RODVKA tab

Same textbooks, kleck away

Exercise 7.3
Find the integrals of the following functions in Exercises 1 to 9:

1.

sin? (2x + 5)

Sol. j sin?(2x + 5) dx = j %(1 —cos 212x +5)) dx

Sol.

Sol.

[ sin@ = é (1 —cos 20) ; put 6 =2x + 5}

1 1
= 5 J A-costx+10) ax = o [[ 1dw-[ cos (4x+10) dx]
1|, sin(x+10) 1 1.
=3 I T +c=§x—§sm(4x+10)+c.
. sin 3x cos 4x

J. sin 3x cos 4x dx = lf 2 sin 3x cos 4x dx
2

= 1 J. (sin (3x + 4x) + sin (3x — 4x) dx
[ 2 sin A cos B = sin (A + B) + sin (A — B)]

J (sin 7x +sin (— x)) dx =

_f (sin 7x — sin x) dx

N DN
N DN

= U sin7xdx—J.sinxde - [_C(;sr?x

— (- cos x)} +c

1
= — cos 7Tx + — CcoS X + c.
14 2

cos 2x cos 4x cos 6x

cos 2x cos 4x cos 6x = % (2 cos 6x cos 4x) cos 2x

= é [cos (6x + 4x) + cos (6x — 4x)] cos 2x

[ 2cosx.cosy=cos (x +y)+ cos (x —y)]


Stamp


Sol.

(cos 10x + cos 2x) cos 2x = i (2 cos 10x cos 2x + 2 cos® 2x)
[cos (10x + 2x) + cos (10x — 2x) + 1 + cos 4x]
(cos 12x + cos 8x + cos 4x + 1)

cos 2x cos 4x cos 6x dx = i f (cos 12x + cos 8x + cos 4x + 1) dx

U cos12xdx+_|- cos8xdx+_[ cos4xdx+f 1dx}

N P N S N PO Ny Y =

( sin 12x sin 8x sin 4x ]
+ + +x| +ec
12 8 4
Note. We know that sin 36 = 3 sin 6 — 4 sin® 0
4 sin® § = 3 sin 6 — sin 36

3
Dividing by 4, sin® 6 = 1 sin 6 — i sin 30 D)
Similarly, cos® 6 = % cos 0 + i cos 36 ..(@0)
[ cos 30 = 4 cos® O — 3 cos 6]
sin® (2x + 1)

To evaluate J. sin® 2x +1) dx

§sine - l sin 30
4 4

We know by Eqn. (i) of above note that sin®0
Putting 6 = 2x + 1, we have

sin® Qx + 1) = % sin (2x + 1) — i sin 3 (2x + 1)

3 sin (2x + 1) — u sin (6x + 3)

4 4

o[ sin® Qx+1) dx

3 (—cos(2x+1)) 1 [ —cos(6x+3)]
— s A | +eC

4 2 4 \ 6 Coeff. of x

) jsin(2x+1) de - 1 jsin(6x+3) dx
4 4

=_—3cos(2x+1)+lcos(6x+3)+c.
8 24

OR
To integrate sin” x where r is odd, put cos x = ¢.

[ sin® @x+1) dx = [ sin® @x+1) sin (2x + 1) dx

= _71 .f [1-cos® (2x+1)] (- 2 sin (2x + 1)) dx ..(0)
Put cos 2x + 1) = ¢
. d dt .
—sin (2x + 1) Ir 2x + 1) = ix so—2s8in 2x + 1) dx = dt
From (i), the given integral = -t _[ a-t% dt

2



Sol.

Sol.

7.
Sol.

_;1 t_ﬁ __1t lt3
=5 3+c—2 +6 +c

1
=71cos(2x+1)+gc053(2x+1)+c.

sin® x cos® x

J. sin® x cos® x dx = J. (sinx cosx)® dx

1 3 1 3
J.(EZSinxcosx] dx = _[ (5 sian) dx

1
3 Jsin32x dx = % J‘(%Sian—isinij dx

(Putting f=2xinsin®0 = % sin 6 — i sin 38]

33—2 J.sinzx dx — 3—12 J.sinGx dx

-3 cos 2x 1 (—cos6xj _ ;3 2 i 6
6 +c = 64005 X + 192005 X + C.
OR

To evaluate J. sin® x cosgxdx, Put either sin x = ¢ or cos x = ¢.

