Exercise 7.1

Find an antiderivative (or integral) of the following
functions by the method of inspection in Exercises 1 to 5.
1. sin 2x
Sol. To find an anti derivative of sin 2x by Inspection Method.



d
We know that . (cos 2x) = — 2 sin 2x

-1 d
Dividing by — 2, o5 dx (cos 2x) = sin 2x

d (_—1 cos 2xj i
or - 9 = sin 2x
By definition; an integral or an antiderivative of sin 2x is

o cos 2x.

-1
Note. In fact anti derivative or integral of sin 2x is 5 Cos 2x + c.

For different values of ¢, we get different antiderivatives. So we
omitted ¢ for writing an anti derivative.

2. cos 3x
Sol. To find an anti derivative of cos 3x by Inspection Method.
d
We know that I (sin 3x) = 3 cos 3x
Dividing by 3, l — (sin 3x) = cos 3x or i (1 sin 3xj = cos 3x
&0V 3 Uk - E -
By definition, an integral or an antiderivative of cos 3x
1
is g sin 3x.
(See note after solution of Q.No.1 for not adding ¢ to the answer.)
3. e*.
Sol. To find an antiderivative of ¢ by Inspection Method.
d d
We know that — e* = e — (2x) =
d dx
Dividing by 2, = — &* =e® or a 1 o2 | = e
2 dx dx \2
An antiderivative of e is % e,
4. (ax + b)2
Sol. To find an anti derivative of (ax + b)%
d
We know that — (ax + 0 = 3(ax + b)2 (ax +b) =3(ax + b)a.
Dividing by 3a, — — (ax + b)® = (ax + b)?
3a dx
or % [é (ax + b)ﬂ - (ax + bY?
1
An anti derivative of (ax + b)? is 30 (ax + b)°.
5. sin 2x — 4e%*,
Sol. To find an anti derivative of sin 2x — 4e® by Inspection Method.



Sol.

Sol.

Sol.

Sol.

10.

We know that di (cos 2x) = — 2 sin 2x

X
R d (-1 . .
Dividing by — 2, — | —-cos2x| = sin 2x @)
dx 2
%X X . —_ —e = X
Again 2’ 3e e e
. . d -4 3x
Multiplying by — 4, == | 57¢" | = - 4¢3 (D)

Adding eqns. (i) and (i7)
d (;1 cos 2xj + i (;4 e3x) = sin 2x — 4e*
2 dx

dx 3
or d (;1 cos 2x — 4 eSx) = sin 2x — 4e®
dx 2 3
An anti derivative of sin 2x — 4e** is o5 cos 2x — 3 V.

Evaluate the following integrals in Exercises 6 to 11.
[ @e® +1)ax.

'[(4e3x+1) dx = I 4e* dx + I 1 dx

3x 23
=4 e3xdx+x=4% +x+c.{" J.eax dx=7andj. 1dx=x}

12
sz(l—ij dx = f(xQ—iz] de = [ *-1) dx

x2

n+1l

3
ifnz-1
1

=_[x2 dx—jldx:% —x+c.{-' J.xndxz

n +
j(ax2+bx+c)dx.

_[(ax2+bx+c) dx = jaxQ dx+fbx dx+jc dx

x? x?

2 1

= X d b X d 1 = —_—

a.[ X + J. x + cJ. dx a5
where ¢, is the constant of integration.
_[ ©2x% + e¥) dx.

_[ (2% +€%) dx = j 2% dx + f e dx

x2+1 x3
+e"+c=2 5 +e* +c.

=22 dx+ [ dx =2

[ (@—jzf dx.

2+1



Sol. f[f—j;]g dx

1) 1
Opening the square = J. [(\/;)2 + (\/;) -2Jx \/;) dx

J.[x+%—2)dx =fxdx+fidx—f2dx
2

%+log|x|—2x+c. [ I2dx=2.|.1dx=2xJ

x3+5x%-4

11. dx.
jtess
3 2 3 2
x° +56x° —4 x 5x 4
Sol. | ———— dx = - = | dx
I 2 '[[x2 2 xz]
Using “0R NP° _
d d d d
=f(x+5—4x’2) alx:J.x1 dx+J‘5dx—J.4x*2 dx
2 2 -2+1
_x -2 % ad
= +5_|.1dx—4J.x dx = 2 +53c—4_2+1 +c
2 4
x
=5 + bx + L te

Evaluate the following integrals in Exercises 12 to 16.

3
4
12, [ Er3xd g

Jx
3 3
x° +3x+4 % 3x 4
Sol. I Jx dx = J. (xl/z 3 172 + xl/2] dx
A J‘ (BV2 4 gyl -V2 | gy g J 2 4 32Y2 1 4x-V2) g

= J. 2 dx + 3_[ 2 dx + 4J. V2 dx

5/2+1 1/2+1 ~1/2+1 7/2 3/2 1/2
x
=5 +3x +4x +e= X _ +3x—+4x—+c
S+l Y1 “1a 7 3 1
2 2 2 2 2 2

2
- 22 + 26%2 + 812 + ¢

2 -xPrx-1

13. f 1
3_ .2 2
-—x“+x-1 -D+(x-1

x -1
x-D2+1

-1 dx:_‘.(x2+1) dx



2+1 3
=.[x2dx+.|.1dx=x tx4c = sx+e
2+1 3

14. [ Q-2 Vx dx.
Sol. [ A-®)xdy = [ (x-xx) dx

- J (x1/2 _ xlxl/Z) dx — I (xl/z _ x1+1/2) dx

1/2+1 x3/2+1

_ J‘ V2 _ 232) gy = xl - ‘e
=+1 —+1
2 2
3/2 5/2
_x - X _ 2 32 2 sp
= § é + Cc = gx gx + C.
2 2

15. [ Ja (3x% +2x +3) dx.
Sol. | Vx(B3x®+2x+38) dx= [ aV2(32® +2x+3) dx

= J. (3x% 22 + 2x 2 + 3x2) dx = J. (3x%2 + 2252 + 3xY2) dx

1 441 5 1 2+1 3
( 2+—= =—,1+== :f)
2 2 2 2 2 2
=3.[ x5/ dx+2j x5/ dx+3f x? dx
5/2+1 3/2+1 1/2+1 7/2 5/2 3/2
=32 +22 ™ ve=351—4yoX 13X Lo
§+1 §+1 1+1 ? 5 3
2 2 2 2 2 2
_6 . 4 e osm,
7 5

16. '|.(2x—3cosx+ex) dx.
Sol. _[(2x—3cosx+ex) dx = _[ 2x dx — _[ 3cosx dx + J. e’ dx

2
=2.|.3c1 dx—SJ.cosx dx+fexdx =2%—35inx+ex+c

=x% -3 sinx +e +c.
Evaluate the following integrals in Exercises 17 to 20.

17. [ (24 -8 sin x +5Vx) dx.
Sol. j (2x% - 3sin x + 5vx) dx

= ZJ‘ x% dx — 3'[sinx dx + 5_|. «2 dx
2+1 Ll/2+1 3 3/2

=22+1—3(—cosx)+5 1+1+c=2% +3cosx+ST +c
2 2
x 10
=2 — +3cosx+ — 2?2 +e
3 3



18. J sec x (sec x + tan x) dx.

Sol. I sec x (sec x + tan x) dx = _[ (sec? x + sec x tan x) dx

2
—fsecxdx+_|.secxtanx dx = tan x + sec x + C.

sec? x
19. | —5—

cosecx

1 2

sec? x 2 sin” x
Sol. [ v= [ s x = [ IS gy

cosecZx 1 cos“ x

sin® x

= _[ tan®x dx = f (sec’x -1) dx
(. sec?x—tan®x =1 = sec?x — 1 =tan?x)

= _[ sec?x dx—Jl dx =tan x — x + c.
Note. Similarly _[ cot?x dx = J. (cosecx — 1) dx

=Icoseczxdx—fl dx =—cotx —x + c.
_[ 2-3sinx

COS2x

Sol J-2—3sinxd J-( 2 _3sinxjd
o cos? x = cos?x  cos®x N

20.

3sin x
= I[Zsech—] = J. (2 secx — 3 tan x sec x) dx
COS X COS X

=2 J‘seczx dx.— 3 fsecxtanx dx =2 tan x — 3 sec x + c.
21. Choose the correct answer:

1
The anti derivative of (\/; + —j equals

Jx

(A) 1x1/3+2x1/2 +C (B) E x2/3 + l x2 +C
3 3 2
3
© 2 ¥ 4 2212 4 C ™ 2 x2e Ly
3 2 2
1
Sol. The anti derivative of the [\/; + Tj
x
1
= j (\/;4'\/;) dx = '[ (x1/2 +x71/2) dx
1/2+1 1/2+1
=le/2 dx+.|.x’l/2 dx:x1 +x1 + C
5 +1 5 +1
3/2 1/2
2
=xT +xT +C=§x3/2+2x1/2+c
2 2

Option (C) is the correct answer.



22.

Sol.

Choose the correct answer:
3
If dx fx) = 423 - —7 such that f(2) =0. Then f(x) is
X x
(A) x* + 13_& (B)x3+i4+@
x 8 x 8
. 1 129 s 1 129
= 3 =< D - ==,
(C)x+x3+8 ()x+x4 3

Given: 4 flx) = 4a% — % and f(2) =0
dx x
By definition of anti derivative (i.e., Integral),

£x) = j(@ﬁ-%} de = 4] & dx—iji4 dx

or f(x)=ax*+ o +c ()
x

To find ¢. Let us make use of f(2) = 0 (given)

Putting x = 2 on both sides of (i),

1 128 +1
f2) =16+ ¢ +c or 0= 8+ %9
(.o f(2) = 0 (given))
129 -129
or c+ — =0 or ¢c= ——
8

. -1 . 1 129

Putting ¢ = in @), fx) =x*+ 5 - =2
g 3 ¥ ) 3

Option (A) is the correct answer.



