Exercise 3.3

1. Find the transpose of each of the following matrices:
5

-1 5 6
L1 o1 -1

@ | 5 (ii) {2 3} (iii) (V3 5 6.

-1 2 3 -1
5
1

Sol. (i) Let A = 9 (is a column matrix 3 x 1)

-1

Changing column of A into a row, (row will automatically
become column)

1
Transpose of A (i.e., A" or AT) = {5 5 1}
(which is a row matrix 1 x 3)
(ii) Let A b
ii) Let A=, 2

Changing rows of A to columns of A,
(columns will automatically beocme rows),

A’ or AT = { L 2]

-1 3
-1 5 6]
(i) LetA= |3 5 6
2 3 -1

(Making) changing rov;rs of A as columns of the new matrix,
-1 V8 2

we have A'orAT=| 5 5 3.

6 6 -1




-1 2 8 -4 1 -5
2. fA=| 5 7 9| and B= 1 2 0 |, then verify that
-2 1 1 1 3 1
@) A+B)Y=A"+PB @) (A-B)Y =A"-PB.
Sol. (i) To verify (A + BY = A" + B’
-1 2 3 -4 1 -5
A+B-= 5 7 9| + 1 2 0
-2 1 1 13 1
[-1-4 2+1 3-5 -5 3 -2
= 5+1 7+2 9+0|=| 6 9 9
|-2+1 1+3 1+1 -1 4 2

(Making) changing rows of A + B as columns of the new
matrix, we have

-5 6 -1
LHS =(A +B) = 3 9 4 (@)
-2 9
-1 237 1 -5
RHS. =A"+B = 5% Mhn T 1 2 0
-2 1 1 1 3
[ — gl S 2 -4 1 1
= 2 7 | + 1 2 3
| 3 9 o1 5 0 1]
[-1-4 5+1 -2+1 -5 6 -
= 2+1 7T+2 1+3 .10
| 3-5 9+0 1+1] |-2 9 2
From (i) and (ii), we have L.H.S. = R.H.S.
ie., (A+BY=A"+PB
(z1) To verify (A-BY = A" - B’
-1 2 3 -4 1 -5
A-B-= 5 7 9| - 1 2 0
-2 1 1 1 3 1
-1+4 2-1 3+5 3 1 8
= 5-1 7-2 9-0]| = 4 5 9
-2-1 1-3 1-1 -3 -2 0

(Making) changing rows of A — B as columns of the new
matrix, we have



3 4 -3

LHS.=(A-By=|1 % ~2 )
8 9 0
-1 2 3] [-4 1 -5
RHS. =A'-B=| 5 7 9| -
-2 1 1 1 3 1
-1 5 -2] [-4 1
= 2 7 1|-| 1 2
39 1 |[-5 0 1
-1+4 5-1 -2-1] 3 4 -3
=| 2-1 7-2 1-3|=|1 5 -2 (i)
3+5 9-0 1-1] [8 9 0

From (i) and (ii), we have L.H.S. = R.H.S.
Note (A"’ = A.

3 4
3. IfA’=|-1 2| andaB=| L 2 1 , then verify that
0 1 1 2 3
i) A+B)=A"+DB @) A-B)Y =A’-PB.
Sol. Given: A’ ? ; n: D DA
ol. Given: A’ = | - an = 1 92 3
Qgpimig
Making rows of A’ as columns of the new matrix (transpose of
3 -1 0
A e, (A)) ie, A=
e, (AY) e, { 4 9 J

. 3.-1 0 -1 2 1
(i) A+B L g J+{1 9 3}

{3—1 ~1+2 0+1}_ 2 1 1}
N 4

4+1 2+2 1+3 5 4
, 2 5
LHS. = (A + By = {2 1 1} |1 4 G
5 4 4 1 4
3 4 ,
-1 2 1
RHS. =A" + B = —(1) i + { 1 9 3} (given)

3 4 -1 1 3-1 4+1 2
=|-1 2|+ 2 2(=|-1+2 2+2|=|1
1

5
4 ...(@)
0 1 1 3 0+1 1+3 4



From (i) and (ii), we have L.LH.S. = R.H.S.

i A po |3 "L O] [-1 21
WARTE=14 92 11711 2 3

[3+1 -1-2 0-1] [4 -3 -1
’{4-1 2-2 1-3}_{3 0 —2}
, 3
L.H.S.=(A—B)’={4 -3 _1} “3 ol .0
30 -2 | |
o 341 [, . 47
RHS. =A - B = —(1) i_{ L 9 3}
(given)
3 4 -1 1 3+1 4-1 4 3
=|-1 2|- 2 92|=|-1-2 2-2|=|-3 0 ...(G0)
0 1 1 3 0-1 1-3 -1 -2

From (i) and (ii), we have L.H.S. = R.H.S.