(The form of answer given in N.C.E.R.T. book II can be obtained
by putting cos x = ¢)
sin x sin 2x sin 3x

32 2 32

3

. . . 1 . ; .
sin x sin 2x sin 3x = 2 (2 sin 3x sin 2x) sin x

1
=5 [cos (8 x—2x) — cos (Bx + 2x)] sin x
[ 2sin x siny = cos (x —y) — cos (x + y)]
1 1
=5 (cos x — cos bx) sin x = 1 (2 cos x sin x — 2 cos bx sin x)
1
=1 [sin 2x — {sin (bx + x) — sin (5x — x)}]
[ 2 cos xsiny =sin (x + y) — sin (x — y)]
= i (sin 2x — sin 6x + sin 4x)
. I sin x sin 2x sin 3x dx = i J. (sin 2x + sin 4x — sin 6x) dx
= i U sin2xdx+_[ sin4xdx—j sin6xdx}
1 [ cos 2x cos 4x  cos 696)
== |- - + +c
4 2 4 6
sin 4x sin 8x

jsin 4x sin 8x dx = l J. 2 sin 4x sin 8x dx
2

= % f [cos (4x — 8x) — cos (4x + 8x)] dx
[ 2 sin A sin B = cos (A — B) — cos (A + B)]



_ % J(cos (- 4x) — cos 12x) dx = = f (cos 4x — cos 12x) dx
[~ cos (- 0) = cos 6]
-1 U cos4xdx—_|- colexdx} =1 |:s1n4x_81n12x:| tc
9 2

DN | =

4 12
1-
8. Ccos X
l+cosx
1-cosx 2 sin” %
Sol. [ 2% dx= | dv = [ tan® 3 dx
1+cosx 2 cos X
2
. 29 2e
( 1-cosb=2sin 3 and 1+ cos 0 =2 cos Ej
= j(seczg—l) dx (. tan®0 =sec?6-1)
x
tan —
= I seczE dx—fldx:l—z—x+c=2tang—x+c.
2 QeCoeﬁiofx
9. cos x
l+cosx
Sol. jﬂ dx
1+ cosx

Adding and subtracting 1 in the numerator of integrand,

l+cosx—1 1+ cosx 1 .a-b_a_b
=I7dx=_[ - dx | ==
1+cosx l+cosx 1l+cosx ¢

=J.{1—1x] dx:fldx—% JsecQg dx

2 cos? =

2

x
1 tan —

x
+c=x—tan — +c.
2 1 2
2
Find the integrals of the functions in Exercises 10 to 18:

10. sin* x
Sol J.Sin‘lx dx = J. (sin®x)? dx = I(H‘)SZ’CT I
. ) - 2

2
) 1% dx = l | 1+ cos®2x - 2 cos 2x) dx

1 ,[( (1+cos4x] 2cos2xj 0 [ c0526:1+c;)s 26}



11.
Sol.

12.

Sol.

13.

Sol.

1 J-(2+1+cos4x—4cos2x

4 2

= é [3_[ 1dx+'|- cos4xdx—4f cos2xdx}

)dx =%J. (8 + cos 4x — 4 cos 2x) dx

1 sin 4x 4 sin 2x 3 1
- 3x + —— |+ ¢ =
8 32

. 1
4 2 x + sm4x—zsm2x+c
cos* 2x
j cos* 2x dx = f (cos?2x)% dx

1+ cos 4x)” 1 2
= I(T) dx = J.Z(1+cos4x) dx
1
=7 J.(1+cosz4x+2(:os4x)dx
= L _[ (1+M+2cos4xj dx [ COSZGZM}
4 2 2
_ 1.[ 2+1+cos8x+4cosdx) g _ lf(3+cos8x+4cos4x)dx
1
= §[3j1dx+_|.cos8xdx+4j.cos4xdx}
1 3x+sin8x+4sin4x 3 N 1 .
=3 8 T4 +c=8x+6—431n8x+§sm4x+c
sinZx
l+cosx
sin® x 1-cos®x (1 - cos x)(1 + cos x)
[ de= [ = | x
1+ cosx 1+cosx 1+cosx

=J.(1—cosx) dxzj.ldx—J.cosx dx =x-—sinx +c.

