Class XI — NCERT — Maths Chapter 13

Limits and Derivatives

Exercise 13.1

Evaluate the Given limit: Iirr31 X+3
X—>

Solution 1: limx+3=3+3=6

X—3

Evaluate the Given limit: |im(x—§j

X—>7r

-2

Solution 2: Iim(x—%)

X—>

Evaluate the Given limit: Iirr; ar?
r—.

Solution 3: Iirrlwr2 =r(l®)=n

. e AX+
Evaluate the Given limit: lim 3
x>l X—2

Solution 4: lim Ax+3 = A(4)+3 = 16+3 :B
x>l X —2 4-2 2 2

10 5

. L XX +]

Evaluate the Given limit: lim ————=
x——1 X_l

Solution 5: lim
x>1  Xx-=1 -1-1 -2

X+l (D +(-D)°+1 1-1+1

1

2

) o (x+D)°—1
Evaluate the Given limit: Imgﬁ
X—> X

5_
Solution 6: Iirrg(XL)1
X! X
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Putx+1=ysothaty — 1as x —0.
5 5
(x+1) 1:"m(y) 1
X

Accordingly, |irT01

x—1 y_l
-5.1%% {Iimx —a =na”‘1}
X—a X—a
=5
5_
.'. |imM:5
x—0 X

2
Evaluate the Given limit: Iimw
X—2 X —4

Solution 7: At x = 2, the value of the given rational function takes the form %

. 3x*—x-10 . (x—=2)(3x+5)
s im—— =lim
x>2  X°—4 -2 (Xx—2)(x+2)

. 3X+5
= |lim
x>2 X+2
_3(2)+5
2+2
_u
4

) o x* —81
Evaluate the Given limit: I|m2—
x=3 2X° —5x -3

Solution 8: At x = 2, the value of the given rational function takes the form %

4 _ 2
lim >2< 81 :“m(x 3)(x+3)(x“+9)
x>8 2x°—5x—-3 8  (x=3)(2x+1)

i (x+3)(x* +9)
>3 (2x+1)

_ (3+3)(3*+9)
T 203)+1
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_ 6x18
7
_ 108
7
Evaluate the Given limit: lim ax+b .
x>0 X +1
Solution 9:
rnax+b _a0)+b
0 cx+1  c¢(0)+1
1
] A
Evaluate the Given limit: I|rr11 T
26 -1
1
3 _
Solution 10: Iirrll Zl 1
26 -1

At z = 1, the value of the given function takes the form 9

1
Put z6 =xsothatz —1asx —1.

1

3 _ 2 _
Accordingly, Iimz1 l=Ii X1
71 x—1 X—l
26 -1
X2 -1
= lim
x>l x=1
=2.1%1 {Iimx a _na”‘l}
X—a X_a
=2
1
3 _
limZ 2.2
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2
ax“ +bx+c
Evaluate the Given limit: Ilm— a+b+c =0
-1 cx? +bx +a

2 2
Solution 11: Ilmax +bx+c_all)” +b@)+c
x1cx2 +bx+a c)?+b) +a

_a+b+c
a+b+c

=1 [a+b+c 0]

1.1
Evaluate the given limit: lim X—< 5
X+

X—>—2

1 1
7+7
Solution 12: lim X—2
X+2

X—>—2

At x = -2, the value of the given function takes the form %

1 1 (2+xj
I 2x
X_2_im

. . .. .._Sin
Evaluate the Given limit: IlmS s
x—0 bX

. . sinax
Solution 13: lim
x—0 bx

At x =0, the value of the given function takes the form %

sinax_Ii smax ax
bx 0 ax  bx

Now, lim
x—0



Class XI — NCERT — Maths Chapter 13
Limits and Derivatives

(sin axj a

= <2

x—0 ax b

= EIim(smaXJ [x>0=ax—0]
b ax—0 ax

=24 { Iim(—sm yﬂ
b x>0( y

-2
b

. . .. .._SIn
Evaluate the given limit: |ImS_ ax
x=0 Sin bx

.a,bz0

. . Sinax
Solution 14: lim—
x=0 sin bx

,a,bz0

At x = 0, the value of the given function takes the form %

sin ax
sin ax ( ax jxax
Now, lim= =l -
x>0 sinbx  x-0 [ sinbx
x bx
ax
. [ sinax
lim
a ax—0 ax X—>0=>ax—0
= —-X—
b lim sin bx andx —>0=bx—>0
bx—0 ax

|

Evaluate the Given limit: Iimw
X—7 ”(ﬂ_x)

Solution 15: IimM
x=>7 (7 —X)

Itisseenthatx > n= (- Xx) —» 0
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Aim 3T L, sin(z=X)
X—7 72-(72-_)() 7T (7=%)—>0 (72-_)()
=14 {Iim—smy =1}
T y—0 y
-1
T
Evaluate the given limit: lim 222X
x=0 1 —X
Solution 16: Iimﬁzﬁzl
01 —X  7T— Vi
Evaluate the Given limit: Iim%)(_1
x>0 cosX—1

Solution 17: Iim%)(_1
x>0 cosX—1

At x = 0, the value of the given function takes the form %

. cos2x—1 .. 1-2sin’x-1
Now, Ilrg—zllrrol—x
X COSX—l X 1_25in27_1

sinx ),
- 3 X X
sin“x .. X
= li =lim
x—0 | 2 X x—0
- =2
2 Sin sz
x 4
2

[cosx =1-2sin? 5}
2
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. 2
. SIn°~ X
lim—;
x—0 X

=4 - 7 [x—>0:>§—>0}

. .. aX+XCOSX
Evaluate the given limit: lim————
x>0 psinx

. . aX-+ XCos X
Solution 18: lim——
x>0 psinx

At x = 0, the value of the given function takes the form %

.ax+xcosx 1. Xx(a+cosx)
Now, lim————==lim——=
x>0 Psinx bx>0  sinx

I
ol
x =
3
7 N\
28
>
b3
N—

xlim(a+cosx)

x—0

1 1 ]
= | ———— |xlim(a+cosx)
bl ,. (smxj x>0
lim| ——
Xx—0 X
= Ex(a+coso) [Iimwﬂ}
b y=0 X
- atl
b

Evaluate the given limit: Iing XSec X
X!
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) . . X
Solution 19: I|mxsecx=llm—=L:9:O
x—0 x>0 cosX cosO 1
Evaluate the given limit: Iimm a,ba+b=0
x=0 gx +Sin bx

Solution 20: At x = 0, the value of the given function takes the form 9

. Sinax+hx
Now, lim———
x=0 gx +Sin bx

sin ax
( jax+bx
ax
sin bxj
bx

= lim

x—0

ax+bx(

. sinax) . .
(legg o )xlxlm(ax)ﬂxlm(bx)

= ( ) [Asx -0 =ax —0and bx —0]

. ) . sinbx
limax+limbx| lim

x—0 x—0 x—0 X

lim(ax) + limbx :

- x—>0( ) X—0 |Imw=l
limax + limbx
Xx—0 Xx—0

lim(ax +bx)

— x-0

lim(ax-+bx)

x—0

lim(1)

x—0

=1

y—0 X

Evaluate the given limit: Iirrg(cosec X —Cot X)
X—>!

Solution 21: At x = 0, the value of the given function takes the form co—oo
Now, Iing(cosec X —cot X)
X—>!

