Exercise 7.4
Integrate the following functions in Exercises 1 to 9:

32
28 +1
I 3x2 J' 3x2 .
Sol. LetI = xs i1 dx = (xg)g 4 12 dx (l)
Put x® = ¢
dt
3x? = = 3x% dx = dt
x
dt 1 t
From (i), I = ,[ 2412 = 1 tan~ ! 1 +C
1 1 -1 X
dx=—tan " —
'[ x? +a® a a}

Putting ¢ = % = tan™ ! (x®) + C.
Note. ax? + b (a # 0) is called a pure quadratic.
1

2 J1 + 422
Sol. LetI:J‘# dx=J.

1
N\ 3]

1+ 4x> J@x)? +12 <

Using J. \/3621.;.7 dx = log ‘ X +~Jx%+a®

>

10g‘(2x)+\/(2x)2+12‘ 1 _
I= ¥ =f10g‘2x+\/4x +1‘+c.
2 — Coeff. of x 2
1

3. JZ2-x)?%+1

- 1
SO].LetI=J.\/mdx—J\/mdx
Using f \/96214_7 dx = log ‘x+1/x2+a2

10g‘(2—x)+«/(2—x)2+12 ‘ .
.

>

—1— Coeff. of x
= _ log ‘2—x+«/4+x2—4x+1‘+ C
1

+ C.

log

2—x+\1x2—4x+5

[ —logﬂ:—(logm—logn):logn—logmzlogi}
n m



1

4, T——
9 - 25x2
SO]. LetI:IW dx:-[ (5 )2
sin’15—x
=_ 3 4C dx_sm 1x
5 — Coeff. of x [ I Ja?
l sa— 1 (57"6] C
= 5 sin 3 +C
3x
5. 1+2x%
J- 3x 3J- 2x )
Sol. Let I = 1+ 2% dx = 5 1+ 2022 dx ()
dt
Put 22 = ¢£. .. 2x=£ = 2xdx =dt
3 3 1
From (@), I = — Jl+2t =§det
3 %tanle C 3 " 1 (\/_ ) C
= —_— = __ ¥ = 575 tan™ 2t) +
2 /2 = Coeff. of ¢ 2V2

3
Putting ¢ = x?, = o2 tan~! (J2 4% + C.

6 x
* 1-x8
2 2
. A D . 1 3x2
Sol. Let I = '[l—xs dx = Il I dx 3 '[1 e
Put &% = . Therefore 3x2 = jt = 3x®dx =dt
x
L A 1 1 11 1+¢
I=3 I1—t2 = 3I12 2 =3 gx1lg |1 4| +C
{ '[ 21 2dx=il a+x}
a‘ —x 2a a-x
1
Putting t = x°, = = log L+ 1, ¢
6 e
- x-1
) «/x2—1

Sol LetT= | o au— [| =t |
) Ja? -1 \/xz—l \/xz—l



1
Ii'—xzx_l dx—Jni,—xz_12 dx
=;J\/%dx—logx+«/x2—12 )

[ .[\/x2lh_7azdx=10glx+
2x
Let I; = .[ ﬁ dx

dt
Put 2 — 1 = ¢. Therefore 2x = = 2x dx = dt

dt
Ilzfﬁzft_l/zdt=tT=2\/E =2/x?-1 +C
2
2

x
\/x2 -1

Putting this value of I, = | dx in (),

I=%(2 21 +C) —log|x+ x2-11
3 C
= 4Jx —1+§—10g|x+ 221 |
C
_ [2 B 2 _x
= Jx2 -1 —log | x + /x> -1 | + C; where C; 9
%
8 [x% +af
2
Sol. Let I= [ X dx:lf )
e 3
dt
Put x® = #. Therefore 3x% = = 3x% dx = dt.

. 1 dt lj 1
From(z),1=3j.ﬁ=3 mdt

1 1 2, 2
- ~1lo 2 3y2 |+ O dx=log|x++x“+a ‘
3 08| £+ a7 | Uﬁ \
1
Putting ¢ = «°, = 3 log ‘x3+\/x6+a6 ‘ + C.
sec’x
9. 2
tan“x + 4
Sol. LetI = .[ sec’x

m (D)



dt
Puttanx =¢ .. sec?x= — = sec®xdx =dt

dx
dt =J~ 1 d
V2 +4 2+ 22
=logt+./t2+22+0[ Jidx—logx+\/x +a? }

Putting ¢ = tan x, I = log ‘ tan x + y/tan® x + 4 ‘ + C.