Exercise 7.2

Integrate the functions in Exercises 1 to 8:

2x
1+ x?
2x
Sol. To evaluate _[ 5 dx
x
dt
Put 1 + &2 = ¢. Therefore 2x = 2 T 2 dx = dt

2
i =[5 =1

Putting t = 1 + x2, =log|1+2®|+c=1log 1 +x +ec
(¢ 1+ a®>0. Therefore | 1 + 22| =1 + x?)

dt =log |t|+c

—_ |

2
g, dog )”

x

1 2
Sol. To evaluate _[ @ dx



1
Put log x = t. Therefore — = at = dx =dt
x dx x
(log x)* ) £
E— = |t = =
f . dx J. dt g t¢

Putting ¢ = log x, = % (log x)® + c.

1
8. x+xlog x
1 __ 1
Sol. To evaluate Jm dx = _[ x(1+1log %) dx
1 dt dx
Put 1 + log x = ¢. Therefore — = - = — =dt
x dx x
1 1 dx 1
J.x+x10gxdx=‘[m7 =_[tdt=10g|t|+c

Putting ¢ =1 + log x, log | 1 + log x | + c.
4. sin x sin (cos x)

Sol. To evaluatej. sin x sin (cos x) dx = — f sin (cos x) (— sin x) dx
Put cos x = . Therefore — sin x = %
x
—sin x dx = dt
_[ sin x sin (cos x) dx = — f sin (cos x)(— sin x dx)

_J.sint dt =—(—cost)+c

=cost+c
Putting ¢ = cos x, = cos(cos x) + c.
5. sin (ax + b) cos (ax + b)

Sol. To evaluate J. sin(ax + b) cos(ax +b) dx

= % J. 2 sin(ax + b) cos(ax + b) dx = % J- sin 2(ax + b) dx
(. 2 sin 6 cos 0 = sin 20)
1 [-cos(2ax + 2b)] e

1
= 1 2 2b d =
J.sm( 0% ) 2 2a — Coeff. of x

2

-1
= — cos 2(ax + b) + c.
4a

6. Jax+b

Sol. To evaluate j Jax+b dx = .[ (ax + b)? dx

1.4 3
(ax + b)2 (ax + b)?
- T +Cc = 3 + C
(7+ 1) a — Coeff. of x —a
2 2

(ax + b1

{ '[ (ax +b)" dx =
a(n+1)

+cifn¢—1}



7.
Sol.

2
= — (ax + b2 + ¢

3a
X jx+2
To evaluate J. xfx+2 dx

=J.x\/x+2 dx = I (x+2)-2)Jx+2 dx

1 1 3 1
= j [(x +2)(x +2)2 - 2(x + 2)2] dx = j [(x +2)2 - 2x + 2)2] dx

3 1
=j(x+2)2 dx—ZI(x+2)2 dx

3 1 5 3
=+1 S+1 = =
(x +2)2 (x +2)2 N (x +2)2 (x +2)2 .
= — Cc = — C
3 1 5 B
= =+1].1 - 3
(2+1)1—>Coeff.ofx (2+ j B 9

Sol.

- g (o + 27 - % (x+ 2% + c.

OR
To evaluate J. X\Jx+2 dx

Put VLinear =¢ ie, (x+2 =t
Squaringx + 2 =12 (= x=6-2)

@ =2t, le., @ =2t or dx =2tdt
dt dt
[ afxt2 de= [ -2t.2t dr = jztz(tz—z) dt
5 3
= [2°@® -2 ar=2[¢' dt-4 [ at =2% —4% e

. 2 4
Putting ¢ = Jx+ 2, =g(1/x+2)5 - §(1Ix+2)3 +c
2 4 2 4
= g+ 2)12)5 — 36+ 2123 4 ¢ = Fa+ 2)%2 — Fa+ 2% + c.

x,1+ 212
To evaluate J- X1+ 2¢% dx

Let T= [ xy1+2x? dx = i [ J1+24% (4x do) ()

[ i(1+2x2)=0+2.2x:4x}
dx

t
o 4x dx = dt

: 1 Lo
From (), 1= [Vt dt= [ dt

Put 1 + 2x% = ¢. Therefore 4x =



Putting t = 1 + 2x2, — % 1+ 2x2)3/2 ‘e
Integrate the functions in Exercises 9 to 17:
9. (4x + 2) x +x+1.

Sol. Let I = f Ax+2Jx®+x+1 dx = I2(2x+1) Zrx+1 dx
=j2 +x+1 (2 + 1) dx D)

Put x® + x + 1 = £. Therefore (2x + 1) = e
2x + 1) dx = dt
From (i), I = [ 2Vt dt =2 ¢* at

PUttingt=x2+x+1,I=%(x2+x+1)3/2+c

1
0.
Sol. Let T= [ —X — dx )
x—+x
Put JLinear = ¢, je, x =t
dx
Squaring x = ¢2. Therefore . 2t or dx = 2t dt
From (@), I = =2 I t(t 1)
1 1 1
—of Ty di=21og1t-1]+ [I ax+bdx=aloglax+bl]

Putting ¢t = Jx,I=21log| Jx —11]+c
x

1L Ji2,%>0
x
Sol. LetI = .[ \/m dx ()

J'x+4 4 I x+4 B 4
Jx+4 dx = Jx+4 x+4 dx
I\lx+ dx —




12.
Sol.

J. (x+ Y2 gy — 4.[ (x+4)7 Y2 gy

3/2 1/2
T e L L LRI
) oy 5 (1)

2
g(x+4) Jx+4 -8 Jx+4 +¢

2,1 4,1
vt 2oy 2= 2ot
4 x+4-12
2.Jx + [x+ )+c=2\/x+4(3 +c
5\/x+4 (x—8) +c.

OR
Put Linear =% tie, .x+4 =t

Squaring x + 4 = t? = x=1t>-4.

dx
Therefore T 2t or dx = 2t dt

I x -4
I= mdx:ff.%dt

—2f @ -4 dr=2[[Pdt-4]1dt]

Putting ¢t = (Jx+4, =3 Jx+4 (x+4-12) +¢
=§ Jx+4 (x—8)+ec.

(x3 R 1)1/3 x5

Let 1= I (.’XI3 —1)1/3 x5 dx = .[ (x3 _1)1/3 x3 2 dx
d
= g I (x3 & 1)1/3 x3 (3x2 dx) (l) |: E (x3 _ 1) — 3x2:|
Putx® -1 =1t - Bt
,  dt )
3% = o = 3x?dx =dt

From (i), 1= % [ &% @+ ar

4/3 | ,1/3 . 1—1-'-3—4
[ @3+ 5y dt T3t T3 T

W Wl

(f t43 dt + [ £173 dt)



1 (78 8 1(8 75 3 as 1 1
L AL _=|2 el = U8 S4B
3(7 é +c 3(7t +4t ]+ 7t 415 +c
3 3
Putting ¢ = ° — 1, = % WD D18y
5 5
" (2+34%)
2
x
Sol. LetI = | ————= dx
I (2 +3x°)3
9x2 [ d 3 2}
e [ ; v —(2+3x%) =9«
9 .[ 2135 dx ..(0) dx
Put 2 + 3x% = ¢. Therefore 9x? = dt = 9x?dx =dt
x
1 2 .
From(i),I=§.[t’3dt =§3+c=§+c
-1
. _ 3' . —
Putting £ = 2 + 3x°; = 182 +3x%)2 T ¢
1
14. x (log x)™ x>0 (Important)
j o
- | — 4 x ;
Sol. Let I= | " m dx(x>0) = I= | s 2 )
dt
Put log x = t. Therefore w_ < i3 =dt
x dx x
‘ dt N t—m+1
From (i), I= | o = Jemdt = e
(Assuming m # 1)
_ (log x)' ™™
Putting ¢ = log «, = 1-m *¢
x
15. g 447

Sol.

Put 9 — 4x2 = ¢. Therefore — 8x =

1
1_7

F .
rom (i), 3

Putting ¢ = 9 — 4«2, =

LetI=Iﬁ dx=_?1.[

- 8x )
9 422 dx (1)
[ %(9—4&):—84
% = -8 dx =4dt
7_7-"1 —i10|t|+c
t - g %

_?log|9—4x2|+c.



16.

Sol.

17.

Sol.

18.

Sol.

19.

Sol.

e
ax+b
[es qee 0 o [ e =t
2 — Coeff. of x a
1
=3 eZ+3 4o
x
er
J- x 4 1 J- 2x g ]
Let I = (exz) x = 9 (exz) x ()]
9 dt
Put x* = ¢. Therefore 2x = Ix = 2x dx = dt.
From (i), 1= = @1 [et at
romi, - E= o @) T2
S S . N
=9 T15Coeffoft T¢7 2e") “
Putting ¢ = 2%, I = _712 e
2(e* )
Integrate the functions in Exercises 18 to 26:
etan"‘x
1+ 2
etan’1 x
Let I = dx ..(0)
'[ 1+ x2
Put tan™ ! x = ¢.
1 dt dx
= — = =dt
1+ 22 dx 1+ %2
From (i), I = .[ e dt =é +c=e e
e?* _1
e?* +1
e?* -1
Let I = _[ m dx
Multiplying every term in integrand by e 7,
et —e’ "
_ - . . 2x —x _ 2 —x _
I_Iex+e_x dx L) [ e let=e =¢e']
Put denominator ¢* + e * = ¢
X —xi( )_ﬁ (x —x)dx_dt
et oo (-x) = Ix = e —e =
From (i), T = % - j% dt =log | t | +c

Puttingt =e*+e %, I=log|e*+e *|+corl=log*+e % +c

_ 1 _ _
e“+e ":ex+—x>Oforallrealxandhencelex+e l=e*+e ™

(e



20.

Sol.

21.
Sol.

22.

Sol.

23.

Sol.

24.