. 1 COS X
=lim| —-——
x>0\ sinx  sinx
. (1-cosx
lim -
x>0\ sin X
(1—cosx)
. X
lim———~<
x=0 (Sin X
X
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. 1-cosx
lim
= x>0 X
. sinx
lim—=
x—0 X
0 . 1—COSX . sinx
-7 [Ilm cos =0and Ilms—zl}
1 y—0 X y—0 X
=0
Evaluate the given limit: lim tan27;<
oo X——
2

Solution 22: lim tan 2x

x>
2 X——

2

At x = % the value of the given function takes the form %

Now, putSothatx%:ysothatx - %,y -0

T
. tan2x . tan2(y+2j
s lim =lim
T y—0 y

X7
2 X——

tan
. (7+2y)
y—0 y
_ Iirntan 2y

y—0 y
_ lim sin2y
y=0yCcos2y

_ . [sin2y 2
= lim X
y-0 2y cos2y

= [ 1imSN2Y |, im( x—2 [y 0= 2y 0]
y-0 2y y-0{  CoS2y
= 1x—2 [Iimw=l}

x->0 X

[ tan(7+2y)=tan2y |

2X+3,

Find lim f(x) and lim f(x), where f(x) =
lim () and lim f(x) ) {3(“1),

Xx<0
x>0
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Solution 23: The given function is

2X+3, Xx<0
f(x) =
3(x+1), x>0

lim () = lim [2x+ 3] = 2(0) +3 =3
lim f0) = lim3(x+1) =300+ 1) =3
L lim 00 = lim 09 = lim () =3
lim £ = lim (x+1)=3(1+1)=6

w lim 10 = lim 09 = lim 09 =6

2 _ <
Find lim (), when f(x) = 4 X - x=1
x=1 —x-1, x>1
Solution 24:
The given function is
2 _ <

(x) = X =1, x<1

—x-1, x>1
clim f) = lim [ X’ -1]=1?-1=1-1=0

x—1" x—1
It is observed that lim f(x) = lim f(x).
x—1" x—1*
Hence, Iirq f(x) does not exist.
m x#0
Evaluate Iing f(x), where f(x) = < x
0, x=0

Solution 25: The given function is

m x#0
fx) =14 x’

0, x=0

X
lim f(x)=lim {U}
x—0" x—>0| X
= Iing(_—xj [When x is negative, || = -X]
X—> X

10
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=1

lim f(x)=lim [m}

x—0" x—=0"| X

= Iing(ij [When x is positive, |X| = x]
X—> X

= lim(3)

It is observed that lim f(x) = lim f(x).
x—0~ x—>0"

Hence, Iirr01 f (x) does not exist.
X—>

X

) ) —, xz0
Find lim f (x)=1 [
0, x=0
Solution 26: The given function is
lim f (x) = Iim{l}
x—0" x—0" |X|
= |im(ij [When x <0, [x| = x]
x=>0\ —X
= lim(-2)
=-1
lim £ (x) = lim {i}
x—0* X|
= Iim(zj [When x >0, |x| =x]
x=>0\ X
= lim(3)

It is observed that lim f(x) = lim f(x).
x—0" x—0*

Hence, Iirr01 f (x) does not exist.

Find lim f (x), where f(x) = x| -5

Solution 27: The given function is f(x) = |x| - 5

lim f(x)= lim(x/—5)

X—5" X—5"

= lim(x-5) [When x >0, [x| =x]

=5-5
=0

11
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lim f (x) = lim(/x|—-5)

x—5" x—5"

= lim(x—5) [When x>0, |x| =x]

=55
=0
lim £ () = lim f () =0

Hence, Iing f(x) =0

a+bx, x<0
Suppose f(x) = < 4, x=1 and if Iirr11 f (x) = f(1) what are possible
b—ax, x>1

values of a and b?

Solution 28: The given function is

a+bx, x<0
f(x) = <4, x=1
b —ax, x>1

lim f(x)= Iin;(a+bx) =a+b
x—1" X!
IirI] f(x)= Iin;(b—ax) =b-a

f(1)=4
It is given that Iirr11 f(x) =f(1).
Iirp f(x)= Iirp f(x):Iini] f(x) =1(1)

—a+b=4andb-a=4
On solving these two equations, we obtaina =0 and b = 4.
Thus, the respective possible values of a and b are 0 and 4.

Let a1, ay, ..., an be fixed real numbers and define a function

f(x) = (X —a1) (X — a2).....(x — an)
What is lim f(x)? For some a # a, az, ..., an. Compute lim f (x).

X—>a

Solution 29: The given function is f(x) = (x —a1) (X — @2).....(x — an)
lirg f(x)= llrg [(x—a1) (X—a2).....(x — an)]

= (al —a1) (a1 —a2)..... (a1 —an) =0

Slimf(x) =0

X—>3

Now, len; f(x)= len; [(x—a1) (X —a2).....(x — an)]

12
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=(a—a) (@a—az).....(a—an)
legg f(x)=(a—a) (a—az)..... (a—an)

|x|+1, Xx<0
I f(x) = 10, x=0
|x|-1, X>1

For what value (s) of does lim f (x) exists?

Solution 30: The given function is

|X|+1, x<0
If f(x) = 40, x=0.

|x|-1, x>1
Whena =0,

lim f (x) = lim(x|+1)
x—0" x—0"
=lim(-x+1) [Ifx <0, |x| =]

=0+1
=1

lim f(x) = lim(x|+1)
x—0* x—0"

= lim(x-1) [Ifx >0, |x| =]

x>0
=0-1

=1

Here, it is observed that Iirg] f(x)# Iir? f(x).
lego] f (x) does not exis:.ﬁ -

When a <0,
lim f(x) = lim(x|+1)

= lim(-x+1) [x<a<0= |x =]

=-a+1l
lim f(x) = lim(x|+12)

= lim(-x+1) [a<x<0= |x =]

=-a+l

13
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s lim £(x) = lim f(x)=—a+1

Thus, limit of f(x) exists at x = a, where a < 0.
Whena >0

im 10 =i+

= lim(-x-1) [D<x<a= |x =x]
=a-1

i 100 =i

= lim(-x-1) [D<x<a= |x =x]

=a-1
s Aim £(x) = lim f(x)=a-1

Thus, limit of f(x) exists at x = a, where a > 0.
Thus, lim f (x)exists for all a #0.

f(x)—
x? -1

If the function f(x) satisfies, IirTl1 2_ 7, evaluate Iirrll f(x).

Solution 31: lim f(x)-2 =r

x—1 X2 -1

|XiL‘}(f(X)_2)
Iim(x2 —1)

Xx—1

=7

=lim(f(x)~2)=xlim(x*-1)
=lim(f(x)-2)=7(1"-1)

= lim(f(x)-2)=0

= lim  (x)~lim2=0

= lim f (x)-2=0

~lim () =2

14
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mx® +n, x<0
If f(X) = <nx+m, 0<x<l
nx® +m, X >1

For what integers m and n does Iirr(')l f(x)and Iirr11 f(x) exists?

mx® +n, x<0
Solution 32: f(x) = {nx+m, 0<x<1..
nx® +m, x>1

lim f(x)=|irrg(mx2 +n)
= m(0)>+n
=n

lim f(x)= Iing(nx+ m)
x—0" X!

n(0)+m
=m

Thus, lim f(x)exists if m =n.
x—0"

Iirp f(x) :Iirrl1(nx+m)
=n(1)+m

=m+n

lim f(x) = Iin}(nx3+m)
x—1" X—
=n(1)3+m

=m+n

= lim £ = lim £ (0 =1im f ().

Thus, Iin; f (x) exists for any internal value of m and n.

15
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Exercise 13.2

Find the derivative of x2 — 2 at x = 10.

Solution 1: Let f(x) = x? — 2. Accordingly,

£ 10) — fim 40+ hr)]— f (10)

h—0

_ i [20+h)* =2]- (10° -2)

h—0 h

10°+2-10-h+h*—2-10°+2

=lim
h—0 h
. 20h+h?

