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We have,

M-cos28 ’254}129
Yl+cos28 ‘\lgmzs

s g

_cose
=tan & = RHS
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LHS,
sin2e _ 2sinfcos 8
1-cos28 2 5int 6

=n:056'
sing
=cot& =RHS
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LHS,
sin28  2sinf8.cosé
1+cos28 2costé
_sng
" cos@
= tan & = RHE
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LHS,
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LHS,
1-cos28+s5in28
l+cos 28+ 5in28

2 sin? 8+25iné.cos 8
2cos?y 2sindecos 8

_ 2siné(sind + s 8)
~ 2cos 8cos 8+sin )

siné
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=tanfd=RHS
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LHS,




sin @+ sin 28
1+cos@+c0s28

sin@+ 2sin8.cos @
cos 8+ (1 + cos 28)

5m9{1+2(:os 6':]
C0s &+ 205° 8

sin8(1+2cos8)
cos&(1+2cos 8)

sing
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=tan@
=RHS
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LHS,
cos 28
1+s5in28
_ cos? 8 - sin? g 0528 = cos® 8 - 5in® 9
s+ cos®8 +25inBcos 8 & sinte+eoosio=1
cos8 - s5in8) s +s5in 8
_ I ) [-.-az—b2={a+b)(a—b}]

{cosd +sin 6'}2

_Cos8-sing

cos8 +s5in 8
Dividing numerator and denomenatar bycos 8

_1-tang
L+ tang

- tan {1/, - 8] - RHS

tan’V— tand
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_l-tane
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cos g
1-5ind
2 el .
£es %—sm % cros2d=cosA-sint A &
i 8 28/ _2zind g sint A+cos?A=1
sir? 84+ cos é ESmé.cos/é

i (cos % —sin %) (ms % +5in %}
(cos % - sin %)2

_ms%+sm%

oos % 2 sm%

Dividing numerator and denominator by cos %

1+tan%
C1-tands




L=

~tan{7+ 90} - RHS
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LHS,

m32£+m323—ﬂ+m325—ﬂ+m32?—ﬂ
g g g g
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LHS,

23 2?)?
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2 8 a

m " T
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=1+1

=RHS
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LHS,

fcos 2 +cos ﬁ)z +[sin 2 + sin ,ﬁ)z
scos? i+t g+ 2oz Acos B+sintA+sin® G+ 2sndrsin g
= {oo32 A +sin? ,E} + [cosz,ﬁ + 8in® ,6) +2[oos Acos @+ 5in A sin £)
=1+1+2cos[- &)
=2+2c0s (% - )
= 2{1+cos (2 - £))

2.2c0s? [ﬂ]
z

4cos? [—j — '8]
2

= RHS
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sin® £+ﬂ - 5in® Bl
a 2 a 2

LHS,

lena) el el

[ = A r . A .o A r . A
Sin=. CO5s — +C08 =, Sin—+8h =, 005 —— 05 =, sih—
a 2 2 a 2 a 2

g
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=] 2 =] 2 2 2 2 2]

e A Ed oA
2zin=. cos —||2cos =, sin—
o] 2 o] 2
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25ih—. cos— Z2sih— . co0s—
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sin2. X, sinz. i
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sinZ . sin A
4

15 ..
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N7
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Trigonometric Ratios of multiple and Sub multiple Angles Ex 9.1 Q 13

LHS,

1+cos? 2

]
1+{m328—3a'n29) [ co5 28 = cos® g - sin® 8}

1+ms*e+sinte-2sin?a mse

2
{s."nz 8 +cos? .5') +costorsinte-2sin? 8, coste [ sin® 8 +cost8 = 1}

sint8+coste +25in? 8 cos? e +most o+ sint 8- 2sin® 8.cos? e
2{00548+ S.'-.'?45':]

RHS
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cos® 20+ 3c0s20 = 4{c056 8- sin® e}

RHS

4“0052 ef - {Sin28}3:|

4[6052 8- sin® 8) [30548+ sin* 8+ sin? & cos? GJ

4cos?e _[CDSZ §- gin? 8}2 +2sinfecos? e+ sin® 8 cos? e]
4cose {0052 26 + 3 sin® 9 cos? BJ

[ 2 2
4cos° e 005228+3[1_8205 e][1+CDS GH

2

4costa|cos?oe + % {1— cos? 28}]

00529[4005220 +3-3cos 291
00529[m5229+ 3:|

cos® 26 + Scos%e

LHS

LHS = RHS
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LHS=[sin34 + sin A) sin A {cos 34 - cos A) cos 4