Note. It may be noted that letters a, b, ¢, d, ..., g of English
Alphabet and letters o, B, y, 8 of Greek Alphabet are generally
treated as constants.

cos 2x — cos 20
COS X — COS O,

cos 2x — cos 20. (2cos’x 1)~ (2cos’ o — 1)
dx = J' dx
COS X — COS O COS X — COS O

J- 2cos®x-1-2cos?o+1

J- 2 cos®x — 2 cosZ o
COS X — COS O, -

X X

COS X — COS O

2 2

J‘COS X —cos « _9 J- (cos x — cos a)(cos x + cos o) dx

(cos x — cos o)
=2_|-(cosx+cosoc) dx =2Ucosxdx+fcosocdx]

X

COS X — COS O

=2[sinx+cosa.[1 dx] = 2 [sin x + (cos o) x] + ¢

= 2 sin x + 2x cos O + c.



Remark. _[ sina dx = sin a J. 1 dx = x sin a.

Please note that J. sin @ dx # — cos a.

14. COS X —SInx

1+ sin 2x
cosx—sinx cos x — sin x
Sol. LetI= [ =22 —="=d v= | dx
1+ sin 2x cos? x + sin? x + 2 sin x cos x

_ J‘ coS x — sin x dx (l)

(cos x + sin x)?
Put cos x + sin x = ¢.

so—sin x + cos x = % . Therefore (cos x — sin x) dx = dt.

X
i1
From(i),1=f = fe? dt_—+c
-1 -1
- 1= — +¢= ———
4 cos x + sin x

15. tan® 2x sec 2x
Sol. Let I = f tan® 2x sec 2x dx = f tan? 2x tan 2x sec 2x dx

J (sec?2x — 1) sec 2x tan 2x dx [ tan2 0 = sec? O — 1]

1 j (sec? 2x — 1)(2 sec 2x tan 2x) dx (D)
2

d dt
Put sec 2x = t. Therefore sec 2x tan 2x ax (2x) = e

2 sec 2x tan 2x dx = dt
: 1 9 1 2 g,

From(z),I:E I(t -1) dt = 5 ('ft dt J.ldt)

o 1 1

- = | =t . R —

=3 [3 ]+C_6t 2t+c

1

Putting ¢ = sec 2x, = - sec® 2x — —sec 2x + c.

6 2
16. tan* x
Sol. J. tan® x dx = _[ tan?x tan®x dx = _[ tanZx (sec2x - 1) dx

= '[ (tanzx sec? x — tan? x) dx =j tan®x secx dx — f tan?x dx
= _[ tan?x sec?x dx — f (sec®?x - 1) dx
= _[ tan®x sec?x dx — J. sec?x dx + f 1 dx

For this integral, put tan x = ¢.

9 dt 9
sec“ x = - or sec’x dx =dt
dx



17.

Sol.

18.

Sol.

19.

Sol.

3
t
=_|.t2 dt—tanx+x+c=§—tanx+x+c

1
Put ¢ = tan x, = 3 tan® x — tan x + x + c.

sin®x + cos®x
sin®x cos®x
3 3

sin® x + cos® x sin® x cos® x

_[ dx = _[ + d

3 2 x ) 2 2 2 X
sin” x cos® x sin“x cos®x  sin®x cos®x

( a+b a bj
- _a_ 0
c c ¢

J- sin x N coS x 4 J- sin x N CoS X J
N X = . A X
cos’x sinZx COS X COS X  sin x sin x

J- (tan x sec x + cot x cosec x) dx

= f sec x tan x dx + J. cosec x cot x dx = sec x — cosec x + c.

cos 2x + 2 sin’x
cos?x

cos 2x + 2 sin? x (1-2sinx) + 2 sin?x

J. ——— — dx= _[ 3 dx
cos” x cos” x
1 2
=_[ 5 dx:fsec X dx =tan x +c.
cos” x
Integrate the functions in Exercises 19 to 22:
1 . .