1A =2 3 anaB=|"' % then find (A + 2By
. = 1 2 an =| 1. 9f en fin + .

. ’ _2 3 _1 0

Sol. Given: A’ = 1 9 and B = 1 9

Making rows of A’ as columns of the new matrix (transpose of A’

e, (AYY) ie, A= go L
Le., L.e., = 3 9

-2 1 -1 0 -2 1 -2 0
A + 2B = 3 2 + 2 1 2 = |: 3 2:| + 2 4
-2-2 1+0 -4 1
=] 3+2 2+4| 7| 5 6
Making rows of this matrix as columns of new matrix, we have

-4 5
(A+2B)/=[ }

1 6
5. For the matrices A and B, verify that (AB)’ = B’A’, where
1 0
@)A=|-4|,B=[-121] @G)A=1[1/,B=[15T7].
3 2
1

Sol. (@) Given: A =|_4|and B=[-1 2 1]
3



[ 1
AB =| -4 [ -1 2 1]; , 5is a matrix of order
L 3 3x1
-1 2 1]
3x3and=| 4 -8 -4
-3 6 3]
(Using row by column multiplication rule)
-1 2 1] [-1 4 -3
LHS. =ABY=| 4 -8 -4|=| 2 -8 6 (D)
-3 6 3 1 -4 3
- 1 4
RHS. =BA'=[-1 2 1] |-4
| 3
-1 P\
=| 2| [1-43]l=| 2 -8 6 ...(i0)
|1 Y
From (i) and (ii), we have L.LH.S. = R.H.S. i.e,, (AB) = B’A".
[0
(1) Given: A =|1| and B=[1 5 7]
12
[0 0o 0 o
AB=| 1 [1 5 7Tlys=1|1 5 7
L 21, 2 10 14
0 0o of [o 1 2
LHS. =ABY=(1 5 7, =0 5 10 (D)
2 10 14| 0 7 14
o] [1
RHS. =BA'=[1 5 7" |1| =| 5 [0 1 2];,54
2— 7 3x1
0 1 2
=|0 5 10 ..(@1)
0 7 14

From (i) and (ii) we have L.H.S. = R.H.S.

(AB) = B'A".

ie.,

Remark. Result to remember form this Q.No. 5:

(AB)’ = B'A’

| Reversal Law



coso sina

6. (@) IfA= { } , then verify that A’A =1

—-sino cos o

(ii) IfA = { smo. - cos 0‘} then verify that A’A =L

—-coso sina

Sol. (i) Given: A = { Cf)SOL sin oc}
—SsIno  coso

, coso. sino| [ coso sino
LHS. =AA= {_ sino  cos OJ [_ sino  cos oc}
cosao —sino cosa sina
B Lin o cos oc} {— sino  cos oc}
cos? o + sin? o cos o sin o — sin o cos o
- Lin 0L COS 0L — COS O Sino. sin? o + cos”® o }

(Row by Column Multiplication)

1 0
= = I = I = R.H.S.
SR

{ sino  cos ocJ

(i1) Given: A .
—cos o sino

sin o cos o ’
LHS. =AA= { }

—cos o sin o

—cos o sin o

SIn ¢ —.COS O sin o Cos 0
coso -sina

sinZ.a + cos? o sin o cos o — cos o sin o
" | cos o sin o — sin o cos o cos? o + sin? o
1 0
= =1, (=1 = RH.S.
o 1
1 -1 5
7. (i) Show that the matrix A = |-1 2 1| is a
5 1 3
symmetric matrix.
0 1 -1
(ii) Show that the matrix A = |-1 0 1| is a skew-
1 -1 0
symmetric matrix.
1 -1 5
Sol. (i) Given: A= |—-1 2 1 (1)
5 1 3