2x -2x

e —-e
e2x +e—2x
2x —2x 2x —2x
S 2(e - ) .
Let I= [ o 0 =5 j dx D)

Put denominator e + e‘ 2= ¢

d
¥ — 2 + e x*(—Z)

dx dx
2 o _ dt e
= e .22 = T = 2* —e ) dx =dt
. 1 dt 1
From (1), I=§_[7 710g|t|+c
Putting ¢ = € + ¢~ %, = llogle +e® | 4= log(e2x+e‘?‘”)+c
e2x+ eF>0 = |eFre T =T e ¥
tan? (2x - 3)

J. tan?(2x — 3) dx =I (sec?(2x —3) - 1)dx (. tan® 0 = sec?2 6 = 1)
J- sec?(2x - 3) dx — f 1 dx

tan (2x — 3) 1
= B AR TS = = tan (2x - 3) -
2 — Coeff. of x rre 2 R €
{ [ sec? (ax+b)dx=1tan(ax+b)+c}
a
sec? (7 - 4x)

tan (7 — 4x)

) _ tan(7—4x)
Jsec (7 - 40) SN aB Cooff o3+ ¢

[ fsecZ (ax + b)dx = 1 tan (ax + b) + c}
a

-1
TR tan (7 — 4x) + c.
1

sin"" x
1- a2
sin"x

LetI = .[ \/7 dx (D)

Put sin” " x = ¢ - = . — - dt
1-2? dx 1-x
£2

From (), 1= [ ¢ dt = g +e
Putting ¢ = sin" ' x, I = = (sin~ ' x)% + c.

2
2cos x -3sinx

6cosx+4sinx




Sol.

25.

Sol.

26.

Sol.

217.
Sol.

2cos x —3sin x I 2cos x —3sin x
dx = 2(2 sin x + 3 cos x)
lj- 2cosx—3sinx )

2sin x + 3cos x
Put DENOMINATOR 2 sin x + 3 cos x = ¢

dt

Let I = I 6 cos x + 4 sin x

2 cos x —3sinx = I = (2cosx—3sinx)dx =dt
x
. 1 dt 1
From (i), I= 2 _[7 =5 log | ¢ ] + c.
Putting ¢ = 2 sin x + 3 cos x, = % log | 2 sinx + 3 cos x | + c.
1
cos?x (1 - tan x)2
1 sec? x
Let I = I 2 2 = f ~ 2
cos”“x (1 - tan x) (1 - tan x)
2
—sec”x .
e 0
(1 - tan x)
Put 1 — tan x = ¢.
2 dt 2
—sec” x = - = —sec’ x dx = dt
dx
dt
From (i), 1= — | 7 = [ 720
e 1 1
ST 1 YT YOS I tana
cos Jx
Jx
cos \/x
Let I= [ o (D)
Put JLinear =1¢, i.e, NE—
dx
Squaring, x = ¢?. Therefore o =2 sodx =2t dt

. cost .
From G), T= [ =~ 2tdt=2[ cost dt=2sint+c

Putting ¢ = [y, I =2sin Jx +c.
Integrate the functions in Exercises 27 to 37:

Jsin 2x cos 2x
Let I = J. J/sin 2x cos 2x dx = % J. Jsin 2x (2 cos 2x dx) (D)

Put sin 2x = ¢

cos 2x i (2x) = ﬂ = 2 cos 2x dx = dt
dx dx



28.

Sol.

29.
Sol.

30.

Sol.

31.

Sol.

. 1 1
From (7), I=§Iﬁ dt:5

1
1 t§+1
2

+1

Cos x

J1+sin x
cos X
Let I = J‘m dx

Putl +sinx =¢

ar
cosx = - Or cos
dt
From (i), 1= | —+&
%

172

-1

2

cot x log sin x

+cCc=

J‘t1/2 dt
t
% 5 tc= % (sin 2¢)*2 + ¢
2
x dx = dt
t%+1
='[t’1/2 dt:_1 +c
—+1
2

+c=2Jt +c=2l+sinx +c.

LetI=jcotxlogsinx dx
Put log sin x = ¢
! d (sin %) = o or 1 CoS X dt
i —4 = —
sinx dx dx sin x dx
or cotx dx =dt 9
. t
FrOm(L),I:Itdt=E+c =2
sin x
l+cosx
sin x —sin x
LetI= | —— _
© J.1+cosx -[1+cosx
Put 1 + cos x = £. Therefore — sin x = %
x
—sin x dx = dt
. dt
From(z),I:—J.* =-—log|t]|+c

t

Putting ¢ = 1 + cos x, = —

sin x
(1 + cos x)?
sin x

Letl = | ———
'|A(1+c0sac)2

log|1+cosx|+ec.

—sin x dx
(1 + cos x)?
dt

Put 1 + cos x = ¢. Therefore — sin x = —

dx

(@)

(@)

1 . 9
— (log sin x)* + c.

()

(@)



= —sinxdx=dt
-1

dt _
From G), 1=~ [ 57 == [t2dt= "1 s
1 1
=~ +¢c=—" +c
t 1+cosx
‘" l+cotx
1 1
Sol. Let I=I#dx=17 dx=_[,—dx
1+ cotx 14 C08X sin x + cos x
sin x sin x
sin x 1 25in x 1 ¢ sinx+sin x
S ——— gx= = [ EY =) S d
sin x + cos x * zjsinx+cosx Y= 9’ sinx+cosx ¥

Adding and subtracting cos x in the numerator of integrand,

1 J-sinx+cosx—cosx+sinx

1= 9 sin x + cos x dxt
1 J-(sinx+cosx)—(cosx—sinx)

=9 sin x + cos x ;3
1J[sinx+cosx_(cosx—sinx)] a-b_a b

=9 |lsinx+cosx sinx+cosx || ¢ c ¢
1 coS x — sin x
2 sin x + €os X
1 cos X — sin x 1

== ldex-| —————=dx| = = [x - 1] ..(0)
2 D J.s11r19c+cosx } 2 !

. . J- cosx—sinx o

sin x + cos x

Put DENOMINATOR sin x + cos x = ¢
cosx—sinx:% = (cos x — sin x) dx = dt
x

11=J.% =log |t | =1log | sin x + cos x |.

Note. Alternative solution for finding I,

cos x —sin x )
I, = f— dx = log | sin x + cos x |
sin x + cos x

{ [ % dx =log | f(x) @

Putting this value of I, in (i), required integral

1
= — [x—log|sinx +cosx|] +c.

2



1

33, ——
1-tanx
1 1 1
Sol. Letl = | ———— dx = | — g dx = | ——— dx
J.l—talnx -[1_S1nx '[ cos x — sin x
Cos x oS %
_J~ COS X 7-[ 2cosx =7J-cosx+cosxdx
cos x — smx cos x — sin x cos x — sin x

Subtractmg and adding sin x in the Numerator,
€Os x — sin x + sin x + cos x
= - J dx

cos x — sin x

1 cosx —sinx  Sin x + cos x 1 sin x + cos x
== — + — | dx = < [ | 1+=————|dx
2 cosx—sinx cosx—sinx 2 cos x — sin x

Uldx [- sin x — cosxdx}

N|[—= N

COS X —SIn xX

[x —log | cos x —sinx || + ¢ { I I;((x))dx=108|f(x)|}

J‘ —sin x — cos x
cos x — sin x

Note. Alternative solution for evaluating dx, put

denominator cos x — sin x = .

tan x

34, ——————
sin x cos x

Jtan x dx—f \/m
—Josi

; dx
sin x cos x

Sol. LetI= [

COS X COS X
COS X

,[ Jtan x .[ sec? x ) - ﬁ_
7 tan x cos® x dx 3 Jtan x dx (@) ) t

Put tan x = ¢£.

2 dt 2
sec” x = - = sec” x dx =dt
From (),
dt 1/2
Izj.ﬁz_[t_mdtth+c =2t +c=2 Jtanx +c.
2
35, (1+log x)?
x
2
Sol. Let 1= [ L1820 4 i)
x
Putl +logx=1t
1 dt dx
— = i = — =dt
x X X
: £ 1
F I= [ at=1 ve=2=@+1 3 +ec
rom (i) J 3 c 3( og x)° + ¢



36.

Sol.

37.

Sol.

38.

Sol.

(x + 1) (x + log x)*
x
2
J- (x + D(x + log x) dx

x
Putx +logx =1t

1 dt x+1 dt (x+1
= = =

Let I = (D)

1+ = = — = —
x dx x dx

] dx = dt
t3
From(i),l:ftzdt =5 *¢

Putting t = x + log x, % (x + log x)% + c.

a3 sin(tan™! x*%)

1+a8
3 -1.4 3
x° sin (tan™ " x*) 1 . 4100 B4 )
- e A7 = = | sin(tan™" x%).
Let I f 1o a8 x 4.[ 1+x8dx ()
Put (tan" ! x%) = ¢
[Rule for J. sin (f(x)) f'(x) dx; put f(x)=1¢]

1 d dt d _1 1 d
= 2 4_ % 1.- —tan (x)=——— — f(x)
1+GHD? de™ Todx | dx >0 (f(x))* dax !

3
_&x

= 1+ xg dx = dt
From (1),
1 ! 1 - 1,4
I=*_|.Slntdt=—1cost+c = — cos (tan™ x*) + c.
Choose the correct answer in Exercises 38 and 39:
10x° +10° log, 10 dx
J. xlO +10* equals
(A) 10° - x° + C B) 10° + x1° + C
(C) 10* - x19"1 + C (D) log (10* + x'° + C.
10x° + 10* log, 10 ,
LetT= | ST g de )
Put x'° + 10* = ¢
d
(10x° + 10% log, 10) dx = dt [ Tn (a*)=a" log, a}

dt
From(i),I:IT =log|t|+c

Putting ¢ = 2% + 10°, I = log | x'* + 10 | + ¢
or I =log (10* + x'% + c.
Option (D) is the correc(g Ia{tnswer.

10x” + 10* log, 10 f/(x)
.[ 20+ 10° dx=J. () de =log | fx) | +c




39.