Integrate the following functions in Exercises 10 to 18:
Note. Rule to evaluate

From (), I = j

1 1
J Quadratic @ o | [Quadeatic @ or | JQuadratic dx

Write Quadratic. Take coefficient of x> common to make it unity.
Then complete squares by adding and subtracting

1 2
(5 coefficient of xj
1

Va2 +2x + 2

10.

Sol. [ —2— dv=[-——tr dr=|— 4
Va2 +2x +2 Y2 +2x+1+1 Jax+1)72%+12
Using_[\/xziia2 dx =log | x + \/x—2+7a2 |
=log|x+1+ Jx+1)2+1% |+c=1loglx+ 1+ x> +2x+2+c.
1
1 942+ 6x+5
1
Sol. LetI = f 9% 1 6215 dx (D)
1
-[ Quadratic dx
Here Quadratic expression = 9x% + 6x + 5

6 5
Making coefficient of x? unity, = 9 (x 2y )

9 9
_9(x2+2i+§j
- 3 9

2
To complete squares, adding and subtracting(% Coefficient of x)

- [(B (3 2] o B3 503



f(er3f 48] = e vacns-sffe 2] (2]

Putting this value in (1), I = f ! dx

1 1
L
3 3
x+1
1 1 g . 1 _ 1 -1 X
=9 (2t T2 e [ Jaradgmy,
(3) 3
3x+1
1 3 _3 1 3x+1
=§.§tan1 2 +c gtan’1[2j+c
3
1
12. ,7-6x—x2
_[ 1
Sol. LetI = /7 6x — 2 dx ..(i) | Type Jm
Here Quadratic expression is 7 — 6x — a2 = — x2 — 6x + 7.
Making coefficient of x? unity, = — (¥ + 6x — 7).

2
To complete squares, adding and subtracting (% coefficient of x]

2
(37¢] <

= — [«? +6r+9-9-7]= [gx+3)2—16]
=—(x+3)°+16=4%- (x+3

dx

..(22)

i
(Note. Must adJust negative sign outside Eqn. (i) in the bracket

as shown above because otherwise we shall get /-1 =
taking square roots.]
Putting the value of quadratic expression from (iii) in (i),

x+3
— | +¢

1 -
] e e
[ J.\/idx—sm

1

B a-Da-2
1 [
Sol. Let I = x-Dx-2 = m dx

I on

d



14.

Sol.

1
= .[ m (@)

Here quadratic expression is x> — 3x + 2. Coefficient of x? is
already unity. To complete squares, adding and subtracting

2 2 2
[1 coefficient of xj , Le., ( - §j = (§j
2 2 2

32
x2—3x+2=x2—3x+(*)— + 2

9
2 4
2
=(x—§j 1 [ —9+2= 9+8 _—1}
2 4 4 4 4
_ (x_fj ( ) i)
. . . 1
Putting this value in (i), I = f 5 5 dx
(=3 ()
\/ 2 2
e
= log 2 2 2 +c
[ J.\/idx_log x+«/x - a? 1
= log x—g+«/x2—3x+2 +c. [By (ii)]

1

{8 +3x - x®
Let = [ ﬁ; dx D)

Here quadratic expression is 8 + 3x — 2% = — x + 3x + 8.
Making coefficient of x? unity, = — (x® — 3x — 8).
To complete squares, adding and subtracting

g
8+3x_xz=_[x2_3x+(g) 3 _8]

1 2
(5 coefficient of xj

(See Note given in the solution of Q.N. 12)

_ [\/g_ljz _ (’“2]2 i)



Il
w
=<
=3

15. [x-a)x-b)

Sol. Let 1= | L

1
 — dx = d
Jx —a)x - b) N J.\/xZ—bx—ax+ab *
1

\/x2 —x(a+b)+ab
Here Quadratic expression = x> — x(a + b) + ab

(@)

2 2
Adding and subtracting (% coefficient of x) = (a + b]

2
2 b2
=x2—x(a+b)+(a;b] _(a; j + ab

_ (x_[a;b]]:_[(azb)z_abj
- [x_(a;b)jz‘ (W] - (x_(a;b)f . (a—4b)2
- (x_(a;bn ¢ (a;b)z P

¢ (a+b)?-4ab = a® + b? + 2ab — 4ab
=a?+ b% - 2ab = (a - b))

Putting this value in (i),
1

S A
a+b\/ a+b (a;bT

{ dx_loglx+\lx2—a I}

dx

= log +c




16.