(Making) changing rows of matrix A as the columns of the



1 -1 5

new matrix A’ = | -1 2 1| =A [By ()]
5 1 3
A=A
By definition of symmetric matrix, A is a symmetric
matrix.
0 1 -1
(i) Given: Matrix A = | -1 0 1 (@)
1 -1 0
0 1 —17 0 -1 1
A= -1 0 1l = 1 0 -1
1 -1 0 -1 1 0
Taking (- 1) common from R.H.S. of A’, we have
0 1 -1
A=—|-1 0 1l =-A [By ()]
1 -1 0

By definition, matrix A is a skew-symmetric matrix.
1
8. For the matrix A = [6 ﬂ , verify that

(i) (A + A’) is a symmetric matrix.
(ii) (A -A’) is a skew symmetric matrix.

Sol. (i) Given: A = Lli 5}

7
Let B=A+A =A+ |1 2] oL 2] ,[1 6
6 7 6 7 5 7
[1+1 5+6] [2 11 "
T l6+5 T+7| |11 14
o [2 17 2 11 ,
b= {11 14} - {11 14} =B By (]

Bie, (A+ A’)is a symmetric matrix.

.o . 1 5
(i1) Given: A = 6 7

Let B

I

>

|

>

1}

>

|
1

[y

S



B 0 -1
o 11 o0
o -17 0
B/= =
[1 o} [—1

(@)

1
0

|

Taking (— 1) common from R.H.S. of B’,

i 0 -1 .
B =—[1 0} =-B [By ()]
Matrix B ie, A - A’is a skew symmetric matrix.
0 a b
. 1 1 -a 0 ¢
9. Find - (A+A’) and — (A - A’) when A = .
2 2 -b -¢ O
0 a b
Sol. Given: A=|-a 0 ¢
-b —-c¢c O
0 a bl 0 -a -0
A =|-a 0 ¢ ={a 0 -c
-b —-c O b ¢ 0
[0 a b 0 -a -b
A+A=|-a 0 c} + |la 0 -c¢
|-b -c O b 0
[ 0+0 a-a b-b 0 0 O
=|-a+a 0+0 c¢c—c| =0 0 O
| -b+b —c+c 0+0 0 0 0
1 0 0 O 0 0 O
—A+A)= = 0O 0 0/ =10 0 O
2 0 0 O 0 0 J
0 a b 0 -a -
Again A-A"=|-a 0 c|-|a 0 -
-b -¢ 0 b c 0
0-0 a+a b+b 0 2a 2b
=l-a-a 0-0 c+c ={—2a 0 2c
-b-b -c-c 0-0 -2b -2 0
1 1 0 2a 2b
—(A-A) = - |-2a 0 2c
2 2
-2b -2¢ O
0 a b
Multiplying each entry by —, = |-a 0 ¢
-b -¢ 0



10. Express the following matrices as the sum of a symmetric
and skew symmetric matrix:

@)

@ii)

s 5 [ -2 2
1 _J @) |-2 3 -1
- 2 -1 3
(3 3 -1 )

-2 -2 1 o) | ! 5}
-4 -5 2 -1 2

Note Formula. Every square matrix A can be expressed as

1
the sum of a symmetric matrix 2 (A + A’) and skew

1
symmetric matrix 2 (A -A).

Sol. @)

(D)

3 5
Given: Matrix (say) A = L _ 1}

3 5] [8 1
therefore, A’ = 1 -1l =15 =<1

By Formula above, symmetric matrix part of A

1 1([3 5] 3 1
E(A+A)=§ 1. R N®_1

_1(6 6_[3 3 0
_26_2_3—1 .2

and skew symmetric matrix part of A.

e R e
= @A=L -1 5 -1l)Tg -5 141

1 1
T 204 0] |1 1 -2 0
5( 4) 5(0)

Given matrix A is sum of matrices () and (i7)

. . |3
= symmetric matrix

0 2
-2 0]
6 -2 2

Given: matrix say A = | -2 3 -1
2 -1 3

3 . .
J + skew symmetric matrix



’