. ) . C+D
vERC+snD = 25in

COS

c-0




= 25in 24 cos Asin A+ |-23in2A sinAosz 4]

cosC -cosD = -2s5in

= 2an2Adcos A sin A -2sin2Acos A.sin A
= 0=RHS
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LHS= cos?|Z_g|-sin?|Z-a
4 4
=cos? (E - SJ [COS‘ 28 = cos%9 - sin® 8]
4

= o8 [g = 29] [-.-cos :’;/é - 9} = gin 9}

sin2g
RHS
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LHS= cos 44
=cos 2,24

= 2005724 - 1] cos 26 = 2c0s7 0 - 1]
=2{20052A—1)2—1
=2{4COS4A—40032A+1)—1
=Beoost A-Beos?A+1

=1-8cos®A+8cost 4
=RHS
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LHS = sin44
=sn2. 24
2s5in2Acos2A4

2[28."."'.‘.4605‘ A]. ‘0092A - sin? A:]

4sinAcos® A- 4sin® A cos A
RHS
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LHS= 3fsinx - msxr +-5[s.l'nx rcosx}z v 4 {s."r?é';-r 1 o::sé'x}

E} 2 2

- 3[5.1'(?4)( - 45in” x cO5 X +6 sin® x cos° x - 45N % cos® x +oas4x:|
a2 L= o (B &
+0|8IR X + 25N X COsx +C005" x |+ 4SSN N + 005 X

[ {a- 5}4 = a* - 45%h 657 - 4ab® + b* by binomial Expainsioﬂ]
=3 [sm“x +oostx - 4sinx cosx {s.-'n?x +C0s° x} + ﬁsenzx.:osng

+6[1+2sinx cosx |+ 4[[(:093:( +sm2x:] [cos“ x — cosZx sin® x + sin? x:]]

[ a®+b’a [a+ b][az -ab +b2)]

2 2z

- ?[sm“x +cos? v]+ 18sin’xcos?x - 4sin‘xcosix + 6

=-7 [sm" x +cost x4 2sintx cos? x]+ ]

2
= ?[s."n?x +C\:|52x] +6
=7+6
=13

= RHE
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L H.5= 2[9?1’?6.\4 +c096x)— 3{9.'!?4}( +cos* x}+1

C+D




3 3
=2 [{smzx! + (ms?x:] ]— 3(sm“x +oos"x}+ 1 [ 37 +b% = (a+5) [a2 —ab+b2}]
- 2{[9.'}?2;!( +m52x){5'."n" X = sin® xosZx -e-cos'*xk] - 3{5‘."1'?4)( +r::35'4x} +1
= —[sm“x +oostx +2sin?x oosz)r]-r 1

= —[5a'n2x + mszx] +1

=-1+1

=0

=RHS
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LH.5=cos®A-sin®4

3 3

=[:cos2 A) —[smz.ﬂ)

= cclosz A - sin® A) {r:os" A+ sin® A.cos% A+ sin* A) [ #¥-b=(a- b][az +ah +b2}:|

=cos24 ‘m94 A+2sin® A cos® A+ sint A- sin® A cos® A}

[ cos? A-sin® A =cos? A4 & adding and subtracling sin® 4 cos® A]
2 242 4 .2 2
o coszﬂ[[sm A+cos® A) - S sin? A cos H]
1 : 2

=cos2A4|1- Z(Z sin Acos A)

= COSEA[].— %smzzq]

=RHS
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L.H.5=tan [i+ 8]+tan[£— SJ

4 4
tan > +tané tan X tans
4 4

- +

l—tan%rane 1+ ran%tanﬁ

_‘L+tan9+l—tan9 "tan”—l
T 1-tané l+tans ’ T

(1+ can2.9+2tms] +[1+ tan? g - zrane)
) [1-tan 8)(1 + tan&)

2[1+ ranzs}
T i mne

2sec? @ 2 2
= o osect 8 =14tan g
2 sing [ ]
coszs

2 s8c?8.005%8 [
oBEC =

cos?e- sing

2
cos 28

=2s5ec2s
=RHS
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L.H.5=cot? 4 - ta’d

wsZA sin?A

sin® A scA

(cosz -4]2 i {smz 4!2

sin®* A cos® A

[cosz A+ gn? A] [a:sZ A - sin® A)

[ #-bi-a [a +b”a-b]]

[sinA cos .-4}2

- oos 24 [ cos 24 = os® A-sin® A ]