Sol.

=log |« + 10° | + ¢
Option (D) is the correct answer.

'[ dx
sin? x cos? x equals
(A) tan x + cot x + C (B) tan x — cot x + C
(C) tan x cot x + C (D) tan x - cot 2x + C.
dx sin? x + cos® x
— 5 — B e . et 2
_[ cinxcostx = J. sinZx cos®x dx [ 1 = sin® x + cos” x]
_ _[ sin? x N cos? x dx [ atb_a + é}
sin?x cos®x sin®x cos?x ¢ ¢c ¢

J( 12 + .12 ) dx = I (sec? x + cosec?x) dx
cos“x sin“x

2 2
_[sec x dx+'|.cosec X dx =tan x — cot x + ¢

Option (B) is the correct answer.



Exercise 7.3

Find the integrals of the following functions in Exercises 1 to 9:
1. sin® (2x + 5)

Sol. [ sin*(2x+5) dx = [ é(l ~ cos 2(2x +5)) da

[ sin@ = % (1 - cos 20) ; put 6 =2x + 5}

'[ (1 -cos(4x +10)) dx

. _ sin (4x + 10)
4 Coeffof x| t €
2. sin 3x cos 4x

U Ldx— | cos(4x+10)dx]

N~ N

x—%sin(4x+10)+c.

Sol. J. sin 3x cos 4x dx = % f 2 sin 3x cos 4x dx

== f (sin (83x + 4x) + sin (3x — 4x) dx
[ 2 sin A cos B = sin (A + B) + sin (A — B)]

[ (sinTa+sin (-x) dx = = [ (sinTx—sinx) dx

DN | =

N~ N
N = N

= U sin7xdx—f sinxdx} - [_COS Tx

— (- cos x)} +c

1
= — cos 7x + — cos x + c.
14 2

3. cos 2x cos 4x cos 6x

Sol. cos 2x cos 4x cos 6x = % (2 cos 6x cos 4x) cos 2x

= % [cos (6x + 4x) + cos (6x — 4x)] cos 2x

[ 2cosx.cosy=cos (x+y)+cos (x —y)l



Sol.

(cos 10x + cos 2x) cos 2x = i (2 cos 10x cos 2x + 2 cos® 2x)
[cos (10x + 2x) + cos (10x — 2x) + 1 + cos 4x]

(cos 12x + cos 8x + cos 4x + 1)

N e N

J- cos 2x cos 4x cos 6x dx = i f (cos 12x + cos 8x + cos 4x + 1) dx

-

= = U cos12xdx+_|- cos8xdx+_[ cos4xdx+f 1dx}

( sin 12x sin 8x sin 4x ]

+ + +x| +ec
12 8 4

Note. We know that sin 36 = 3 sin 6 — 4 sin® 0

4 sin® § = 3 sin 6 — sin 36

TN

3
Dividing by 4, sin® 6 = 1 sin 6 — i sin 30 (D)
Similarly, cos® 6 = % cos 0 + i cos 30 ..(@0)
[ cos 30 = 4 cos® B — 3 cos 6]
sin® (2x + 1)

To evaluate J. sin® 2x +1) dx

We know by Eqn. (i) of above note that sin®0 %Sine - i sin 30

Putting 6 = 2x + 1, we have

sin® 2x + 1) = % sin (2x + 1) — % sin 3 (2x + 1)

sin (2x + 1) — i sin (6x + 3)

o w

sin® (2x+1) dx= 5 [sin@x+1) dx— = [ sin6x+3) da
1 1

3 (—cos(2x+1)) 1 [ —cos(6x+3)]
4 2 ~ 4 6> Coeff.of x) *¢

=;3cos(2x+1)+lcos(6x+3)+c.
8 24

OR
To integrate sin” x where r is odd, put cos x = ¢.

[ sin® @x+1) dx = [ sin® @x+1) sin (2x + 1) dx

= S5 [ -cos? @r+ DI (- 2 sin (26 + 1) da D)
Put cos 2x + 1) = ¢
. d dt .
—sin (2x + 1) Ir 2x + 1) = ix so—2s8in 2x + 1) dx = dt

From (i), the given integral = _?1 _[ a-t% dt



Sol.

Sol.

7.
Sol.

_;1 t_ﬁ __1t lt3
= 3 +c—2 tgltte

1
=—1cos(2x+1)+gc053(2x+1)+c.

sin® x cos® x

J. sin® x cos® x dx = J. (sinx cosx)® dx

1 3 1 3
J.(EZSinxcosx] dx = _[ (5 sian) dx

1
3 Jsin32x dx = % J‘(%Sian—isinij dx

(Putting f=2xinsin®0 = % sin 6 — i sin 38]

33—2 J.sinzx dx — 3—12 J.sinGx dx

-3 cos 2x 1 (—cos6xj _ ;3 9 L 6
6 +c = 64COS X+ 192005 X + C.
OR

To evaluate J. sin® x cosgxdx, Put either sin x = ¢ or cos x = ¢.

(The form of answer given in N.C.E.R.T. book II can be obtained
by putting cos x = ¢)
sin x sin 2x sin 3x

32 2 32

. . . 1 q \ .
sin x sin 2x sin 3x = 3 (2 sin 3x sin 2x) sin x

1
=5 [cos (8 x—2x) — cos (Bx + 2x)] sin x
[ 2 sinasiny = cos (x —y) —cos (x + y)]
1 1
=5 (cos x — cos b5x) sin x = % (2 cos x sin x — 2 cos bx sin x)
i
=7 [sin 2x — {sin (5bx + x) — sin (5x — x)}]
[*" 2 cos x siny =sin (x + y) — sin (x — y)]
= i (sin 2x — sin 6x + sin 4x)
f sin x sin 2x sin 3x dx = i J. (sin 2x + sin 4x — sin 6x) dx
= i U sin2xdx+_[ sin4xdx—j sin6xdx}
1 [ cos 2x cos 4x  cos 696)
== |- - + +c
4 2 4 6
sin 4x sin 8x

jsin 4x sin 8x dx = l J. 2 sin 4x sin 8x dx
2

= % f [cos (4x — 8x) — cos (4x + 8x)] dx
[ 2 sin A sin B = cos (A — B) — cos (A + B)]



_ % J‘ (cos (- 4x) — cos 12x) dx = = f (cos 4x — cos 12x) dx
[~ cos (- 0) = cos 6]

DN | =

-1 U cos4xdx—_|-00312xdx} - 1 |sindx sin12x + c.
2 2 4 12
8. l1-cosx
l+cosx
9 X
_ 2sin® =
sm.jﬂd“j zdx—_l‘tan*dx
1+cosx 2 cos X
2
( 1—c056=25inzg and 1+cos6=2coszgj
2 X .. 2 2
= _[(sec 5—1) dx (. tan® 0 = sec® 0 — 1)
x
tan —
= I seczE dx—fldx:lgz—x+c=2tang—x+c.
2 QeCoeff.ofx
9. cos x
l+cosx
Sol. jﬂ dx
1+ cosx

Adding and subtracting 1 in the numerator of integrand,

l+cosx—-1 1+ cos x 1 ..a-b_a b
:J.idx:f \, dx |- =——-—
1+cosx l+cosx 1l+cosx ¢

=J.[1—1x] dx:fldx—% JsecQg dx

2 cos® =

2

x
1 tan —

+c=x—tan£+c.
2 1 2

2
Find the integrals of the functions in Exercises 10 to 18:
10. sin* x
Sol J.Sin‘lx dx = J.(sin2 x)? dx = I(H‘)SZ’CT I
. ) - 2
[ A cos 207
4

1 ,[( (1+cos4x] 2cos2xj 0 [ c0526:1+c;)s 26}

dx = l J.(1+cosz2x—2cos2x) dx



11.
Sol.

12.

Sol.

13.

Sol.

1 J-(2+1+cos4x—4cos2x
4

D) )dx =é.|.(3+cos4x—4cos2x)dx

= % [3_[ 1dx+'|- cos4xdx—4f cos2xdx}

= 1[395“‘5111496—745in2x}+c = §x + isin 4x — 1sin 2x + ¢
4 2 8 32 4

cos? 2x

J. cos?2x dx = f (cos?2x)? dx

1+ cos 4x)” 1 2
= I(T) dx = _[Z(1+cos4x) dx
1
=7 J.(1+cosz4x+2(:os4x)dx
=EI(I+M+200s4xj dox COSZGZM
4 2 2
_ lj 2+1+cos8x+4cosdx) g _ 1f(3+cos8x+4cos4x)dx
1
= §[3j1dx+_|.cos8xdx+4j.cos4xde
1[3x+sin8x+4sin4x} 3 v 4 1 .
= 8 1 +c=8x+6—4$1n8x+§sm4x+c
sinZx
1+cosx
sin® x 1-cos®x (1 - cos x)(1 + cos x)
[ de= [T ax= ] x
1+ cos x 1+ cosx 1+cosx

=I(1—cosx) dxzj.ldx—J.cosx dx =x-—sinx +c.

Note. It may be noted that letters a, b, ¢, d, ..., g of English
Alphabet and letters o, P, y, 8 of Greek Alphabet are generally
treated as constants.

cos 2x — cos 20
COS X — COS O

cos 2x — cos 20, 2.,._1)— 25 _
J' dxzj-(2cosx 1)-(2cos“a-1) dx

COS X — COS O COS X — COS O

J- 2cos®x-1-2cos?o+1

X

J- 2 cos®x — 2 cosZ o
= X

COS X — COS O

J' 0052 X — 0052 o

COS X — COS O

_9 J- (cos x — cos au)(cos x + cos o) dx
(cos x — cos o)

=2I(cosx+cosoc) dx =2Ucosxdx+fcosocdx]

X
COS X — COS O

=2[sinx+cosa.[1 dx] = 2 [sin x + (cos o) x] + ¢

= 2 sin x + 2x cos O + c.