=lim
h—0 h

= lim(20+h) =20+0=20

Thus, the derivative of x> — 2 at x = 10 is 20.

Find the derivative of 99x at x = 100.

Solution 2: Let f(x) = 99x. Accordingly,

f (100+h) — f (100)
h
_ jim 99(100-+h) —99(100)

h—0 h

f (100) = lim

. 99x100+99h—-99x100
=lim

h—0 h

— 1im(99) = 99

h—0

Thus, the derivative of 99x at x = 100 is 99.

Find the derivative of x at x = 1.

16
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Solution 3: Let f(x) = x. Accordingly,

£11) = lim AN =@
h

h—0

Thus, the derivative of xat x =1 is 1.

Find the derivative of the following functions from first principle.

(i) x3 - 27
(i) (x— 1) (x— 2)
(iii) Xiz

. X+1
iv) ——
(iv) 1

Solution 4: (i) Let f(x) = x® — 27. Accordingly, from the first principle,
f(x+h)—f(x)
h

f'(x) = lim

h—0

_ i Ex 0’ =271 - (¢~ 27)

h—0 h

. X*+h¥+3x°h+3xh*> - X3
=lim
h—0 h

. h®+3x?h+3xh?
-t

= Lirr(}(h3 +3x%h+3xh?)

=0+ 3x?+0=3x?

(i) Let f(x) = (x — 1) (x — 2). Accordingly, from the first principle,

17
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f'(x) = lim

h—0

f(x+h)—f(x)
h

_lim (X+h=-1)(x+h-2)—(x-=D(x-2)

h—0 h

B Iim(x2+hx—2x+hx+h2—2h—x—h+2)—(x2 —2X—X+2)
_h—>0 h

_ i (DX =20 =)

h—0 h

. 2hx+h*=3h
=lim—
h—0

= Ihlgg(2x+ h-3)

=2x-3

(iii) Let f(x) = iz Accordingly, from the first principle,
X

f(@:”mf@+?—fu)
1 1
. (x+h)? x*

=lim

1 —(x+hy?
>0 h| x*(x+h)?

1] x2—x?—2hx—h?
=lim= > >
hoh| x“(x+h)

1] —h*—2hx
h>0 h| x*(x+h)?

| —h?=2x
=lim| —
h-01 x°(X+h)

0—-2x —2

X (x+0?2 X

18
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(iv) Let f(x) = X—Jri Accordingly, from the first principle,
X_

f(x+h)—f(x)
h

(x+h+1_x+1j
x+h-1 x-1

=l

B Iiml (xX=-D(x+h+1)—(x+)(x+h-1)
- (x—1)(x+h-1)

. { —2h }
=lim=
-0 h| (x=1)(x+h-1)

! { = }
=lim
0| (x—=1D(x+h-1)

22
T (x=1(x-1) (x=1)?2

For the function

100 X99 2
FX)=—+—+--+—+Xx+1
100 99 2

Prove that f'(1) = 100 f'(0)

Solution 5: The given function is

100 99 2

F(x):—+x—+---+—+x+1
100 99 2
[ ,,100 99 2 T
if(x)=i X X X
dx dx| 100 99 2

100 99 2
if(X)Zi X— -}—i X_ +...+i X_ +i(x)+i(l)
dx dx{ 100 ) dx\{ 99 dx\ 2 dx dx
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On using theorem di(x”) =nx"", we obtain
X

99 98
if(x):loox +99X +-~-+§+1+0
dx 100 99 2

=XxP +xP +- 4+ x+1

B0 =P+ x® e x 1

At x =0,

f(0) = 1

At x =1,

f'@Q)=1°+1"+ - +1+1=[1+1+ - -+1+1],50 e =1x100=100

Thus, £(L) = 100 f(0)

Find the derivative of X" +ax"'+a’x" 2 +-.-+a" 'x+a" for some fixed real
number a.

Solution 6: Let f(x)=x"+ax"" +a’x" > +---+a" 'x+a"

d f(X) :i(xn +ax"'+a’x"? +---+a" 'x+a")
dx dx

d d oy, 20 0o n d n d
=— a— a®— ettt — a"—(@1
dx(x )+ dx(x )+ OIX(X )+t dX(X)+ dx()

On using theorem di(x”) =nx"", we obtain
X

f'(x)=nx""+a(n-)x" > +a’(n—2)x"> +---+a"' +a"(0)

S P =nx""+a(n-D)x"? +a’(n—2)x"> +-.-+a™"

For some constants a and b, find the derivative of

() (x—a) (x-Db)
(ii) (X + b)?

L. X—a
(iii) b

Solution 7: (i) Let f (x) = (x—a) (x —b)

20
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= f(X)=x*—(a+b)x+ab

d

L=

(X2 —(a+b)x+ab)
d, ., d d
= ()~ (@+b)— () +(ab)

On using theorem di(x”) =nx"", we obtain
X

f'(x)=2x—(a+b)+0
=2x—a-b

(ii) Let f(x) = (ax? + b)’
= f(x) =a’x* +2abx® +b*
1 d 2,4 2 2
o f (x):d—(a X" +2abx” +b)
X

=a? i(x“) +2abi(x2) +ib2
dx dx dx

On using theorem di(x”) =nx"", we obtain
X

f '(x) =a’(4x®) + 2ab(2x) +b*(0)
=4a°x’ +4abx
= dax(ax’ +b)

X —_

(i) Let f(x) = ~—

= f'(x)=i(x‘aj

QD

dx\ x—b
By quotient rule,
(x=b)- & (x=a)— (x=a) & (xb)
dx dx
(x—b)?

_(x=b@-(x-a)@)
(x—b)*

F'() =

21
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_ X—b-x+a
(x—b)’
__a-b
(x—b)’

n n

X —a
X—a

Find the derivative of for some constant a.

n n

Solution 8: Let f(x) = 2—2
X—a
:f'(x):i(x @ ]
dx\ x-a

By quotient rule,

d n n n n d
(x—a)&(x —-a")—(x"-a )&(x—a)

Flg= (x—a)?

_ (x=a)(x""-0)—(x"-a")

(x-a)
X" —anx"t —x"+a"
(x—a)
Find the derivative of
. 3
1) 2X——
(1) 2

(i) (553 + 3x— 1) (x — 1)
(iii)) X3 (5 + 3%)
(iv) x° (3 —6x7°)
(V) x* (3—4x9)

2

w 2 X
Vi) ——
(Vi) Xx+1 3x-1

22
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Solution 9: (i) Let f(x) = 2x_%

f'(x) =%(2x—%j

d d(3
=2&(X)‘&(zj

=20
=2

(i) Let f(x) = (5x3 +3x - 1) (x - 1)
By Leibnitz product rule,

f(x) :(5x3+3x1)%(x—1)+(x—l)%(5x3+3x1)

= (5x3 +3x—1)(1) + (x - 1)(5.3x* +3-0)
= (5x3 + 3x — 1) + (x — 1)(15x2 + 3)
=5x%+3x— 1+ 15x3 + 3x — 15x* - 3
=20x® - 15x° + 6x — 4

(iii) Let f (X) = x3 (5 + 3x)
By Leibnitz product rule,

f'(x)=x2 d (5+3X) + (5+3x)i (x)
dx dx

=x2(0+3)+(B+3x)(3x>H)
=x2(3)+(5+3x)(3x ™)
=3x7°-15x* -9x

=—6x°-15x"

=-3x7° (2 + §j
X

-3

(2x+5)

X
X
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:_—43(5+2x)
X

(iv) Let f (x) = x° (3 - 6x°)
By Leibnitz product rule,

f'(x)=x° % (3-6x7)+ (3—6x‘9)& (x°)
=x{0—6(-9)x "} +(3-6x°)(5x")