Sol.

17.

Sol.

= log x—(a;bj+\/x2—x(a+b)+ab + ¢ [By (ii)]

Linear Linear
Note. Method to evaluatef — —dxor _[
Quadratic \/Quadratlc

or f Linear ./Quadratic dx.

d
Write linear = A e (Quadratic) + B.

Find values of A and B by comparing coefficients of x and
constant terms on both sides.

4x +1
\/2x2+x—3
4x +1

Let T = '[ 2x% +x -3

dx (@)

d
Here e (Quadratic 2x? + x — 3) is (4x + 1), the numerator.
So put 2% + x — 3 = ¢.

dt
(4x+1)=d* = (dx + 1)dx =dt
x
) dt % t1/2
From(z),I:I\/— .[t dt=T+c
2
=2\/Z +c=2\/2x2+x—3 + c.
x+2
\/x2—1
x+2 x 2
Let I = + dx
J.J J.[\/xz—l \/xz—l]

1
J.i—gﬂ—l dx+2_[7,—xZ_12 dx
=J.7,xzx__1dx+210g|x+ x2-12 | +c (D)
LetIl=.[\/x27_ ——I\/idx

dt
Put 2 — 1 = ¢ Therefore 2x = Ix or 2x dx =dt

I, =

N | =
—_—
&&

1/2

1oy, L ET o

_§It dt_2 1 =t = -1
2



x
Putting this value of (I; =) f o dx = Ja? =1 in ()
Ja© -1
I= \1x2—1 +2log|x+ Ja>—-1 | +c.

5x -2
18 ————
1+2x+3x

Sol. Let I J~ 5x -2 4 J- Linear
Rl R R Y Quadratic

d
Let Linear = A dx (Quadratic) + B

i.e., 5x—2=Ai (1+2x+3%+B
dx

or bx—-—2=A2 +6x)+B .W(0n)
le, bx —2=2A +6Ax + B

| o

Comparing coefficients of x, 6A =5 = A =
Comparing constants, 2A + B = — 2

Putting A= 2, 10 1 B-_2
6 6
= B=—2—E=_722 or B=:£
6 6 35 1
Putting values of A and B in (ii)), 5x — 2 = r (2 + 6x) — 3
Putting this value of 5x — 2 in (i),
59460 11
Y S T
1+ 2x + 3«2
5 JJ%L 11 J;
= I=5 )1 o3 @~ 3 J1iores? &
5 11
=% I - 3 I, ..(u11)
J‘ 2+ 6x
Here I, = | 19 " 3.2 dx
Put Denominator 1 + 2x + 3x? = ¢.
dt
'.2+6x=£ = (2 + 6x) dx = dt
dt 1 ) )
I, = 7=_[*dt=10g|t|=log|1+2x+3x| ..(Iv)
Again 1 _[ dx—,[ ! de. . dx
& 2 = 1+2x+3x2 = sx?r2x+1 Quadratic

Now Quadratic Expression = 3x% + 2x + 1.

2 1
Making coefficient of x? unity = 3[962 t3et g)



19.

Sol.

g 17 2 ‘ 1. 1.3-1_2
SO *rg] ty "3 9 9 9
1 1 1
= 12=J. 3 dx=—J. 5 dx
3 2
3[(x+1j +2} ( +l) +(\/§]
3 9 3 3
x+l
1 1 g 1 1 1 X
i dx=—1t
=3 2tan 72 { Ix2+a2xaana
3 3
1 3 3x+1 1 3x+1
= I, = 3 E tan~! 7\/5 = ﬁ tan™ ! 2 ...(v)

Putting values of I, and I, from (iv) and (v) in (iii), we have

1 é 1 1 P) 3 2 E _— -1 (Mj
—60g| +x+x|—3 \/ﬁtan 2 + c.
Integrate the functions in Exercises 19 to 23:

6x +7
J(x =-5)(x - 4)
J~ 6x + 7 J' 6x + 7
6x +7 Linear
e, I= () — d
te, 12 e 0 | Jouateate ©

Let Linear = A —— (Quadratic) + B
ie, 6x+ 7= A(2x -9 +B ...(i0)
=2Ax-9A + B
Comparing coefficients of x, 2A =6 = A =3
Comparing constants, — 9A + B = 7.
Putting A=3,-27+B=7 = B=234
Putting values of A and B in (i7),
6x +7=32x-9) + 34
Putting this value of 6x + 7 in (i),
_[ 3(2x-9)+ 34

w/x - 9x + 20

J' 2x -9

1
de + 34 | —— dx
\/ -9x + 20 Ax©=9x + 20
=31, + 34 12 i)
L =
! J.«/x —9x+20

Put x> - 9% +20=¢ .. 20-9= —
dx

I =



20.

Sol.

= (2x —9) dx = dt

dt ~ ¢
Il= Iﬁ:]‘tl/2dt=m=2ﬁ

= 2 Jx2 - 9x+20 v)

1
L= —— - dx
Ja? = 9x + 20 \/2 o (9)2 a1
x* - 9x +

Il

—

(=]
('S}

.o 1
[' -[ [2 _ o2
x—g+«/x2—9x+20‘
2

I, = log

dx =log | x + yx? — a® I}

(V)

2 2
x—g Nl :x2+ﬁ—9x—l:x2—9x+20
2 2 4 4

Putting values of I, and I, from (iv) and (v) in (iid),

x—%+«/x2—9x+20

I=6x%-9x+20 + 34 log ¥ c.
x+2
«/4x—x2
Linear
Let 1= [ —2*2 Q) ‘j

— d
«/4x—x2 *

d
Let Linear = A e (Quadratic) + B

—— dx
\JQuadratic

e, x+2=A4-2¢x)+B (D)

=4A - 2Ax + B

Comparing coefficients of x: —2A =1 = A = o

Comparing constants: 4A + B = 2

-1
PuttingA=?, -2+B=2 = B=4

Putting values of A and B in (i), x + 2 = _71 (4 —-2x) +4

Putting this value of x + 2 in (i),



21.

Sol.

_71(4—2x)+4 -1 4 — 2x
I=Jvdx—fj-mdx+4f\/7dx

-1
=5 L+4L .Gi) L= 42«

e

dt
Put 4x —x?> =t .. 4—2x=a = (4 -2x)dx =dt

L=z at S [V T _2ﬁ —2ftx-22 v
I, = J.im dx

Quadratic Expression is 4x — x% = — % + 4«
=— -4 =P -+ 4-4)=((x-27-2) =22 - (x-2)?

1
L= [—o
o= 22— (x - 27

2

.1 x-2
dx = sin™ !

(V)

I dx =sin” 15
Ja? - x?
Putting values of I; and I, from (iv) and (v) in (ii7),
-2
I=— J4x—x2 +4sin! x2 +e
x+2
JaZ +2x+3
LetT= [ —Xt2 (D)
JaZ +2x+3

. d .
Let Linear = A dx (Quadratic) + B
ie, x+2=A2x+2) +B ..(i0)

=2Ax + 2A + B
1
Comparing coefficients of x, 2A =1 = A = 5
Comparing constants, 2A + B =2
1

Putting A = 5,1+B=2 = B=1
Putting values of A and B in (ii), x + 2 = § 2x+2)+1
Putting this value of (x + 2) in (i),

1

= (2x+2)+1 1 2% + 2 dx
N T =

x2 + 2% + 3 JaZ +2x+3 JaZ +2x+3



J~ 2x + 2

\/x +2x+ 3
dt

Putx® +2x +3=¢t .. (2x+2)= d—:>(2x+2)dx_dt
x

di
o R R SN rr v R

1
= I = 5 Il + IZ ...(2i)

&L
MH—A‘

1 1
L=| ————dx = | ——— dx
? J./x2+2x+3 J.\/x2+2x+1+2
1
=I—dx=log|x+1+ (x+12+(2)2 |
(x+ 1+ (2)
J‘#dleoglx+\/x2+a2|
a2 +a?