Remark. _[ sina dx = sin a J. 1 dx = x sin a.

Please note that J. sin @ dx # — cos a.

14. COS X —SInx

1+ sin 2x
cosS x — Sin x cos x — sin x
Sol. LetI= [ =22 =""dx v= | dx
1+ sin 2x cos? x + sin? x + 2 sin x cos x
cos x — sin x .
= _[ ——— dx (D)
(cos x + sin x)

Put cos x + sin x = ¢.

so—sin x + cos x = % . Therefore (cos x — sin x) dx = dt.

X
i1
From(i),I:_[ _[t dt——+c
-1 -1
= I=—F7+¢c= —
t cos x + sin x

15. tan® 2x sec 2x
Sol. Let I = f tan® 2x sec 2x dx = f tan? 2x tan 2x sec 2x dx

J (sec?2x —1)sec 2x tan 2x dx [ tan? O = sec? O — 1]

1 j (sec? 2x — 1)(2 sec 2x tan 2x) dx (D)
2

d dt
Put sec 2x = t. Therefore sec 2x tan 2x ax (2x) = e

2 sec 2x tan 2x dx = dt
\ 1 9 1 2 g,

From(L),I:E .[(t -1 dt = 5 ('ft dt J.ldt)

1 (2 1 1

- = ==t . R —

=3 [3 ]+C_6t 2t+c

1

Putting ¢ = sec 2x, = - sec® 2x — —sec 2x + c.

6 2
16. tan* x
Sol. J. tan® x dx = _[ tan?x tan®x dx = _[ tanZx (sec2x - 1) dx

= '[ (tanzx sec? x — tan? x) dx =j tan®x secx dx — f tan?x dx
= _[ tan?x sec?x dx — f (sec®?x - 1) dx
= _[ tan®x sec?x dx — J. sec?x dx + f 1 dx

For this integral, put tan x = ¢.

2 dt 2
sec” x = or sec® x dx = dt
dx



17.

Sol.

18.

Sol.

19.

Sol.

—tanx +x + ¢

2 £
=_|.t dt—tanx+x+c=§

1
Put ¢ = tan x, = 3 tan® x — tan x + x + c.

sin®x + cos®x
sin®x cos®x

.[ sin® x + cos® x sin® x N cos® x
dx = J. - dx
2 2 sinZ 2 2 2

sin” x cos® x xcos“x sin“xcos”x

( a+b a bj
- _a_ 0
c c ¢

J- sin x N coS x 4 J- sin x N CoS X J
N X = . B X
cos’x sinZx COS X COS X  sin x sin x

J- (tan x sec x + cot x cosec x) dx

= f secx tan x dx + J.cosecxcotx dx = sec x — cosec X + c.

cos 2x + 2 sin%x

coszx

dx

'[ cos 2x + 2 sin? x (1-2sin’x) + 2sin? x
cosw+2sin x|

0082 X COS2 X

= _[ 12 dx = J. sec®x dx =tan x +c.

cos” x
Integrate the functions in Exercises 19 to 22:
Note. Method to evaluate _[ o dx if (p + q) is a

sin® x cos? x
negative even integer (= — n (say)); then multiply Numerator and
Denominator of integrand by sec” x.
1

sin x cos®x

1
Let I = ,[ S e x dx (D)

Here p + ¢ = — 1 - 3 = — 4 is a negative even integer.
So multiplying both Numerator and Denominator of integrand of
(i) by sec* x,

sec* x sect x
I= J- - 3 7 dx = _[ dx
sin x cos® x sec” x tan x
. 3 4 . 3 1 sin x
" sinxcos”xsec” x=sinxcos’x.——= =tan x
cos“x COSx
2 2
sec” x sec” x (1 + tan® x) sec x ..
or I= I —— dx = dx L)
tan x tan x

Put tan x = ¢



sec® x = d—t = sec®xdx =dt

X

2 1 ¢
From (i), I = | (1+tt ) - J.[t-'-t] dt

=J.(%+t] dt:j%dt+jtdt =1og|t|+§+c

Putting ¢ = tan x, = log | tan x | + — tan® x + c.

2
_cos2x
20. (cos x + sin x)?
cos 2x cos® x — sin® x
Sol. Let1=fm dx = fm d

J- (cos x + sin x)(cos x — sin x) J- cos x — Sin x

(cos x + sin x)(cos x + sin x) dx
Put DENOMINATOR cos x + sin x = ¢

dt

—sin x + cos x = w = (cos x — sin x) dx = dt

COoS X + Sin x dx @)

dt
From(i),I:J.T =log|t|+c =log|cosx +sinx|+c

Note. Another method to evaluate integral (i) is, apply

f(x)
Im dx =log | f(x) |.

21. sin~! (cos x)

TN
Sol. _[ sin~! (cos x) dx = J sin™* Sm(E_x) dox

I[g—xj de=[7 dv-fxde

2
T 1 T X
=§jldx—fx dx:Ex—E+c.
1
22. cos (x - a) cos (x - b)
1
Sol. Let I = [ oomoror d 0
Here x —a)-x-b)=x—-a-x+b=b-a ()

By looking at Eqn. (i7), dividing and multiplying the integrand in
(@) by sin (b — a),
~ 1 ,[ sin (b - a) 4
= sin(b-a) ? cos(x—-a)cos(x—-b) ¥
1 I sin [(x —a) - (x - b)]

dx  [By (ii)]

= sin(b-a) ? cos(x-a)cos(x—b)
1 J-sin(x—a)cos(x—b)—cos(x—a)sin(x—b)
= sin(b-a) cos (x — a) cos (x — b) *

[ sin (A — B) = sin A cos B — cos A sin B]



1 I sin(x—a)cos(x—b)_cos(x—a)sin(x—b) dx
sin (b - a) cos (x —a)cos (x—b) cos(x—a)cos(x—>)
(” A-B A B)

c C ¢

1
ey [ Itan (x - @) - tan (x - b)] dx
=# [-log | cos (x —a)|+log|cos(x—-0b)|]1+c
sin (b - a)
_[tanx dx = —log | cos x |)

1 cos (x — b) ( mj
= — _— IR | -1 =log —
sin (b— a) cos@-a)| © ogm—logn=log

Choose the correct answer in Exercises 23 and 24:

J- sin? x - cos® x

23. ) ) dx is equal to
sin“ x cos” x
(A) tan x + cot x + C (B) tan x + cosec x + C
(C)-tanx + cot x + C (D) tan x + sec x + C
Sol J- sin? x — cos? x
ot sin? x cos? x
sm x cos? x a-b a b
= J T2 2. | dx =
sinx cos?x  sin®x cos® x c c c
= J'[ 12 - .12 j dx = J. (sec® x — cosec’x) dx
cos“x sin“x
= f sec?x dx — .[ cosec’x dx =tan x — (- cot x) + C
=tan x + cot x + C = Option (A) is the correct answer.
X
24, Jl M dx equals
cos” (e*x)
(A) - cot (ex®) + C (B) tan (xe*) + C
(C) tan () + C (D) cot (e¥) + C
X
1
Sol. LetT= [ £ X% D)
cos” (e*x)
Pute* . x =t
[To evaluate | (T-function or Inverse T-function f(x)) f'(x) dx, put
fx) =t
dt

Applying Product Rule, ¢* . 1 + xe* = —
x

or (1 +x)dx=dt

dt 9
From (1), 1= = | sec”t dt
@ '[ cos® ¢ '[
=tan ¢t + C = tan (x ¢*) + C ..Option (B) is the correct answer.



Exercise 7.4
Integrate the following functions in Exercises 1 to 9:

32
28 +1
I 3x2 J' 3x2 .
Sol. LetI = xs i1 dx = (xg)g 4 12 dx (l)
Put x® = ¢
dt
3x? = = 3x% dx = dt
x
dt 1 t
From (i), I = ,[ 2412 = 1 tan~ ! 1 +C
1 1 -1 %X
dx=—tan " —
'[ %2 +a® a a}

Putting ¢ = % = tan™ ! (x®) + C.
Note. ax? + b (a # 0) is called a pure quadratic.
1

2 J1 + 422
Sol. LetI:J‘# dx=J.

1
.28 S
1+ 4x> J@x)% +12 4
Using J. \/3521.;.7 dx = log ‘ X ++Jx2 +a?

>

log‘ (2x) + /(202 + 12 ‘ ¢ _
= +C =710g‘2x+\14x +1‘+C.
2 — Coeff. of x 2
1

X JEZ2-x)? +1

1 ) 1
Sol. LetI:J.—“,——~(2_x)2+1 dx_jiﬁz_x)%r1 dx
Using f 72\/__1? dx = log ‘x+1/x2+a2

10g‘(2—x)+«/(2—x)2+12 ‘ .
.