= x°(54x7"%) +15x* —30x°

=54x"° +15x* —30x°

=24x7° +15x*

=15x* +2—§
X

(v) Let f (X) = x*3 —4x°)
By Leibnitz product rule,

f(x)=x" i(3—4x‘5)+(3—4x‘5)i(x4‘)
dx dx
= X0 4(=5)x "1+ -4 ) (A)x

=Xx"*(20x7°) + (83— 4x7°)(—4x°)

=20x 0 —12x° +16x7%°

=36x"° —12x7°
12 36
sy

) 2 NG
vi) Let f(X) = ——
(Vi) ® Xx+1 3x-1

f'(x)—i(ij_i X’
Cdx\x+1) dx|3x-1

By quotient rule,

24



Class XI — NCERT — Maths Chapter 13
Limits and Derivatives

d d d 2
(x+1)&(2)—2&(x+1) ) (3x—1)&(x )—X &(3X—l)
(x+1)? (3x—1)?

f1(x) =

[ x+D0)-200)| [ Bx-1)(2x)-x*(3)
- (x+1)? (3x—1)?

_ 2 [ex-2x-3%
(x+)? | (3x-1°

S
(x+1)* | (3x-1)7?

_ 2 X(3x-2)
C(x+1)?  (3x-1)?

Find the derivative of cos x from first principle.

Solution 10: Let f(x) = cos x. Accordingly, from the first principle,

100 = im f(x+hr)]— f(x)

h—0

_lim cos(x+h) — cos(x)}
h—0 h

h—0 h

B "m_cos xcosh—sin xsinh—cos x}

. [ —cosx(1—cosh) —sinxsinh}
=lim
h-0| h h
. (1-cosh . ._(sinh
=—cos x| lim —sinx| lim{ —
h—0 h h—0 h
=—cos x(0) —sin x(1) [Iiml_COSh =0 and Iimﬂﬂ}
h—0 h h—0 |

s F(X)=—sinx
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Find the derivative of the following functions:
(1) sin x cos x
(i) sec x
(iii) 5sec x + 4cos x
(iv) cosec x
(v) 3cot x + 5cosec x
(vi) 5sin x —6cos x + 7

(vii) 2tan x — 7sec x

Solution 11: (i) Let f (x) = sin x cos x. Accordingly, from the first principle,

f(x+h)—f(x)
h

f'(x) = lim

h—0

B Iimsin(x+h) cos(X+h)—sin xcos x
B h—0 h

= Lirr012—1h[25in(x+ h) cos(x+h) —2sin xcos x]

A .
= ngg%[sm 2(x+h)—sin2x]

1 2X+2h+2x . 2x+2h—2x
=lim—| 2cos -sin
h-0 2h | 2 2
1 4x+2h . 2h
=lim—| 2cos -Sin—
h—>02h 2

.1 .
= LILTJE[COS(ZX +h)sinh]
. ._sinh
=limcos(2x+h)-lim——
h—0 h—-0 h
=cos(2x+h)-1

=C0S 2X

(i) Let f (x) = sec x. Accordingly, from the first principle,
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f'(x) = lim

Chapter 13
Limits and Derivatives

h—0

. sec(x+h)—secx
=lim
h—0 h

1 1 1

f(x+h)—f(x)
h

o h | cos(x+h) "~ cos x}

1[ cosx—cos(x+h)

h—0 h| cosxcos(x+ h)

|

_—Zsin(x+x+h)sin(x_x_hj
1 .1 2 2
=——:lim=
CoSX h-0h cos(x + h)
_—25in(zx+hjsin(_hj
1 .1 2 2
=—— |lim=
COSX h-0h cos(x + h)
sin(_h)
—25in[2x+hj 2
2 ) (h
Lt li 3 (Zj
CoSX h—-02h cos(x+h)

sin h S
L 2/

lim

i (2x+h)
in
2

COS X h—0 (hj h—0
2

1 _1.S|nx

COSX  COSX

=secxtanx

(iii) Let f (x) = bsec x + 4cos x. Accordingly, from the first principle,

f(x+h)—f(x)

cos(x + h)

=i

im 5sec(x+h)+4cos(x+h) —[5secx +4cos X]

h—0

h
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[sec(x+h)—secx] [cos(x+h)—cos x]

=5lim +4lim
h—0 h h—0

:5Iiml t ! +4Iim1[cos(x+ h)—cos x|
-0 h| cos(x+h) cosx h—0 h

1[ cos x—cos(x+h)
h—0h| cosxcos(x+h)

}+4Iim£[cosxcosh—sin xsinh—cosx]
h—0 h

—2sin 2x+h sin -h
5 . 1 2 2 . (L—cosx) . .. sinh
=——:-|lim= +4| —cos xlim——~ —sinxlim——
CosSX h-0h cos(x+h) h—0 h h

h—0

o (2xh gn(:?j
,

" cosX h-0 cos(x + h)

. (h ) 2x+h)
sin| — sin
5 . 2) .. 2
- lim -lim

~ cosX | -0 (hj h-0 cos(x+h)

+4[—-cos x(0) —sin x(1)]

—4sin X

2

5 sinx ]
=—— - ——.1-4sinX
COSX COS X

=5sec xtan x—4sin X

(iv) Let f (x) = cosec x. Accordingly, from the first principle,

f(x+h)—f(x)

) =i

= Li m % [cosec(x +h) —cosec x]

1l 1 1
=lim=| — ——
-0 h| sin(x+h) sinx

1[ sin x—sin(x + h)
h—0 h| sinxsin(x+h)
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i (x+x+hj . (x—x—hj
2C0s -sin
1 2 2

h—0 h sin xsin(x+h)

i (2x+h] . (—hj
2C0s -sin| —
1 2 2

h-0 h sin xsin(x + h)
sin -h
[2x+hj 2
—COS
it
: 2
=lim

h—0 sin xsin(x+h)

(2x+hj ) (hj
—COoS sin| —

) 2 ) 2

=lim im

o) sinxsin(x +h) | " (hj

2
:( .—cos_x j'l
sin xsin x

=—C0sec Xcot X

(v) Let f(x) = 3cot x + 5cosec x. Accordingly, from the first principle,

f(x+h)—f(x)
h

F00 = in
= Li m % [3cot(x + h) +5cosec (x + h) —3cotx —5cosec ]

:3Lin3%[cot(x+ h) —cot x]+5|hing%[cosec(x+ h) —cosec x] (1)

Now, Iiml[cot(x+h)—cotx]:lim1
h—0 h h—0 h

[cos(x +h) cos x}

sin(x+h) sinx

1[ cos(x + h)sin x—cos xsin(x+ h)
h—0 h| sin xsin(x + h)

1[ sin(x—x—h)
h—0 h| sin xsin(x+h)
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_jimi[_SinCh
h-0 h| sin xsin(x+ h)

. sinh . 1
:Ilm—'llm P —
h-0 h  h-0| sin xsin(x+h)

14
sinxsin(x+h) sin®x

= —C0Sec’x ...(2)

.1 .1 1 1
lim—=[cosec(x+h)—cosecx]=lim=| — ——
h—0 h-0 h| sin(x+h) sinx

1[ sin x—sin(x+h)
=0 h| sinxsin(x+h)

i (x+x+hj . (x—x—hj
2C0S -Sin
1 2 2

h—0 h sin xsin(x+h)

i (2x+h] . (—hj
2C0s -sin| —
1 2 2

h-0 h sin xsin(x + h)

. (-h
(2x+hj S'“(z)
—C0s .
[
2
h—0 sin xsin(x+h)

