL A A A
Now ay— a;=2i-j—k)-(i +2] + k)= i-3j -2k

d= ()

N i J k A A A
by xby=|7 _1 1/=2-Di -@-2)j +1+2)k
2 2 A

A A
=-3i -0/ +3¢k

| Z X g2>|= JE3)2 102432 = V18 =342

) — N — - A A A A A
Again (ay = a;) . (by x by)=(i =3j —2k). (=31 +3k)
=3+ (=3)0) + (=203 =-

Putting these values in eqn. (),

3( 32 V2 2

Find the shortest distance between the lines

1 - - -7
x+1=y+1=z+ andx3=y 5=z )
7 -6 1 1 -2 1
x+1 y+1 2z+1

Equation of one line is = =
7 -6 1

) L X—x - z-z
Comparing with L_ YA L we have
a c

xy=-1Ly,=-1,2=-1La,=7b=-6,c,=1

- - -
vector form of this lineis r = ¢ + Ah
— A A A
where g = (xl, Y15 Zl) =(C-1,-1,-)= —-i — j — k
—> A A A A A

A
and b =a, i +b,j +ck = Ti —6j + Fk



16.

x-3 y-5_2z-T7

Equation of second line is

-2 1
Comparing with T _ YT 272 ; we have
aqy by cy
X =3,9,=5,2,=Ta,=1,b,=-2,¢c,=1
N -
vector form of this second line is r = a, + Ub,

N A A AN
where a, =(x,, ¥, 25) =3,5, N =3i+5j + 7k
- 4 A A 4 NN
and py=a,t +by,j +c,k = L —2) + k
we know that S.D. between two skew lines is given by

e
g [(ag —ay). (b x by)l

— —

1B, x by |
[EEEN A A A NN A
Now a, —a =31 +5j +7k—(—l—j—k)

. @

A A A
4i +6j + 8k

R\ "
- >
b, X b, =T h=6M
F -7 A

A A A
=(-6+2)i —(7T=1j + 14+ 6)k

A A A
= —4l—6j ~ 8k
- —
x| = G4 +(-6) +(-8)

16 +36+64 =+/116

- -
again (@ — @ ). (b, x by) =4 (—4) + 6 (-6) + 8 (-8)
=-16 — 36 — 64 = -116
Putting these values in eqn. (i),
|-116] 116
V116 V116
= J4x29 =229
Find the shortest distance between the lines whose vector
equations are

- A A A A A A
r =(i +2j +3k)+A(i -3j +2Fk) and

- A A A A A A
r =4 +5j +6k +pR2i +3j + k).

= V116

S.D. (d) =



Sol. Equation of the first line is

17.

Sol.

—> A A AN A A A — —
ro=(i +2j +3k)+Mi -3 +2k) =0a; +Ab
— A A A —> AN A A
Comparing, a; = i +2j +3k and b= 1 —3; + 2k

Equation of second line is
— A A AN A A A -

%
r =4i +5j +6k)+w2i +3j +k)=ay +ub
N A AN A — A A A
Comparing @y =4¢ +5j +6k and b, =27 +3j + &
We know that length of S.D. between two (skew) lines is

-
|(a2_a1)-(bl><b2)|

- = 0)
by x b, |

A A A AN A A
Now aj — a, =4i +5/ +6k —(i +2) +3k)

A A A A A AN A A A
=41 +5j +6k — i -2 -3k =31 +35 +3k

- = t J ¢k
Again b x b, = |1 -3 2
2 3 1
Expanding along first row,
- = A A A A A

N
bix b= i(-3-6)- j(1=4)+ kB +6)=-9i +3j +9k

(a2 - a1 (bl b2)-3( 9) + 3(3) + 3(9)
=—-27+9+27=9

> S
and b x by | = J—9?+@3)?+(©9)? = J81+9+81
= J171 = J9x19 =319

Putting these values in (i),

9l 9 3
3J_ 3J19 V19~

Find the shortest distance between the lines whose vector
equations are

length of shortest distance =

— A A A
r=0-Hi +t-2)j +@B3-2Hk and
- A A A
r=@+1Di +2s-1)j -2s+ 1E.

- A A A
The first lineis r =1 -80i +(¢-2)j + 3 -2k



A A A A A A
=1 —ti +tj —27 +3k — 2tk
A A A A A AN — —>
=(i =25 +3k)+tl=1 + j —2k)=0a; +th
N A A AN = A A A
Comparing ap =i —-2j +3k, b =— i + j -2k

- A A A
The second lineis r =(+1Di +@2s-1j —(2s+ Dk
A A A A A A
=si + 1 +25j — j —2sk — k
A A A A A A N —
=(i —j —k)+s(i +2j —2k)=ay +sb
N A AN D A A A
Comparing ag = i — j —k, by =1 +2j -2k
We know that the S.D. between the two (skew) lines is given by

e e
l(ag —ay).(b; x by) | 0

- -
by x by |
A A A A A AN A N
Now @ — a, =(i — j —k)—(ir—2j +3k)= ) —4k

A A A

- > P
by x by, =|-1 1 -2
% 2

A A A A A A
=(-2+4) —(2+2)j +(-2-1Dk =21 —4j -3k

- -
b ox by | = 224 (-42+(-3)?2 = 29
—> AN A A AN
Again (@, — @) . (b, x b)=(j —4k). (@7 —4; —3k)
=(0)2) + (1)(—4) +(-4)-3) =8
Putting these values in eqn. (i),
181 8
SD. (d) = —— = —.
@D=T29 = s