>

—1— Coeff. of x
= _ log ‘2—x+«/4+x2—4x+1‘+ C
1

+ C.

log

2—x+\1x2—4x+5

[ —logﬂ:—(logm—logn):logn—logmzlogi}
n m



1

4, T——
9 - 25x2
SO]. LetI:IW dx:-[ (5 )2
sin’15—x
=_ 3 4C dx_sm 1x
5 — Coeff. of x [ I Ja?
l sa— 1 (57"6] C
= 5 sin 3 +C
3x
5. 1+2x%
J- 3x 3J- 2x )
Sol. Let I = 1+ 922 dx = 5 1+ 2022 dx ()
dt
Put 22 = ¢£. .. 2x=£ = 2xdx =dt
3 3 1
From (@), I = — Jl+2t =§det
3 %tanle C 3 ¢ 1 (\/_ ) C
= —_— - @ = o tan~ 2t) +
2 /2 = Coeff. of ¢ 2V2

3
Putting ¢ = x?, = o2 tan~! (242 + C.

6 x
* 1-x8
2 2
anag st 1 3x2
Sol. Let I = J-l—xs dx = fl I dx 3 '[1 e
Put x® = #. Therefore 3x2 = jt = 3x®dx =dt
x
L (o 1. 1 11 1+¢
I=3 J.l—tz = 3I12 2 =3 gx1lg |1 4| +C
{ '[ 21 2dx=il a+x}
a‘ —x 2a a-x
1
Putting t = x°, = = log L+ 1, ¢
6 e
- x-1
) «/x2—1

Sol LetT= | o au— [| =t |
) Ja? -1 \/xz—l \/xz—l



1
Ii'—xzx_l dx—Jni,—xz_12 dx
=;J\/%dx—logx+«/x2—12 )

[ -[\/x21_7ade=loglx+
2x
Let I; = .[ ﬁ dx

dt
Put x2 — 1 = ¢. Therefore 2x = — = 2x dx = d¢

dx
dt t
—_ -1/2
11=fﬁ=jt dt= = 24F —2/2-1 +C
2
Putting this value of I, = | 2X g in (),
x° -1
1 2 2
I=§(2x—1 +C)—log|x+ x%-1 |
3 C
= Jx —1+§—log|x+ 21|
C
_ [2 _ 2 _x
= Jx2 -1 —log | x + /x> -1 | + C; where C; 9
%
8 [xf+da°
2
Sol. LetI= [ X dx:lf da )
x5 + af 3
dt
Put x® = £. Therefore 3x? = = 3x% dx = dt.

From (y1e [ % _ 1L 4
em =5 s T ey

1 1 [2, 2
- ~1lo [2 3y2 |+ O dx=log|x++x“+a ‘
3gt+t+(a)‘ I:J.\/m
1
Putting ¢ = «°, = 3 log ‘x3+\/x6+a6 ‘ + C.
sec’x
9. 2
tan“x + 4
Sol. Let 1= [ —= X sec’ ¢ )

Jtan Zx+4



dt
Puttanx =¢ .. sec?x= — = sec®xdx =dt

dx
dt =J~ 1 d
V2 +4 2+ 22
=logt+./t2+22+0[ Jidx—logx+\/x +a? }

Putting ¢ = tan x, I = log ‘ tan x + y/tan® x + 4 ‘ + C.

Integrate the following functions in Exercises 10 to 18:
Note. Rule to evaluate

From (), I = j

1 1
J Quadratic @ o | [Quadeatic @ or | JQuadratic dx

Write Quadratic. Take coefficient of x> common to make it unity.
Then complete squares by adding and subtracting

1 2
(5 coefficient of xj
1

Va2 +2x + 2

10.

Sol. j;dx=f—1kdx=_[*~l—d
JaZ + 2x + 2 Ja? +2x+1+1 Jx+1)72%+12
Using _[ \/le+7a2 de =log | x + (%% + a2 |
=log|x+1+ Jx+1)2+1% |+c=loglx+ 1+ x> +2x+2+c.
1
- 9xZ+6x+5
1
Sol. Let I = f 922 1+ 6215 dx (D)
1
-[ Quadratic dx
Here Quadratic expression = 9x% + 6x + 5

6 5
Making coefficient of x? unity, = 9 (x 2y )

9 9
_9(x2+2i+§j
- 3 9

2
To complete squares, adding and subtracting(% Coefficient of x)

- [(B (3 2] o B3 503



f(er3f 48] = e vacns-sffe 2] (2]

Putting this value in 1), I = f ! dx

1 1
L
3 3
x+1
1 1 g . 1 _ 1 -1 X
=9 (2t T2 e [ Jaradgmy,
(3) 3
3x+1
1 3 3 1 3x+1
=§.§tan1 2 +c gtan’1[2j+c
3
1
12. ,7-6x—x2
_[ 1
Sol. LetI = /7 6x — 2 dx ..() | Type Jm
Here Quadratic expression is 7 — 6x — x2=—x%—6x + 7.
Making coefficient of x? unity, = — (x? + 6x — 7).

2
To complete squares, adding and subtracting (% coefficient of x]

2
779 -

= — [x? +6r+9-9-7]= [gx+3)2—16]
=—(x+3)°+ 16 =4% - (x+3

dx

..(22)

i
(Note. Must adJust negative sign outside Eqn. (i) in the bracket

as shown above because otherwise we shall get /-1 =
taking square roots.]
Putting the value of quadratic expression from (iii) in (i),

x+3
— | +¢

1 -
] e e
[ J.\/idx—sm

1

B a-Da-2
1 [
Sol. Let I = x-Dx-2 = m dx

I on

d



14.

Sol.

1
= .[ m (@)

Here quadratic expression is x> — 3x + 2. Coefficient of x? is
already unity. To complete squares, adding and subtracting

2 2 2
[1 coefficient of xj , Le., ( - §j = (ﬁj
2 2 2

32
x2—3x+2=x2—3x+(*)— + 2

9
2 4
2
=(x—§j 1 [ —9+2= 9+8 _—1}
2 4 4 4 4
_ (x_fj ( ) i)
. . . 1
Putting this value in (i), I = I 5 - dx
(=2 (3)
\/ 2 2
e
= log 2 2 2 +c
[ J.\/idx_log x+«/x - a? 1
= log x—g+«/x2—3x+2 +c. [By (ii)]

1

\8 +3x - &2
Let I = f \/M;lﬁ dx (D)

Here quadratic expression is 8 + 3x — x> = — x + 3x + 8.
Making coefficient of x? unity, = — (x® — 3x — 8).
To complete squares, adding and subtracting

g
8+3x_xz=_[x2_3x+(;) (3 _8]

1 2
(5 coefficient of xj

(See Note given in the solution of Q.N. 12)

_ [\/g_ljz _ (’“2]2 i)



Il
w
=<
=3

15. [x-a)x-b)

Sol. Let 1= | L

1
. dx = d
Jx —a)x - b) N J.\/xZ—bx—ax+ab ;
1

\/x2 —x(a+b)+ab
Here Quadratic expression = x> — x(a + b) + ab

@)

2 2
Adding and subtracting (% coefficient of x) = (a ¢ b]

2
2 b2
=x2—x(a+b)+(a;b) _(a; j + ab

_ (x_(a;bj]:_[(azbﬁ_abj
. [x_(a;bjjz‘ (Llﬁ_‘{@] - (x_(a;b)f . (a—4b)2
(=-[=28) __(a;bf P

¢ (a+b)?-4ab = a® + b? + 2ab — 4ab
=a?+ b% - 2ab = (a - b))

Putting this value in (i),
1

S AprE
a+b\/ a+b (a;bT

{ dx_loglx+\lx2—a I}

dx

= log +c




16.

Sol.

17.

Sol.

= log x—(a;bj+\/x2—x(a+b)+ab + ¢ [By (ii)]

Linear Linear
Note. Method to evaluatej — —dxor _[
Quadratic \/Quadratlc

or f Linear ./Quadratic dx.

d
Write linear = A e (Quadratic) + B.

Find values of A and B by comparing coefficients of x and
constant terms on both sides.

4x +1
\/2x2+x—3
4x +1

Let T = '[ 2x% +x -3

dx (@)

d
Here e (Quadratic 2x> + x — 3) is (4x + 1), the numerator.
So put 2% + x — 3 = ¢.

dt
(4x+1)=d* = (dx + 1)dx =dt
x
) dt X t1/2
From(z),I:I\/— .[t dt=T+c
2
=2\/Z +c=2\/2x2+x—3 + c.
x+2
\/x2—1
x+ 2 X 2
Let I = + dx
J.J J.[\/xz—l \/xz—l]

1
J.i—gﬂ—l d3c+2_|.7,—362_12 dx
=J.A,xzx__1dx+210g|x+ x2-12 | +c (D)
LetIl=.[\/x27_ ——I\/idx

dt
Put 2 — 1 = ¢ Therefore 2x = Ix or 2x dx =dt

I, =

N | =
—_—
&&

1/2

1oy, L ET o

_§It dt_2 1 =t = -1
2



18.

Sol.

x
Putting this value of (I; =) f o dx = Ja? =1 in ()
Ja© -1
I= \1x2—1 +2log|x+ Ja>—-1 | +c.

5x -2
1+ 2x + 322
5x — 2 J- Linear
Quadratic

Let I = f 1+ 2x + 322 dx uadratic

d
Let Linear = A dx (Quadratic) + B

i.e., 5x—2=Ai (1+2x+3%+B
dx

or bx—-—2=A2 +6x)+B .W(0n)
le, bx —2=2A +6Ax + B

Comparing coefficients of x, 6A =5 = A = g
Comparing constants, 2A + B = — 2

Putting A= 2, 10 yB-_2
6 6
—» B=-2-10_ -2\ Wy @ LI
6 (] 35 1
Putting values of A and B in (ii), 5x — 2 = r (2 + 6x) — 3
Putting this value of 5x — 2 in (i),
I e
- [8 05
1+ 2x + 3«2
Dy — =+ 0% o D —
= =g i orve? -3 I 132 &
5 11
V6 I - 3 I, ..(u11)
J‘ 2+ 6x
Here I, = | 3775 " 3.2 dx
Put Denominator 1 + 2x + 3x? = ¢.
dt
'.2+6x=£ = (2 + 6x) dx = dt
dt 1 ) )
I, = 7=_[*dt=10g|t|=log|1+2x+3x| ..(Iv)
Again 1 _[ dx—,[ ! de. . dx
& 2 = 1+2x+3x2 = sx?r2x+1 Quadratic

Now Quadratic Expression = 3x% + 2x + 1.

2 1
Making coefficient of x? unity = 3[962 t3et g)



19.

Sol.