(2x+hj : (hj
—Cos sin| —
2 . 2

=lim| — > -lim
h>0| sin xsin(x+h) | h-o (h)

2
:( .—cos_x ).1
sin xsin x

=—COSEC X Ccot X ....(3)

From (1), (2), and (3), we obtain

f'(X) = —3cosec? x — 5cosec x cot X
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(vi) Let f(x) = 5sin x — 6cos x + 7. Accordingly, from the first principle,

f(@:"mfa+?—fu)

h—0

= Lirr()\%[Ssin(x+ h) —6cos(x+h)+7—5sinx+6cos x—7]

1 . .1
:5L|Lr()1ﬁ[5|n(x+h)—5|nx]—6|hlggﬁ[cos(x+h)—cosx]

1] X+h+x) . ([ Xx+h-=x . cosxcosh—sin xsinh—cos x
=5lim=| 2cos -sin —6lim

h—0 h h—0 h
_eliml 2005(2X+h)-sin(E }_mim{—cosx(l—cosh)—smxsmh}

h—0 K 2 2 h—0 h

. (h
s.n(j
=5Iim1 cos[2X+hj~ 2 —6lim .

h—-0 h (hj h—0
2 -
. (h
sin| — .
: 2x+h) || . (2} . 1-cosh) . . sinh
=5/ limcos| —— | || lim——=—= [-6] —cos x| lim —sin x| lim——
h—0 2 h—0 (hj h-0 h-0 h

[—cos X(1—cosh) sinxsin h}

2
=5c0s X-1—-6[(—cos x) - (0) —sin x-1]

=5c0s X+6Ssin X

(vii) Let f(x) = 2 tan x — 7 sec x. Accordingly, from the first principle,

f(x+h)—f(x)
h

F00 = in
= LirrO\%[Ztan(x+ h) —7sec(x+h)—2tan x+ 7sec x]

.1 .1
= ZL'LQﬁ[tan(XJF h) —tan x]—7 Ihlggﬁ[sec(x+ h) —sec x]

1_sin(x+h)_sinx}7"ml{ 1 1 }

-0 h| cos(x+h) cosx -0 h| cosec (x+h) © cosecx

1] cos xsin(x+h) —sin xcos(x+h)}7"m 1 {cosx—cos(x+h)}

-0 h| Cos X cos(X+ h) -0 h| cosx cos(x+h)
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osin X+X+h sin X—X—-h
. 1| sinx+h-=x 1 2 2
=2lim= —7lim=

h—0 h| cos X cos(x+ h) h—0 h cos xcos(x +h)

—25in(2XJr h)sin (_hj
=2{mn(“”hj L }—YHml 2 2
h—0

h-o\ h Jcosxcos(x+h) cos xcos(x +h)

hj . (2x+hj

— sin

2 . 2
lim

h—0 cos X cos(X + h)

. sin
=2nmﬂEJM1 L ~7| 1im
h-0 h—0 cOS X CoS(X + h) h—0

N| | ——~

=2.1.1;_7.1[ﬂj
COS XCOS X COS XCOS X

= 2sec? x—7sec xtan x

Miscellaneous Exercise

Find the derivative of the following functions from first principle:

(i) —x
(i) (%)
(iii) sin (x + 1)

. T
(iv) cos(x—g)

Solution 1: (i) Let f(x) = —x. Accordingly, f(x + h) = —(x + h)
By first principle,
f(x+h)—f(x)

h

=l

=lim
h—0

—(x+h)—(-x)
h
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=lim(-1) =-1

h—0

. a1 -1 . -
(ii) Let f(x)=(-x) =— - Accordingly, f(x + h) = oah

By first principle,

100 — lim M =09

h—0

1] -1 (—1)}
=[lim= S —
o h| (x+h) \ X
1[ —x+(x+h)
h-oh|  X(x+h)

: h
=lim=—
h-0 [y _x(x+h)}

=lim
h-0 X(X+h)

(iii) Let f(x) = sin(x + 1). Accordingly, f(x + h) =sin(x + h + 1)
By first principle,

f '(X)=Liﬂg f(x+hr)]— f(x)

= Lirrol%[sin(x+ h+1)—sin(x+1)]

.1 X+h+1+x+1) . (X+h+1-x-1
=lim=| 2co§| —MMM— |sin| ——MM—
h 2 2
1 2x+h+2). (h
=lim=| 2cos| ———— |sin| —
h—0 h 2 2

iim Cos(2x+2h+2jf°"E§j
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h
- > — [Ash—>0:>E—>O]

Im

hoh (h]

2 PR
2

2 h—»0

=Cos(x+1)

sin| —
1 2x+h+2) . 1 [2}
=lim=cos| ——— ||

(iv) Let f(x) = cos(x—%j. Accordingly, f(x + h) = cos(x+h—gj

By first principle,
f(x+h)—f(x)
h

o9 =l

1l T T
=lim= cos(x+h—— —cos(x——}
h—>0h_ 8 8

) (x+h—g+x—gj xih"_x4+ %
=lim=| -2sin sin 8 8
h—0 h 2 2

2x+h—£
=Iim1 —2sin| — 4 sin(h)
2 2

_(h
2x+h—”3m(]
4 2

_ _ (h
2Xx+h-= sin 5 h
— 4 im—>£L [Ash—0=—-—0]
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. T
=-sin| X——
5

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (X + a)

Solution 2: Let f(x) = x + a. Accordingly, f(x + h) =x+h+a
By first principle,

f(x+h)—f(x)
h

=l

X+h+a—x—-a

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non- zero constants and m and n are integers): (px + Q) (£+sj
X

Solution 3: Let f(X) = (px + q)(£+s)
By Leibnitz product rule,
, r Y (r .
f (x):(px+q)£;+sj +£;+s)(px+q)
= (px+q)(rx‘l+s)'+(£+sj(p)
X

_ ) r
= (px+q)(—rx )+(;+s} p
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—r r
(px+q)(—2j+(—+s) p
X X

—px_gar_ pr
X € x

+ pS

r
o

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (ax + b) (cx + d)?

Solution 4: Let f'(x) = (ax+b)(cx+d)?

By Leibnitz product rule,

f'(x) :(ax+b)%(cx+d)2%(ax+b)

= (ax+b)i(c2x2 +2cdx®) + (cx+d)? i(ax+b)
dx dx

= (axjtb)[%(czxz)+%(20dx)+%d2}+(cx+d)2 [%ax+%b}

= (ax+b)(2c*x+2cd) + (cx+d)*a

= 2c(ax+b)(cx+d) +a(cx+d)?

Find the derivative of the following functions (it is to be understood that a, b, c,
ax+b

cx+d

d, p, g, r and s are fixed non zero constants and m and n are integers):

ax+b

Solution 5: Let f(x)=
cx+d

By quotient rule,

(ox+d)-3 (ax-+b) — (ax-+b) L (cx+d)
dx dx
(cx+d)?

_ (cx+d)(a)—(ax+d)(c)
- (cx+d)?

f'(x) =
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_ acx+ad —acx—bc
(cx+d)?

_ ad —bc
(cx+d)?

Find the derivative of the following functions (it is to be understood that a, b, c,

1

1+=

d, p, g, r and s are fixed non-zero constants and m and n are integers): —)1(
1-=

X
17& e X+1
Solution 6: Let f(x)=—2X=—%X_=""= wherex # 0
1 x—
1T X1kl
X X
By quotient rule,
d d
(x-1)—(x-1)—(x+)—(x-1)
f'(x) = dx O x#£0,1
(x-1)
_ (X—l)(l)—(>§+1)(1)’x 401
(x-1)
= xdx=l Lot
(x-1)
= _—22,x¢0,1
(x-1)

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, rand s are fixed non-zero constants and m and n are integers): ————
ax® +bx+c

1

Solution 7: Let f(X)=—5————
ax” +bx+c

By quotient rule,
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(ax? jtbxjuc)i(l)—i(ax2 +bx+c)
dx dx

f(x)=

(ax® +bx+c)?