% {25.":? A cos A]z

~ 4cos 24
sin®24




s & *

sin2A4 sin2A

[ COSECE = — J
sing

4cot2A cosec2d
= RHS

Trigonometric Ratios of multiple and Sub multiple Angles Ex 9.1 Q24
cos 46— cos dy=2cos* 16— 2cos' 20

=2icosdB+cosla)icos2F—cosda |

2{2cos® &=1+1-2sn® 2 | (2 cos® §=1=2cos® @ +1)

8(cos’ &—sin® @)(cos® 8- cos® @)

=8(cosf —sma)(cos G+ sina){cosf — cos a)(cos 5+ cos @)
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SIN3xX + siN2x - sinx
= [5in3x - sinx) + sin2x

Sw+xY . (Gx-x ; - SinA-sinB = 2005 2B Jein( A5
= 2Cos 5 sin 5 + Z2SINXODE X 2 2

sinZx = 2sINXC0os X

= 2cos(2x)sin(x)+ 2sinx cosx

= 25in><[cos[2x) +COS ><:|

= 2sinx[2oos[2xz+ ><]+cos[2x2_ X]:|[ cosA+ ooshb = 2005[%](:05(’&;5}}

= &sinx Ccos 2x cos G
- 2 2
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217

L+cos{45-30)
- sin15

_2\f§+|:v'§‘1] e
& b1 Bl
2E [+ 1)+ (B 1)
= 3-1

_ 2B i+ arad

otA =5+ Er2 4B o= f
= 2+2+.,1E+.,5
=ﬁ[1+«,{2_!+\5{q§+1}

cot A -[é-lj[ﬁ»ﬁj ------- {2)

From squation (1) and (2)

IanEE%=mt?l_: PO -
- (VB 1] (44
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We know that,
A l-cos A
Sin==%
2 2
FPut 4 = 457,




s;‘n22%=\(% {sinoe ss‘nzz%. is positlve}

1=

ra|

2

sm22%= V-1

23
And
A l+cos A
oS — =+ ’—
2 2
PUL 4 =457

1% 1+c0s 45
COS 22— -, |
2 2

Now,

mrzzla.,ﬁu
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Since cosx = -2 =2
5 h
= b=3,h=5
= P =q

Now, x lies on third quad.

Login2x = 28inx, cosx

2[GHE)&

x KX 3
crex €3 = Z el g2

2 2 4
Which means % lies in second quadrant

1

50, ms%-J% [ 14cos28 = 2cos28
-3
1-% _ -

B B [—ve sign because of second quad.]
2 E

where cos D is -ve

Also,

sm)f/é _ sinNX

L Ein2A=2s5inA cos A
Qmsxjé [ ]

17
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- x ligs in 11" quadrant,

5
= <X LR
2
= g<2x <2r = 2x liesin I* quad.
-3 _ b
Also, msx = —=— = b=3
E A
h=5
= £ =4
B sa’nx—i—i
: fr 5

SiN2x =28iNX COSX

P )
‘5'ls 25

; sinx 1-aosx
snXL = or
/é Ems% 2
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v x lies in 11" quad,
b
= —<X T
2
" X A
= LR T
4 2 2

which means % lies in first quad,

= P=5 = b=2
h=3

=

Now, sinx =

ol

b -2 ol
50, oosx=3=? {—veduetall quad:]

Thus,

X 1+ 008 % 1_% 1
COS — = — P = - —
2 4 J 2 J&
= 1
o /‘5."(5
2 2 2 ]
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Since x lies in 11" quadrant

:x{}(-{
s E g
2

a X X i B

= "< <=, which means = lies in I quad.

+ 2 2 2
Now,

sirw-l-E = FPwl = b= 15

4 h
h=d

s, cusx-%-.__.._.:s [u.re due to 11" q.uad)

Thus,

Js
Femex l_? At - 15




cosa = ] z .
s 2 2 =]

SII"I"S/ l—msx ||4+

sin*/ B (44418

tan¥yf = —I5 =
2 ms’f/z 4- .15 4 - 415
B

 fe ) )
)
=4+J1_S
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Since & inacute, SO 0 S 28 < 7

Nuw,cosEJ:i:E =b=4 =pP=3
E h
h=%
5.".'?9-—-§
5
3
lan=—=—
4
2 3
50, tanz2f = Stan = /i

1-tan g 2
i(3)

o
sa’n5=i=—::>P=+ =b=3
5 h
h=5
C‘DSQ-E-E
h 5
4 3 24
Now, sinf=2s5in8. cos8=2.—. —= —
5 £ 2t