_ 17?2 ‘ 1.1.3-1_2
“eol*T3) Ty "3 9 9 9
1 1 1
= 12=f 3 dx=—J. g dx
3 2
3) 9 3 3

1
3

3
1 3  8x+1 1 (3x+1j
= Iy= 3 - \/E tan \/5 = \/5 tan \/§ ...(v)

Putting values of I, and I, from (iv) and (v) in (iii), we have

1 é 1 1 2 3 2 E R -1 (ﬂj
—60g| +x+x|—3 \/ﬁtan \/E + cC.
Integrate the functions in Exercises 19 to 23:

6x+7
Jx -5)(x - 4)
J~ 6x +7 J' 6x + 7
6x + 7 Linear
e, 1= ¢ —— d
" '[\/x —9x+20 @ J.\/Quadratic *

Let Linear = A —— (Quadratic) + B
ie, 6x+ 7= A(2x -9 +B ...(i0)
= 2Ax - 9A + B
Comparing coefficients of x, 2A =6 = A =3
Comparing constants, — 9A + B = 7.
Putting A=3,-27+B=7 = B=234
Putting values of A and B in (i7),
6x +7=382x—-9) + 34
Putting this value of 6x + 7 in (i),
_[ 3(2x-9)+ 34

w/x - 9x + 20

J' 2x -9

1
de + 34 | —— dx
\/ -9x + 20 Ax©=9x + 20
=31, + 34 12 i)
L =
! J.«/x —9x+20

Put x> - 9% +20=¢ .. 20-9= —
dx

I =



20.

Sol.

= (2x —9) dx = dt

dt ~ ¢
Il= Iﬁ:]‘tl/2dt=m=2ﬁ

= 2 Jx2-9x+20 v)

1
L= —— - dx
Ja? = 9x + 20 \/2 o (9)2 a1
x* - 9x +

et e
-8 2) (2
I#dx=loglx+«/x2—a2l
a2 —a?
9, [2
I, = log x—§+ x —9x+20} ..(v)

2 2
x—g (L :x2+ﬁ—9x—l:x2—9x+20
2 2 4 4

Putting values of I, and I, from (iv) and (v) in (iid),

x—g+«/x2—9x+20

I=6,x2-9x+20 + 34 log + c.
x+2
«l4x—x2
Linear
Let 1= [ —2*2 Q) ‘j

— d
«/4x—x2 *

d
Let Linear = A e (Quadratic) + B

—— dx
\JQuadratic

e, x+2=A4-2¢x)+B (D)

=4A - 2Ax + B

Comparing coefficients of x: —2A =1 = A = o

Comparing constants: 4A + B = 2

-1
PuttingA=?, -2+B=2 = B=4

Putting values of A and B in (i7), x + 2 = _71 (4 —-2x) +4

Putting this value of x + 2 in (i),



21.

Sol.

_71(4—2x)+4 -1 4 — 2x
I=Jvdx—fj-mdx+4f\/7dx

-1
=5 L+4L .Gi) L= 42«

e

dt
Put 4x —x?> =t .. 4—2x=a = (4 -2x)dx =dt

L=z at S [V T _2ﬁ —2ftx-22 v
I, = J.im dx

Quadratic Expression is 4x — x% = — % + 4«
=— -4 =P - +4-4)=~((x-27-2%) =22 - (x-2)?

1
L= [—o
o= 22— (x - 27

2

.1 x-2
dx = sin™ !

(V)

I dx = sin” 15
Ja? - «?
Putting values of I; and I, from (iv) and (v) in (ii7),
-2
I=— J4x-x2 +4sin! x2 +c
x+2
JaZ +2x+3
e IS S 2F (D)
JaZ+2x+3

2 d .
Let Linear = A dx (Quadratic) + B
ie, x+2=A2x+2) +B ..(i0)

=2Ax + 2A + B
Comparing coefficients of x, 2A =1 = A= —
Comparing constants, 2A + B =2
1

Putting A = 5,1+B=2 = B=1
Putting values of A and B in (ii), x + 2 = § 2x+2)+1
Putting this value of (x + 2) in (i),

1

= (2x+2)+1 1 2% + 2 dx
N T =

x2 + 2% + 3 JaZ +2x+3 JaZ +2x+3



J~ 2x + 2

\/x +2x+ 3
dt

Putx® +2x +3=¢t .. (2x+2)= d—:>(2x+2)dx_dt
x

di
o R R SN rr v R

1
= I = 5 Il + IZ ...(2i)

&L
MH—A‘

1 1
L=| ————dx = | ——— dx
? J./x2+2x+3 J.\/x2+2x+1+2
1
=I—dx=log|x+1+ (x+12+(2)2 |
(x+ 1+ (2)
J‘#dleoglx+\/x2+a2|
a2 +a?

=loglx+1+ (x2+2x+3 | ()
Putting values from (iv) and (v) in (i),

I= x®+2x+3 +log|lx+1+ [x24+2x+3 | +c

x+3
22. x2-2x-5
Sol LetT= [ "3 gy )
x“—-2x-5
d 5
Letx + 3 =A e x*—2x—-5)+ B
or x+3=A2x-2)+B ...(i0)
=2Ax - 2A + B
1
Comparing coefficients of x on both sides, 2A =1 = A = 5
Comparing constants, — 2A + B = 3
1
Putting A= -,-1+B =3 = B=4

2

1
Putting values of A and B in (i), x + 3 = E 2x —2)+4
Putting this value in (i),

—(Zx 2)+4 1 2% — 2
27dx=fj.2x7dx+4j¥dx
2% -5 27 x*-2x-5 x“-2x-5
1
=5 h+4l i)
2x -2
11=Jx2_2x_5 dx

dt
Put %% — 2x — 5 = ¢ Therefore (2x — 2) = I =2x — 2) dx = dt



23.

Sol.

dt
11=I7=10g|t|=log|x2—2x—5| liv)

1
Again I, = | —— dx
& 2 '[ x2-2x-5
J. 1 d. _[ 1 d.

=) @ oxr1-1-5 W Tl e ™

_ J‘; dx = i 1o M )

oo T T 206 ¥ x-1+46

1 1 x—a
dx=—1I1o
{ Ixz_a2 * 2a & x+a}
Putting values of I; and I, from (iv) and (v) in (ii7),
1 1 1 2 l 1 4.36 -1- \/g
= 3 og|x*—2x -5+ NG og x-1+6 + c.
5x+3
\lxz +4x +10
LetT= [ 223 4 )
Jx? +4x+10
. d A
Let Linear = A dx (Quadratic) + B
le, bx +3=ACx +4) + B (73
=2Ax + 4A + B
Comparing coefficients of x on both sides, 2A =5 = A = g
Comparing constants, 4A + B = 3
5

PuttingA=§,10+B=3 = B=-7

5
Putting values of A and B in (ii), 5x + 3 = 3 2x +4)-17

5 n+4)-T
Putting this value in (), I = [ f=—— dx
Jx© +4x+ 10
1
RIS SR S S,
2 [x2 + 4x + 10 Nx© +4x+10
5
or I= 3 ILL-71I ..(ii0)
J' 2x + 4
Li=" [ saxv10 &
dt

Put x? + 4x + 10 = ¢. Therefore 2x + 4 = d—:> (2x + 4) dx = dt
X



dt 12

R el R A N
2
=2 x? +4x+10 -(iv)

1

1
IZ=J.27dx=_[2—dx
Nx©+4x+10 Jxi+4x+4+6
1

=IW dx =log | x + 2+ (x+ 22+ (6)2 |
x+2)° +
-.-I#dx:loglx+\lx2+a2|
Jx? + a?

=log|x+ 2+ \x®+4x+10 | ()
Putting values of I; and I, from (iv) and (v) in (ii7),

I=5\x?+4x+10 —Tlog|x+2+ \Jx2+4x+10 | +c.

Choose the correct answer in Exercises 24 and 25.

24 IL .
© ) g2y 42 CAUAS
A xtan"! (x +1) + C B)tan" ! x +1) + C
C)x+1tanx +C D) tan" 1 x + C.
Sol. [ & [ ! P ag N
. = X = N .9 .9 X
22+ 2x + 2 w2+ 2+1+1 (x+1?%+12

1 -1 &+ D ! gx-Ltant®
Itan 1 +C['[x2+a2 a a

= tan ' (x+ 1)+ C
Option (B) is the correct answer.
J- dx

W equals

25.

1 _I(Qx—SJ 1 _I(Sx—9]
(A) 9 Sin 8 +C B) 5 sin 9 +C

) D (9x—8j 1 _1[9x—8]
©) g sin 8 +C (D) 2 sin 8 +C

dx dx
Sol. Letl = | — = | —m——— (@)
J \9x — 4x? j - 4x? +9x
9

Here Quadratic expression is — 4x? + 9x = — 4(952 - Zx



Putting this value in (7),

Option (B) is the correct answer.




Exercise 7.5

Integrate the (rational) functions in Exercises 1 to 6:

X
L x+D)(x+2)
Sol. To integrate the (rational) function m
; A B

2.

Sol.

Let integrand (D)

G+Da+2)  x+4l @ x+2

(Partial Fractions)

Multiplying by L.C.M. = (x + 1)(x + 2),
x=Alx+2)+Bx+1) =Ax+2A+Bx+B

Comparing coefficients of x on both sides, A + B =1 ..(in)

Comparing constants, 2A + B =0 ...(1i1)

Let us solve Eqns. (i) and (iii) for A and B.

Eqn. (Ziz) — Eqn. (it) gives, A =-1

Putting A=-1in (i), =1+B=1 = B=2

x -1 2

(x+1D(x+2) T ox+l * X+ 2

Putting values of A and B in (i),

| ornieyy o J5
@rDx+2 =) gy 2] g d
—log|lx+1|+2log|lx+2]|+c

) (x + 2)°
log | x + 2| —log|x+1|+c=logm + c

( | t |2 — tZ)

1
x%2-9

To integrate the (rational) function 2_9

1 1
o a-lag e



Sol.