(2 +bx+¢)(0) — (2ax +b)
- (ax® +bx +c)®

__—(2ax+h)
(ax® +bx+c)?

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, rand s are fixed non-zero constants and m and n are integers): —?x +b
PX° 40X+
: ax+b
Solution 8: Let f(X)=—F——
PX° +0X+r

By quotient rule,

(px2+qx+r)£(ax+b)—(ax+b)g(px2+qx+r)
dx dx

f'(x) =

(pX® +gx+r)°

_ (px* +ax+r)(a)—(ax+b)(2px+0q)
- (px® +ax +r)?

apx’ +agx +ar —agx + 2npx+bq
(pX® +gx+r)°

_ —apx’ + 2bpx +ar —bq
(px® +0x +r)?

Find the derivative of the following functions (it is to be understood that a, b, c,
PXZ + QX+ T

d, p, g, rand s are fixed non-zero constants and m and n are integers): .
ax+

PXZ + X+ T

Solution 9: Let f(x) =
ax+b

By quotient rule,
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(ax+b)i(px2+qx+r)—(px2+qx+r)i(ax+b)
dx dx

(ax+b)?

f'(x) =

_ (ax+b)(2px+g) = (px* +gx+r)(a)
- (ax+h)?

2apx’ +agx + 2bpx +bg —agx* —agx —ar
(ax+b)?

apx’ + 2bpx +bg —ar
(ax+b)?

Find the derivative of the following functions (it is to be understood that a, b, c,

. : a b
d, p, g, rand s are fixed non-zero constants and m and n are integers): ———+C0S X
X' X

a
NG

f'(x)=i(%j d ( a j+i(cosx)

dx\ x _&F dx

Solution 10: Let f(x)= %+cosx
X

d
a_
dx

(x*)=bg-(x2) +-(c0sx)

a(—4x‘5)—b(—2x‘3)+ (—sinx) {%(x" ) =nx"" and %(cos X)=—sin x}

_-4a 2b .
X X

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non zero constants and m and n are integers): afx -2

Solution 11: Let f(x) = x -2

f() = WX-2) =S (40— @)
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dx 2

)3

1 1
_4d (x2)-0= 4(1 lej

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): (ax + b)"

Solution 12: Let f(x) = (ax + b)". Accordingly, f(x + h) = {a(x + h) + b}" = (ax + ah + b)"
By first principle,
f(x+h)—f(x)

h

o9 =l

:"m(ax+ah+b)—(ax+b)"

h—0 h
ah '
b)'| 1 - b)"
_"m(ax+ ) ( +ax+bj (ax+Db)
T ho0 h
B 2
=(ax+b)”|im1 1+n( ah )+n(n—1)( ah )+ -1 (using binomial theorem)
h-0 h ax+b 2 ax+b

B 2|2
=(ax+b)" Iim1 n( ah j+ n(n—1a l;] +---(Terms containing higher degrees of h)
h-0 h ax+b 2(ax+b)

= (ax+Db) Ihlgg

=(ax+b)”{ na +o}
(ax+b)

(ax+h)"
ax+b

na +n(n—1)a2h2+m
(ax+b)  2(ax+b)?

=hna

=na(ax+b)"*
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Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™

Solution 13: Let f(x) = (ax + b)" (cx + d)™
By Leibnitz product rule,

f'(x):(ax+b)”%(cx+d)m+(cx+d)m%(ax+b)” (D)

Now let fi(x) = (cx + d)™
fi(x +h) = (cx + ch + d)™

fi(x+h) - £,(x)
h

f1 '(x) = Ihlﬂg

(cx+ch+d)™ —(cx+d)"

=lim
h—0 h
_ (cx+d)" lim= (1+ ch j -
h—0 h cx+d

2142 m
— (ox+d) lim| [ 1 e m(m=h) e Ty
h—0 hy (cx+d) 2 (cx+d)

B o 1] meh  m(m-1)c?h?
=(cx+d) ngg— +

h| (cx+d) | 2(cx+d) +---(Terms containing higher degree oh h)}
X+ X +

 (cx+d)" im| TS mm-Beh
0| (cx+d)  2(cx+d)?
=(cx+d)" mch +0
(cx+d)
_ me(ex+d)”
~ (cx+d)

=mc(cx+d)™*

i(cx+d)m =mec(cx+d)™* - (2
dx
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Similarly, %(ax+b)n =na(ax+b)"* .. (3)

Therefore, from (1), (2), and (3), we obtain
f'(X) = (ax+b)"{mc(cx +d)™ "} + (cx +d)"{na(ax +b)" '}

= (ax+b)"*(cx+d)™*[mc(ax +b) +na(cx +d)]

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): sin (X + a)

Solution 14: Let, f(x) = sin(x + a)
f(x + h) =sin(x + h + a)
By first principle,
f(x+h)—f(x)
h

f'(x) = lim

h—0

_lim sin(x+h+a)—sin(x+a)
h—0 h

.1 Xx+h+a+x+a). ( x+h+a—-x-a
=lim=| 2cos sin
h 2 2

1] 2x+2a+h) . (h
=lim=| 2cos| ——— |sin| —
h—>0h_ 2 2

. (h
. (2x+2a+hj sm(zj
=lim| cos

2

. (h
s.n(j
_Iimcos(2X+2a+hj-I|m _\2) [Ash—>0:>——>0}
h—0 h h
2 PR
2)
=cos(2x+2aj><1 [Imsmle}
h—0 X

=cos(X+a)
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Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non-zero constants and m and n are integers): cosec X cot x

Solution 15: Let f(x) = cosec x cot x

By Leibnitz product rule,

f(x) = cosec x(cot x)’+cot x(cosec x)’ ....(1)

Let f1(x) = cot x. Accordingly, fi(x + h) = cot (x + h)
By first principle,

100 = im f(x+hz— f(x)

h—0

_lim cot(x + h) —cot(x)
h—0 h

1( cos(x+h) cos(x)
-0 h\ sin(x+h) sinx

1( sin xcos(x+ h) —cos xsin(x-+h)
h-0 h sinxsin(x+h)

1( sin(x—x+h)
h-0 h | sin xsin(x+ h)

1 "ml{ sin(~h) ]|

~sinx h>0 h| sin(x+h) |

-1 /(,.. sinh)(,. 1
=— lim lim—
sinx\ -0 h h-0 sin(x + h)

-1 . 1
=—-1 lim————
sin X -0 sin(x+0)

~ sin?x
= —cosec’x
. (cot x)' = —cosec’x .. (2)

Now, let f2(x) = cosec x. Accordingly, f2(x + h) = cosec(x + h)
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By first principle,

00 =tim fz(x+h|:— £,(%)

= Ihi m % [cosec(x + h) —cosec(x)]

.1 1 1
=lim=| — ——
h-0 h{ sin(x+h) sinx

1[sin x—sin(x+h)j

=lim=| ———
sin xsin(x+h)

h—0 h

908 X+ X+h sin X—X—h
1 i 1 2 2

~sinx -0 h sin(x+h)

_Zcos 2x+h sin _—h
1 i 1 2 2

sinx h-0h sin(x+h)

: (hj (2x+hj
—SIn| — | COoS
. 2) 2

=——.lim -
sinx -0 (hj sin(x +h)
2

. [hj (2x+h)
sin| — cos
-1 .. 2) 2
=——-|im lim—
sinx h-o (hj h—>0  sin(x + h)
2

COS(2x+hj
-1 1. 2

Tsinx  sin(x+0)

-1 cosx

T sinx sinx

=—COSEC X COot X

.". (cosec x)' = —cosec X - cot X
From (1), (2), and (3), we obtain

f '(X) = cosec x(—Ccosec’x) +Ccot X(—COsec X cot X)
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= —cosec® X —cot® Xcosec X

Find the derivative of the following functions (it is to be understood that a, b, c,
COS X

d, p, g, r and s are fixed non-zero constants and m and n are integers): Trs
+sin x

COS X
1+sinXx

Solution 16: Let f(x) =
By quotient rule,

(1+sin x)i (cos x) —(cos x) d (@+sinx)
f '(X) — dx dx

(L+sinx)?