2 2
3 4 -7
cos28=cos’8-sin“8=|2| - _W Eail
5 5) 2%
50, Sin48=5n2.28 = 28in 28 cos 29

N
25’28

=336

© B25
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fa - (a+b)+[a-b)
b ‘Ja+b [a-Db)[a+b]
_2a




ALALS A T Dl A

_ 208X
005 2%
Trigonometric Ratios of multiple and Sub multiple Angles Ex 9.1 Q 32
We have,
tan A== & tang = =
7 ]
i 2
1-tan®d (?J 48
= [ttt Yl S S, 7 SR
o8 1+tan® 4 i 19
(3 @
40
8o B
50 5
Alsa,

sin 48 = 5in2.28

= 25/n 28 cos 28

[' 2tan & ] 1-tan®8
=2 .
1+tan°B 14 tan®a

1 pacd
—a|_23 a

1+$ I 1+%

form [A)& (B)
cos24A = sin 48
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LHS,
cos 7" cos 14 cos 28" cos 5A°

Divide and multiply by 2 =2in 77, weget

25in7"

=ﬂ.cos 14% cos28° cos 56°
2.2an7?"

= M.wsﬂe'. cos 56

2. 4507

2sinEE"
=_—— . cosBE°

2.8sn7"

sinl1z"
16 807"
Sa'n[lEID" s 58}
16 sin {90“ - 83“}
_ sin 68°
16 cos 83"
=FHHS

2sinT . cos 7. oosld, cos 28, cos 56

[ 2sinAcos A = zin24]
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sin(at+b)= sin(a)cos(b)+sin(b)cos(a)
for a=b, an(2a)= 2 si(a) cos(a)

(1)
2)




let a=16 p1/15 3)
(s02a=32pi1/15)

then using (3) in (2), we have
sin(2a)= 2 =in(a) cos(a)
=2 (2 sin(a'2) cos(a'2)) cos(a)
=2 (2 (2 sin(a’d) cos(ad)) cos(al2)) cos(a)
=2 (2 (2 (2 sin(a’8) cos(a'B)) cos(ad)) cos(a’l)) cos(a)
=16 s1(a/8) ( cos(a’8) cos(ad) cos(a’2) cos(a))

now note sin{2a) = smf2 pu/15) and sin{a’S)= sin(2 pr1/15)
50,

cos(a’8) cos(a’d) cos(a'2) cos(a)= 1/16

or, replacing a with 16 p1/15,

cos(2pi/15) cos(dpi/1 5y cos@pi/l 5 cos(16p/15)=1/16
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sin—24n
T___2% 4n S 5
CoE = 005 — CO5 — 008 — =
o 5 5

o*sint
SII’T5

v oosAcos2A cos228 cos 230, L., cos2 LA = Sm_z 3
2" sinA

. lex
ST
5

16sinZ
Slﬁ5

. T
T
sm[ :r|:+5J

16sin X
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T 27 4 Br 167 324,
LHS = cos —. cos =2, cos ——. o085 ——Cos —— cosi——
65 65 55 15 65 (f=

Divide and Multiply by Esa'n;—S, we get

L i
SR T 2x 4 Br 161 32x
= —_— 0 —, 005 —, 005 — 005 — |, 00—, e
i 65 65 &5 &5 65 &5
s —
65
2.5in o5
Y 2r 4 =F 16x a2x
= ——= 05—, C0f — ., 005 — , 08 —— 008 ——
o oein T BE 65 65 B 65
5 & da
S e dor B 167 327
= ooy — ., CO85 — 5 — Atk
— 65 65 B 65
B Or
e 8 167 328

e .00 oy
T 65 65
65




16 32
B5 s 27 cog 228
65 65

. 32x
2.5 — a0
B5E ome DT

2,32 5in = 03
65

LS
Sin ——
65

64 sin 2
65

. T
sin|lr-—
1 %)
64 sin 2
65

1 sa’n;—S
B4 zin %5
1

64

EHS
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We have, 2fanc = 3tan g

tan o
tan g

=

2
2

Let tanw = 3% and tan 8 = 28
tana-tan f _ 3K -2k K (4)
1+tane tan i 1+ 3K. 2K 1+6K2

Now, tanfa- g)=

Alza,
2tan g
sn28 N 1+can?,ﬁ
5-cos 20 5_[1—{&;1",0]
l+tan® g

22K
1+4x°

-—t
5- 1 41%2
1+ 4K

4K
5+20K% -1+4K°

4K K
i—— T —— e [B
4+245K°%  1+4+06K° (2)
form (a)&(B)

sin2g

arle - ) s zp
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We have,
sita+sinf=a & cosa+cosf=H ... [4)