Note. Method to evaluate _[ —————— dx if (p + q) is a

sin® x cos? x
negative even integer (= — n (say)); then multiply Numerator and
Denominator of integrand by sec” x.
1
sin x cos®x
1
Let I = f sin % cos? x 0% (@)

Here p + ¢ = — 1 — 3 = — 4 is a negative even integer.
So multiplying both Numerator and Denominator of integrand of
(i) by sec* x,

sec* x sect x
I= J- - 3 7 dx = _[ dx
sin x cos® x sec” x tan x
. 3 4 . 3 1 sin x
"+ sin x cos” x sec” x = sin x cos” x . ——— = =tan x
cos“x COSXx
2 2 2 2
sec” x sec” x 1+ tan”x) sec” x ..
or 1= [CESCX g 1! ) dx i)
tan x

tan x
Put tan x = ¢



sec® x = d—t = sec®xdx =dt

X

2 1 ¢
From (i), I = | (1+tt ) - J.[t-'-t] dt

=J.(%+t] dt:j%dt+jtdt =1og|t|+§+c

Putting ¢ = tan x, = log | tan x | + — tan® x + c.

2
_cos2x
20. (cos x + sin x)?
cos 2x cos® x — sin® x
Sol. Let1=fm dx = fm d

J- (cos x + sin x)(cos x — sin x) J- cos x — sin x

(cos x + sin x)(cos x + sin x) dx
Put DENOMINATOR cos x + sin x = ¢

dt

—sin x + cos x = w = (cos x — sin x) dx = dt

CoS X + Sin x dx @)

dt
From(i),I:J.T =log|t|+c¢c =log|cosx +sinx|+c

Note. Another method to evaluate integral (i) is, apply

f(x)
Im dx =log | f(x) |.

21. sin~! (cos x)

Sol. _[ sin! (cos x) dx = J sin! sin(g - x) dox

I[g—x) de=[3 dv-[xde

2
T 1 Y X
=§Ildx—fx dx=§x—5+c.
1
22. cos (x - a) cos (x - b)
1
Sol. Let I = [ oormoros d 0
Here x —a)-x-b)=x—-a-x+b=b-a ()

By looking at Eqn. (i7), dividing and multiplying the integrand in
(@) by sin (b — a),
1 ,[ sin (b - a)

= sin(b-a) ’ cos(x—a)cos(x—b) dx
1 I sin [(x —a) — (x - b)] ..
= sin(b-a) ’ cos(x-a)cos(x—b) dx (By (@)l
1 J-sin(x—a)cos(x—b)—cos(x—a)sin(x—b)
= sin(b-a) cos (x — a) cos (x — b) *

[ sin (A — B) = sin A cos B — cos A sin B]



23.

Sol.

24.

Sol.

1 I sin(x—a)cos(x—b)_cos(x—a)sin(x—b) dx
sin (b - a) cos (x —a)cos (x—b) cos(x—a)cos(x—>)
(” A-B A B)

c C ¢

1
ey [ Itan (x - @) - tan (x - b)] dx
=# [-log | cos (x —a)|+log|cos(x—-0b)|]1+c
sin (b - a)
_[tanx dx = —log | cos x |)
1 cos (x — b) ( mj
—_— —= e ~log n =log —
sin (b— a) cos@-a)| © ogm-logn=lg

Choose the correct answer in Exercises 23 and 24:

sin® x - cos® x
J. ~ . 2 2 _ dxisequalto
sin” x cos” x

(A) tan x + cot x + C (B) tan x + cosec x + C

(C)-tanx + cot x + C (D) tan x + sec x + C
sin? x — cos® x

e

sin“ x cos” x

smx cos? x a-b a b
—J T 2. | dx =

sinxcos?x  sin®x cos®x c c c
= J'[ 12 - .12 j dx = J. (sec?x - cosec’x) dx
cos“x sin“x
= J sec?x dx — J. cosec’x dx = tan x — (- cot x) + C
=tan x + cot x + C ~. Option (A) is the correct answer.
J. M dx equals
cos” (e”x)
(A) - cot (ex®) + C (B) tan (xe®) + C
(C) tan (e*) + C (D) cot (*) + C
e (1+x) )
Let I = | ———— ()
'[ cos? (e*x)
Pute* . x=1¢
[To evaluate | (T-function or Inverse T-function f(x)) f'(x) dx, put
flx) =t]
Applying Product Rule, ¢* . 1 + xe* = dt
x
or ¢ (1+x)dx=dt
dt 9
F ), 1= = | sec”t dt
rom (&) '[ cos® ¢ '[

=tan t + C = tan (x ¢*) + C ..Option (B) is the correct answer.