6 -2 2 6 -2 2
A =1|-2 3 -1 =|-2 3 -1
2 -1 3 2 -1 3

Symmetric part of A = % A+ A)

6 -2 2 6 -2 2

= % -2 3 —-1|+|-2 3 -1
2 -1 3 2 -1 3
1 12 -4 4 6 -2
=3 -4 6 —-2|=|-2 3 -1 (2)
4 -2 6 2 -1 3

1
and skew symmetric part of A = 2 A-A)

6 -2 2 6 -2 2
=1l-2 3 -1|-|-2. 3 -1
21l 2 -1 3| | 22143
6-6 —2+2 2-2
-1 -2+2 3-3 —-1+1
2 2-2 -1+1 3-3
[0 0 0 0 0 O
=% 0 0 0|=/0 0 O ..(@)
10 0 0 0 0 O
Given matrix A = sum of matrices () and (i7)
6 -2 2
= symmetric matrix | —2 3 -1
2 -1 3
0O 0 O
+ skew symmetric matrix [0 0 0
0O 0 O
3 3 -1
(zit) Given: matrix say A= |-2 -2 1
-4 -5 2
3 3 -1 3 -2 -4
A=|-2 -2 1|=| 3 -2 -5

-4 -5 2 -1 1 2



1

Symmetric part of A= = (A + A)

N |

3 3 -11[ 3 -2 -4
_ L1l 2 1]+ 3 -2 -5
4 -5 2| |-1 1 2

6 1 -5 )
=21 -4 —a]=] 5 -2 -2 )
-5 -4 4
_2 9 9
2
1

and skew symmetric part of A = 2 (A-A)

3 3 -1 3 - M
-2 -2 1/-| 3 -2 -5
-4 -5 2| [-1 1 2
3-3 3+2 -1+4

-2-3 -2+2. 145
|-4+1 -5-1 2-2

1
2

DO | =

3-3 3+2 -1+4
=—|-2-3 -2+2 1+5]|=
-4+1 -5-1 2-2

N N ot
S N
w N|w

(1)

-3 0

Given matrix A = sum of matrices (i) and (i)

1 5

2 2

= symmetric matrix -2 -2

mw\»—l w

-2 2

2

S N|on
w M|

+ skew symmetric matrix | —

N Dot



) Given: mat A 1 5 DA 1 5'_ 1 -1
(iv) Given: matrix say A = 1 27T 21 29| 7|5 2
1

Symmetric part of A = 2 A+ A)

SRR DR PR

(A-A)

[u—y

and skew symmetric part of A = 2
1 1 5 1 -1 _1[|: 1-1 5+1:|)
“oll-1 2| |5 2| 2\-1-5 2-2
1 0 6 0 3 -
=31-6 0| =(_3 o ..(@0)
Given matrix = Sum of matrices (i) and (i7)

S tri tri 183
= Symmetric matrix |,

+ skew-symmetric matrix { g 3}

Choose the correct answer in Exercises 11 and 12
11. If A and B are symmetric matrices of same order, AB - BA

isa
(A) Skew-symmetric matrix (B) Symmetric Matrix
(C) Zero matrix (D) Identity matrix.
Sol. Given: A and B are symmetric matrices
= A’=Aand B =B (D)
Now (AB — BA)Y = (AB) - (BAY [(P-Q =P -Q1
= B'A" - A'B’ [Reversal Law]
= BA - AB [Using (1)]
= — (AB - BA)

-. (AB — BA) is a skew symmetric.
Thus, option (A) is the correct answer.

coso -—sino
12. IfA=[. },thenA+A’=I,ifthevalueofocis
sin o COS 0O
A) T B) ~ c D) %
(A) 6 B) 3 ((OX ] D) 2
. coso  —sinao
Sol. Given: A = Sin o oS

Also given A + A’ =1

coso —sino coso —sino]
= . + . =I=1
sin o Cos o sin o cos o 2



{cos o —sin oc} { coso  sin oc}

sin o cos o, —sino  cos o

= 0 2 cos o

Equating corresponding entries, we have
2cos o =1

T

1
= Ccos 0= =C0s 5 o=
2 3

Thus, option (B) is the correct answer.

|:2COSOL 0 }

w|a