Squaring and adding, we get

i 2

sin“e + sa'n2p+25'."na.smﬂ+ms ¢+co52}1+2505ac09ﬁ= &%+ b?
= 1+1+2(sinasind +coos aoos g) = &° + 57
= 2[sine sin g +cosacos §) = 5° +b% -2

2eos (- f) = 3% +b7 -2

2 z
Thus, cos [« - #) = a-rzid e

&gain,

. o+ = -
snm+sing =23 = 2sin% P pet o F L




cosa+cas f=b = Emsﬂ.ms%ub
a+f =
= tan o {B}
Now,
2tan &t 4
5f'n[a+,ﬂ}=72
1+tan2[1—tﬁ]
2
B 2% _2ab
1_|_¢1'2 a+ b®
b
Thus,
2 2ab
Holo + = —
l ﬁ) a+b
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we have,
sinc+snf=a & cosa+cosd=>5

Squaring and adding, we get

sin“e + sin® f+2sinasinf +cos’a +cos® f + 2oosacos A= 2%+ b7

= 1+1+2151'na5."n,ﬁ+cosm:usﬁ]=a2+b2
= 2(sina sin f +cosacos f) = 37 +67 -2
2eos[a - 8)=a’+b%-2
2,42
at+bc-2
Thus, cos [a - - —
(o - £) =
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We have,

2tan iy = t&n%
tan% 1
- tan & %

Let fan@g = K and rm%:&‘(

Then,
1-tan’e 2
B i (BT ()
I-rranz% 1+K
Also,

i tan"’ﬁ//

)
345054 _ l+i@n }E’/

o
St3cosp [1 tanzr‘?//

|

=

1+3Em2€/

3+5

1-4x2
1+4K32

o
d

g-Bx? 1-x?2
TBeBK? 14KE (e)

form [A) & (B)

% I+5cos g
5+ 3cos g
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We have,

oS & +oos g

cosf = ——————
1+cosew.cos 4

s e l—tanz%
1+ 220?84




2B
1-tan /5_ oSa +Cos &
1+gan23,g 1+cosaeoos 8

by componende and dividendo, we get

tl-ranz%}+{].+tan2%2’l _ l+coosmoos f+005x +008 8
:l—ranz%}—{1+(an2%} -{1+cosacos g - cosa - cos g)

2 s {1+.‘..U5:x]{1+:vsﬂ}
grar-,ﬁe‘,rz’ fl-cosa)fl- s g)

1l

f1-cosa)(1-cos g)

mmd B
£ /2/ {1+L.U5a]{1+uﬁ.b‘,d]

1l

e g im2 A
2 sy /2.25.'.'? é

20’352“,6.2 a‘:sz%J

as o o ,Uf
= car?é +tan /g.tan- )
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We have,
sec{f+a)+soc(f-a)=2sace,
1 1 z2

= . —+ - - =

cosg.cos - sin@sinag cosf ose +sndsine cosd

2oosfcos . 2

= z z T T

cos“@cosa - sinT8sin“a COS8

osfoosa 1

= z z TN T

cos? 8cos a—[l—cos S}S.'ﬂ x  Cosd
= cos? gcos a =cosz.9[cosza +sa'n2a)—sa'n2a
= msze(l—cosa:]=sa'n2a

2 sin® o

= Cosc 8 = -
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We have,

1 ' .
COS +cosﬁ=§ and sino + sin f = A

Squaring and adding, we get
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We have,
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2
ceRpE 1 tan:g &g
1+tan” &
)
Sin28= —‘t““f
1+tan" &

substitute these values 1n the given equation, it reduces to
a(l— tm?® b2 tan FF=c(l + tan® &)
(ctaytan® 8+ 2btanS+c—a=0

As @ md 5 are roots

2b
sum of the roots, tan @+tan §=——
cta
c—a
Product of roots, tan & tan 5=
cta
tan attan § 2b b

tan(zx + 5) = = =
l1-tan & tanf c+a—c+a «
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cosateosf=0=sma+sin 8

squaring on both sides gives

2 2 " 2 O 2 " O
cos'ax+cos” S+2cosacos f=sin" a+an” S+ 2smasin §
Bring square terms on one side, we get

cos2ateos2f=—2—snasmn S+cosacos f)=-2cos(a+ )