_ (A+sinx)(—sin x) — (cos x)(cos x)
- (1+sin x)?

_ —sinx—sin® x—cos’ x
(1+sin x)?

_ —sinx—(sin” x+cos’ X)
(1+sin x)?

_ —sinx-1
(L+sin x)?

_ —(1-sinx)
(1+sinx)?

B -1
(L+sin x)?

Find the derivative of the following functions (it is to be understood that a, b, c,
sin X+ Cos X

d, p, g, rand s are fixed non zero constants and m and n are integers): —
sin X —Ccos X

sin X+ cos X

Solution 17: Let f(x) = =
Sin X —Cos X
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By quotient rule,

(sinx—cos x)i(sin X+ CO0S X) — (Sin X+ Ccos x)i(sin X —CO0S X)
f '(X) — dx dx

(sin X +cos x)*

_ (sinx—cos x)(cos x—sin X) — (sin X +cos X)(Cos X +Sin X)
(sin X +cos x)*

_ —(sinx—cos x)? — (sin X+ cos x)?
(sin X +cos x)*

_ sin® x+cos® x—2sin xcos X +sin® X+ €os” X+ 2sin Xcos X]
(sin x+cos x)*

1+
(sin x—cos x)*
B -2
(sin x—cos x)*

Find the derivative of the following functions (it is to be understood that a, b, c,
secx—1

secx+1

d, p, g, rand s are fixed non-zero constants and m and n are integers):

Solution 18: Let f(x) = secx-1
secx+1
N
£ (x) = £OSX :1—cosx
1 4 Z1+cosx
COS X

By quotient rule,

(2+cos x)i(l—cos X) — (1—cos x)i(1+ COS X)
f '(X) — dx dx

(1+cos x)?

_ (I+cos x)(sin x) — (1—cos x)(—sin X)
B (1+cos x)?

_SiN X+C0s XSin X +Ssin X —sin X cos X
(1+cosx)’
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_ 2sinx
(L+cos x)®

2sin x 2sin X

(1+ 1 T - (sec x +1)?

Sec X secz X

_ 2sinxsec” X
(sec x+1)°

_ _COSX
(sec x +1)°

_ 2secxtanx
(sec x+1)?

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non-zero constants and m and n are integers): sin" x

Solution 19: Let y =sin" x.
Accordingly, forn=1, y =sin x.

dy . d .
.'.d—zcosx, i.e., —sinXx=cosx

X dx
Forn=2,y=sin?x.

s dy :i(sin Xsin x)
dx

" dx
= (sin x)'(sin x + sin x(sin x)' [By Leibnitz product rule]
= €0S X Sin X + sin X oS X
= 2sin X €0S X ...

Forn=3,y=sin®x.

@y_d (sin xsin® x)
dx dx
= (sin x)'sin? x + sin x(sin x)' [By Leibnitz product rule]

= C0S X sin? x+sin x(2sin x cos X) [Using (1)]

= ¢os X sin? x + sin? X cos X
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= 3sin? X €os X
d H s~ (n-1)

We assert that d—(sm X) =nsin"™ xcos x
X

Let our assertion be true for n = k.

i.e., i(sink x)=ksin®® xcosx  ....(2)
dx
Consider
i(sink+l X) =i(sin xsin® x)
dx dx
= (sin x)' sink x + sin x (sink x)' [By Leibnitz product rule]
= cos x sin® x + sin x (ksin®? cos x) [Using (2)]

= €0S X Sin X + 2 sin* x cos x
= (k + 1) sin® x cos x

Thus, our assertion is true for n = k + 1.

Hence, by mathematical induction, di(sin” x) =nsin®™™* x cos x
X

Find the derivative of the following functions (it is to be understood that a, b, c,
a+bsinx

d, p, g, rand s are fixed non-zero constants and m and n are integers):
c+dcosx

a+bsinx

Solution 20: Let f(x) =
c+dcosx

By quotient rule,

(c+dcosx):x(a+bsin X) —(a+bsin x)(?x(c+d COS X)

Fo= (c+d cos x)?

_ (c+dcosx)(bcos x)— (a-+bsin x)(—d sin x)
(c+dcosx)?

_ cbcos x+bd cos® x+ad sin x +bd sin® x
(c+dcosx)?
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__bccos x+ad sin x +bd (cos? x+sin’ x)
(c+d cosx)®

_ bccosx+adsinx+bd
(c+dcosx)’

Find the derivative of the following functions (it is to be understood that a, b, c,
sin(x +a)
COS X

d, p, g, r and s are fixed non-zero constants and m and n are integers):

sin(x + a)
COS X

Solution 21: Let f(x) =
By quotient rule,

d .. . d
cos X [sin(x+a)] —sin(x +a) — cos X
o SN+ )] =sin(x+a)

f(x) =

cos’ x

cos xi[sin(x+ a)]—sin(x+a)i (—sinx)
f(x) = th

.. ()

cos” X
Let g(x) = sin(x + a). Accordingly, g(x + h) =sin (x + h + a)
By first principle,

) — [im 3N —9(x)
g'(x)=Iim .

= Ling%[sin(x+ h+a)—sin(x+a)]

1 x+h+a+x+a). (x+h+a—-x—-a
=lim=| 2cos sin
h—0 2 2

1] 2x+2a+h) . (h
=lim=| 2cos| ———— |sin| —
haOh_ 2 2

. (h
. (2x+2a+hj S'n(z)
=lim| cos
h (hj
2

h—0
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. (h
s.nU
=Iimcos(m]~lim _\2) [Ash—>0:>h—>0}
h—0 h h—0 h 2
3)
=(cos 2x+2a)x1 [Iim—Sln h =1}
2 h—>0 h

=Cos(x+a) ... (i)

From (i) and (ii), we obtain

, COS X COS(X +a) +sin xsin(x + a)
fi(x) = >
COS” X
_cos(X+a—x)
cos® X
_ cosa
cos’ X

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): x* (5 sin X — 3 cos x)

Solution 22: Let f (x) = x* (5 sin X — 3 cos X)

By product rule,
1 4 d H H d 4
f'(x) = x" — (5sin x—3cos x) + (5sin x —3cos X) — (X*)
dx dx
Jod o d . d, .
=X"| 5—(sinx) —3— (cos x) |+ (5sin x—3cos x) — (x")
dx dx dx

= x"[5c0s x—3(—sin x)]+ (5sin x—3c0s x)(4x°)

= X*[5X cos X +3xsin X+ 20sin X —12¢0s X]

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, rand s are fixed non-zero constants and m and n are integers): (x> + 1) cos x
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Solution 23: Let f(x) = (x*> + 1) cos X

By product rule,
1 2 d d 2
f'(X) = (X* +1)—(cos X) + cos X — (X“ +1)
dx dx

= (X* +1)(—sin x) +cos X(2x)