=loglx+1+ (x2+2x+3 | (V)
Putting values from (iv) and (v) in (Zii),

I= x®+2x+3 +log|lx+1+ [42+2x+3 | +c

x+3
22. x2-2x-5
Sol LetT= [ 53 gy )
x°—-2x-5
d 5
Letx + 3 =A e (x*—2x—-5)+ B
or x+3=A2x-2)+B ...(i0)
=2Ax - 2A + B
1
Comparing coefficients of x on both sides, 2A =1 = A = 5
Comparing constants, — 2A + B = 3
1
Putting A= -,-1+B =3 = B=4

2

1
Putting values of A and B in (i), x + 3 = E 2x —2)+4
Putting this value in (i),

—(Zx 2)+4 1 2% — 2
27dx=fj.2x7dx+4j¥dx
2% -5 27 x*-2x-5 x“-2x-5
1
=5 h+4l i)
2x -2
11=Jx2_2x_5 dx

dt
Put %% — 2x — 5 = ¢ Therefore (2x — 2) = I =2x — 2) dx = dt



23.

Sol.

dt
11=I7=10g|t|=log|x2—2x—5| liv)

1
Again I, = | —— dx
& 2 '[ x2-2x-5
J. 1 d. _[ 1 d.

=) @ oxr1-1-5 W Tl e ™

_ J‘; dx = i 1o M )

oo T T 206 ¥ x-1+46

1 1 x—a
dx=—1I1o
{ Ixz_a2 * 2a & x+a}
Putting values of I; and I, from (iv) and (v) in (ii7),
1 1 1 2 l 1 736 -1- \/g
= 3 og|x*—2x -5+ NG og x-1+6 + c.
5x+3
\lxz +4x +10
LetT= [ 223 4 )
Jx? +4x+10
. d \
Let Linear = A dx (Quadratic) + B
le, bx +3=AC2x+4) +B (73
=2Ax + 4A + B
Comparing coefficients of x on both sides, 2A =5 = A = g
Comparing constants, 4A + B = 3
5

PuttingA=§,10+B=3 = B=-7

5
Putting values of A and B in (ii), 5x + 3 = 3 2x +4)-17

5 n+4)-T
Putting this value in (), I = [ F=—— dx
Jx© +4x+ 10
1
RIS SR S S,
2 [x2 + 4x + 10 Nx© +4x+10
5
or I= 3 ILL-71I ..(ii0)
J' 2x + 4
Li=" [ saxv10 &
dt

Put x? + 4x + 10 = ¢. Therefore 2x + 4 = d—:> (2x + 4) dx = dt
X



dt 12

R el R A N
2
=2 x? +4x+10 -(iv)

1

1
IZ=J.27dx=_[2—dx
Nx©+4x+10 Jxi+4x+4+6
1

=IW dx=log | x + 2+ (x+ 22+ (6)2 |
x+2)° +
-.-I#dx:loglx+\lx2+a2|
Jx? + a?

=log|x+ 2+ \x®+4x+10 | ()
Putting values of I; and I, from (iv) and (v) in (ii7),

I=5\x?+4x+10 —7log|x+2+ Jx2+4x+10 | +c.

Choose the correct answer in Exercises 24 and 25.

24 IL .
© ) g2y 42 CAUAS
A xtan"! (x +1) + C B)tan" ! x +1) + C
C)x+1tan'x +C (D) tan ' x + C.
Sol. [ & [ L wp—L g
. = X = 5 .9 X
22+ 2x + 2 2+ 2+1+1 (x+1D?%+12

1 -1 (4D ! gx-Ltant®
Itan 1 +C{Jx2+a2 a a

= tano ' (x + 1)+ C
Option (B) is the correct answer.
J- dx

W equals

25.

1 _I(Qx—SJ 1 _I(Sx—9]
(A) 9 Sin 8 +C B) 5 sin 9 +C

) (9x—8j 1 _1[9x—8]
©) g sin 8 +C (D) 2 sin 8 +C

dx dx
Sol. Letl = | — = | —m——— (@)
J \9x — 4x? j - 4x? +9x
9

Here Quadratic expression is — 4x? + 9x = — 4(952 - Zx



Putting this value in (7),

Option (B) is the correct answer.