=—x%sin X —Sin X+ 2X oS X

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + q cos

X)
Solution 24: Let f(x) = (ax? + sin x) (p + g cos X)
By product rule,
' 2 H d d 2 .
f'(x) = (ax” +sin x)d—(p+qcosx)+(p+qcosx)d—(ax +5sin x)
X X

= (ax® +sin X)(—qsin X)+(p + g cos x)(2ax + cos x)

=—qsin x(ax* +sin x)+(p + ¢ cos X)(2ax -+ cos X)

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (X + cos X) (X —tan x)

Solution 25: Let f(x) = (X + cos X) (x —tan X)

By product rule,
. d d
f'(X) = (X+cos X) — (X — tan X)+(X — tan X) — (X + c0S X)
dx dx

=(X+cosX) _i xX)— a (tan X)} +(x —tan X)(1—sin x)
| dx dx

= (X+C0S X) _1—%(tan x)}(x—tan X)(L—sinx) . (D)
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Let g(x) = tan x. Accordingly, g(x + h) = tan(x + h)
By first principle,

() — [im 3N —9(x)
g'() =Iim .

tan(x + h) —tan(x)

=lim

1[ sin(x+h) _sinx
-0 h| cos(x+h) cosx

1[ sin(x+h) cos x —sin xcos(x+ h)
h—0 h| cos xcos(X + h)

= lim=
cosx -0 h| cos(x+h)

1 .. 1] sinh
= lim=
cos X "0 h| cos(x+h)

1 . sinh)(,. 1
= lim lim
cosx\ >0 h h-0 cos(x + h)

_1 1
COS X cos(x+0)

1 1_sin(x+h—x)}

_ 1
cos? X

=sec’ X ... (ii)
Therefore, from (i) and (ii) ,We obtain

f '(X) = (x+cos X)(1—sec’ X)+(X — tan X)(1 —sin X)
= (X+cos X)(—tan® X)+(X — tan X)(1—sin x)

=—tan® X(X+cos X)+(X — tan X)(1—sin x)

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non-zero constants and m and n are integers):

4X+5sin x

3X+7cos X
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4X+5sin x

Solution 26: Let f(x) =
3X+7Cos X

By quotient rule,

(3x+7cos x)§(4x+5sin X) — (4x+5sin x)§(3x+7003 X)
X X

F'(x) =

(3x+7cos x)?

(3x+7cosx) [4d (x) +5i (sin x)} —(4x+5sinx) [Bd (X)+ 7i (cos x)}
dx dx dx dx

(3x+7cos x)?

_ (3x+7c0sx)[4x+5c0sX]—(4x+5sinx)[3-7sinx]
B (3X+7cos X)?

_ 12x+15xc0s X+ 28xc0s X+ 35¢0s” X —12x + 28xsin X —15sin X +35(cos’ X +sin” X)
(3x+7c0os x)?

_ 15xc0s X+ 2805 X + 28xsin X —15sin x + 35(cos’ X +sin’ X)
(3X +7cos x)?

_ 35+15xcos X + 28c0s X + 28xsin x —15sin x
(3X+7c0os X)?

Find the derivative of the following functions (it is to be understood that a, b, c,

X% cos (”j
_\4)

d, p, g, rand s are fixed non-zero constants and m and n are integers): -
sin X

2 T
X cos(4j
Solution 27: Let f(xX) = ————=
sin x

By quotient rule,

sin xi(xz)—xzi(sin X)
fi(x)= cos(z] dx dx
4 sin® x
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_ Cos(zj{sin x(2X) — x2(cos X)}
4

sin® x

xcos%[Zsin X —XCos X]

sin? x

Chapter 13
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Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, r and s are fixed non-zero constants and m and n are integers):

X
1+tan x

Solution 28: Let f(x) =

(1+tanx) d (xX)—(x) d (1+tanx)
dx dx

f'(x) =

(1+tan x)°

(1+tanx)— xi (1+tanx)
dx

(L+tan x)°

Let g(x) =1 +tan x..Accordingly, g(x + h) = 1 + tan(x+h).

By first principle,

oy i 9(X+0) = g(X)
g (x)=lim "

_ Iim[“ tan(x + hr)] -1- tan(x)}

h—0

1{sin(x+h)_sinx}

-0 h cos(x+h) cosx

Iiml sin(x +h) cos x —sin x cos x(x + h)
h—0 h cos(x+ h) cos x

-0 h cos(x +h)cos x

_ I.ml{ sin(x+h—x) }
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.1 sinh
lim=
h~0 h| cos(x+ h)cos x

. sinh ) (.. 1
lim—— |.| lim
h-0 h h—0 cos(X + h) cos x

= 1x

> =sec’ X
cos

:>i(1+tan2 X) =sec” X ....(ii)
dx

From (i) and (ii), we obtain

1+tan x — xsec? x
(1+tan x)

f'(x) =

Find the derivative of the following functions (it is to be understood that a, b, c,
d, p, g, r and s are fixed non-zero constants and m and n are integers): (X + sec x) (X — tan x)

Solution 29: Let f(x) = (X + sec x) (X — tan x)

By product rule,

f(x)= (x+secx)i(x—tan X) +(X—tan x)i(x+sec X)
dx dx

(X+secx) [% () —%tan x} +(x—tanx) [% (%) —%sec x}

f (x+secx) {1—i tan x)} +(x—tan x) {l+isec x} (i)
dx dx

Let f; (x) =tan x, f2 (X) = sec x

Accordingly, fi (x + h)-tan(x + h) and f, (x + h) = sec (x + h)
nu+m—na@
h

ﬂ@ﬂm(

= lim
h—0

{tan(x +h)— tan(x)}
h
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1[ sin(x+h) _sinx
-0 h| cos(x+h) cosx

1[ sin(x+h) cos x —sin xcos x(x+h)
h—0 h| cos(x+ h) cos x

1[ sin(x+h—x) |
h—0 h| cos(x+h)CosX |

1 sinh
h—0 h| cos(x+h)CosX |

_(:.sinh . 1
= lim—— || im
h-0 h h—0 cos(X + h) cos x

=1x

> =sec’ X
cos

:i(1+tan2 X) =sec? X ... (i)
dx

- 82050

_ Iim(sec(x+h)—sec(x)j

h—0 h

.1 1 1
=lim= —
h-0 h{ cos(x+h) cosx

(cos X —COS(X + h)]

cos(x + h)cos x

_—Zsin X+ X+h sin X—X—h
1 1 2 2

= lim=
COS X -0 h cos(x + h)
(12X
—2sin
1 1 (

s 20 o)

COS X h—0 h cos(x+h)

.1
=lim=
h—0 h
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o[ 2 Sin@j |
a1

1 1
= im—=
COS X -0 h cos(x + h)
sin D
. . (2x+h . 2
limsin lim
h—0 2 h o h
5 n
(2)
=Secx -
limcos(x+h)
h—0
sinx-1
=Secx-
COS X

d
— —Sec X =Ssec xtan x
dx

From (i), (ii), and (iii), we obtain

f '(X) = (x+sec x)(1—sec? ) + (X —tan x)(1+sec x tan X)

Find the derivative of the following functions (it is to be understood that a, b, c,

d, p, g, rand s are fixed non-zero constants and m and n are integers):

sin” x

X

Solution 30: Let f(x) = —
sin” x

By quotient rule,

sin” xix—xgsinn X
f '(X) — dx — dx
sin“" x

. d . -
It can be easily shown that ™ sin" x=nsin"™ x cos x
X

Therefore,
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sin” xix—xisinn X
f '(X) — dx dx

sin®" x

sin” x.1-x(nsin""* xcos X)
sin*" x

sin"* x(sin X —nx cos X)
sin®" x

Sin X —NXxcos X

AN+l

SIn" " X
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