Lo | x-3 {f 1 _1, x—a}
2x3 %% | i3 7€ x*—a® 2a x+a
1 x-3
=Elog x+3] T¢

OR

1 A B

2-9 (x-3x+3  x-3  x+3

Integrand

Now proceed as in the solution of Q.No.1.
3x -1
x-D(x-2)(x-3)°

3x -1
To integrate the (rational) function (x—D(x—2)x—-3)

3x-1 A B C
x-Dx-2x-3 ~x-1"x-2"% x-3
Multiplying by L.C.M. = (x — 1)(x — 2)(x — 3), we have
3x —1=Ax - 2)(x-3) + Blx — x =3) + Clx = Dx — 2)

=A@® - 5x + 6) + B(x? — 4x + 3) + C(x® — 3x + 2)

= Ax® — 5Ax + 6A + Bx® — 4Bx + 3B + Cx* - 3Cx + 2C
Comparing coefficients of ¥, x and constant terms on both sides,
we have

Let integrand (D)

Coefficients of ¥*>* A+ B+ C =0 ()
Coefficient of x: —5A —4B-3C =3 0or5A +4B+3C=-3 .W(in)
Constants: 6A + 3B + 2C = - 1 ..(Iv)

Let us solve (ii), (iiz) and (iv) for A, B, C.
Let us first form two Eqns. in two unknowns say A and B.
Eqn. (iii) — 3 Eqn. (i) gives (to eliminate C),
5A + 4B + 3C-3A-3B-3C=-3
or 20+ B=-3 ..(v)
Eqn. (iv) — 2 Eqn. (i) gives (to eliminate C),
6A+3B+2C-2A-2B-2C=-1
or 4A+B=-1 ...(vD)
Eqn. (vi) — Eqn. (v) gives (to eliminate B),
2A=-1+3=2 = A=—- =1.
Putting A=11in (v), 2 + B=-3 :>2 B=-5
PuttingA=1and B=-5in (), 1 -5+ C =0
or C—-4=0 or C=14
Putting values of A, B, C in (i),

3x-1 1 5 4
(x-Dx-2(x-3)  x-1 x-2 x-3




J' 3x -1
(x - D(x—-2)x-3)

- | 1 dx - 5] 1 dx + 4 LI

x-1 x-2 x-3
=log|lx—-1|-5log|lx—-2|+4log|x-3]|+c.
x
L F-DE-2@-3) )

Sol. To integrate the (rational) function (x—Dx-2)x-3)

x A B C
+

@-Dx-2x-3 =x-1 x-2 x-3
(Partial fractions)
Multiplying by L.C.M. = (x — 1)(x — 2)(x — 3),
x=Alx - 2)(x —3) + Blx — D)(x — 3) + Clx — 1)(x — 2)
=A? - 5x +6) + Bx®? —4x + 3) + Cx? - 3x + 2)
= Ax® — 5Ax + 6A + Bx® — 4Bx + 3B + Cx® — 3Cx + 2C
Comparing coefficients of x%, x and constant terms on both sides,

(D)

Let integrand

we have

x2: A+B+C=0 @)
x: —-5A-4B-3C=1 or 5BA+4B +3C=-1 ..(in)
Constants: 6A + 3B + 2C =0 ..(1v)

Let us solve Eqns. (ii), (iti) and (iv) for A, B, C.
Let us first form two Eqns. in two unknowns say A and B.

Eqn. (iii) — 3 x Eqn. (ii) gives | To eliminate C
5A+ 4B +3C-3A-3B-3C=-1 or 2A+B=-1 ..(v)
Eqgn. (iv) — 2 x Eqn. (ii) gives | To eliminate C
4A + B=0 ...(Ui)
Eqgn. (vi) — Eqn. (v) gives (To eliminate B)
3
2A =1 s A= 9
1
Putting A = 5 inw,1+B=-1 = B=-2
1
Putting A = 3 and B = — 2 in (ii),
S I U Pt Lk S
g ot hEU = bE Tyt Ty Ty

Putting these values of A, B, C in (i), we have
1 3
x _ .2 __2 2
(x-Dx-2x-3)  x-1 x-2 x-3

X
I x-Dx-2(x—3 ™

1 1 1 3 1
=§J-x_1 dx—2j‘m dx+§fm dx

1
=510g|x—1|—210g|x—2|+%10g|x—3|+c.



Sol. To integrate the (rational) function

Sol.

2x

X2 +3x+2

2x
22 +3x+2"
Now 22 +3x+2=2>+2x+x +2=x(x +2) + 1(x + 2)
=(x + D + 2)
2x _ 2x
2 +3x+2 (+Dx+2)
A B
+
x+1 x+2

Integrand

(@)

(Partial Fractions)

Multiplying both sides by L.C.M. = (x + 1)(x + 2),
2¢ = Alx + 2) + Blx + 1) =Ax +2A +Bx + B
Comparing coefficients of x and constant terms on both sides, we
have
Coefficients of x: A + B = 2 ..(@)
Constant terms: 2A + B =0 .(Tin)
Let us solve (it) and (iii) for A and B.
(Zi1) — (i) gives A = — 2.
Putting A = - 2 in (i), - 2 + B = 2. .. B=4
2x -2 4

Putting values of A and B in (i), 5 = +
x°+3x+2 x+1 x+2

= A A 1
x2 +3x+2 dx=—2.[ x4+, 1 dx+4j.mdx
=—2log|lx+1]|+4log|x+2]|+c
=4log|lx+2|-2log|lx+1]|+c
2x

Remark: Alternative method to evaluate _[ -
x“+3x+2

. Linear . . . . .
i J. dx as explained in solutions in Exercise 7.4

Quadratic
(Exercise 18 and Exercise 22.
1-x2
x(1-2x)
- . . 1-«” 1-x? -x%+1
To integrate (rational) function ¥1-20 = x_9 - —9+x

[Here Degree of numerator = Degree of Denominator = 2

We must divide numerator by denominator to make the
degree of numerator smaller than degree of denominator so that
we can form partial fractions.]



1
— 2 2 il
2x° + «x x“+ 1 5
2, X
ot
+ —
ad 1
- = +
2
Y1
1-x2 . Remainder 1 D)
x(1-2x) ~ Quotient + Divisor ~ 9 + x(1 - 2x)
X
-=+1
1- 2 1 2
N = - +
J x1-2x) J 2 xl-2v) | ¥
x
1 -—+1
== [ldx+ [ —2— dx R
2 '[ I x(1 - 2x) Y
x
-=+1
. A B ..
Let integrand — 2 = 2 4 (72
&t x(1 - 2x) x 1-2x (&)
Multiplying by L.C.M. = x(1 — 2x),

- g +1=A1-2)+Bx =A-2Ax + Bx
Comparing coefficients of x, — 2A + B = '?1 (i)
Comparing constants, A =1 ..(Iv)
Putting A = 1 from (iv) in (iii),

2 B &Y, _ -1+4 B. 2
-2+B=—5 = =5 t2= or =3
Putting values of A and B in (ii),

x 3
-~ 41 -
2 N
x(1 = 2x) x 1-2x
! Y [ SN e S
x = | — dx + < x
'[ x(1 - 2x) x 2 1-2x
—lo|x|+§lo 11— 2] +c
=08 2 %8 T2 Coefficient of x
3

=log|x|—410g|1—2x|+c

Putting this value in (7),

jid 1o 3 oo 112
x(1 - 22) x—2x+ 0g|x|—4 og|1—-2x]|+ec.



Sol.

Integrate the following functions in Exercises 7 to 12:
x

(®+1)(x-1)
x
To integrate the (rational) function 2 +Dx-1)
C ;
Let integrand —; X = A;C B + @)
(" +D(x - 1) x+1 x-1

(Partial Fractions)
Multiplying by L.C.M. = (x> + 1)(x — 1) on both sides,
x = (Ax + B)x — 1) + C(x* + 1)
= x=Ax> — Ax + Bx - B + Cx2 + C,
Comparing coefficients of x%, x and constant terms on both sides,
we have

x? A+C=0 (@)
x -A+B=1 ...(ii1)
Constants - B +C =0 ...(Iv)
Let us solve Eqns. (i), (iii) and (iv) for A, B, C
Adding (i) and (ii7) to eliminate A, B + C = 1 (V)
1
Adding (iv) and (v), 2C=1 = C = 3
1
From (iv), - B=-C = B=C=§
. -1
From (ii), A=-C= —
Putting these values of A, B, C in (2),
-1..1 1
x _ 2 2 2
2 S 2 +
(x® +1)(x - 1) x+1 x-1
-1 _x 1 1 1 1
= 9 x2+1+§'x2+1+§ x-1
1% 11 11
T4 231 2 22410 2 x-1
J- x
Crlha-1 ™
-1 2% 1 1 1 1
-Gl eaerglggaryliae
J.Z; dx = -1 log |2 + 1| + 1 tan™ ! x
(x* +1)(x-1) 4 2
1 f/(x) ]
= _ dx=loglf(x)]
+2log|x l]+c [ -[f(x) glf

1

-1 9 1 B 1
Tlog(x +1)+§tan x+ — loglx—-1]+c¢

[c 224+41>0 = [22+1|=2a%+1]

1 1 1
— _ = 2 1 _1
2loglx 1] 4log(x +1)+2tan x + c.



8.

Sol.

9.

Sol.

. x
(x-1D%(x+2)

x
To integrate the (rational) function m

x A . B . C

(x-1%x+2) x-1 (x-1% x+2
(Partial fractions)

Multiplying both sides of (i) by L.C.M. = (x — 1)? (x + 2)

x=Alx — Dx + 2) + Blx + 2) + Clx — 1)2

or x=Al?+2c-x-2)+Bx+2) +Ca?+1-2

or x=Ax*+ Ax — 2A + Bx + 2B + Cx? + C — 2Cx

Comparing coefficients of ¥, x and constant terms on both sides

Let integrand (1)

x? A+C=0 ()
x A+B-2C=1 .W(@n)
Constants —2A +2B +C =0 ..(v)

Let us solve (ii), (iii) and (fv) for A, B, C
From (i), A=-C
Putting A=-Cin (iv), 2C+2B+C =0

-3C

= 2B=-3C = B-=
Putting values of A and B in (iii),

-3C
—C—T—zc=1 = —-2C-3C-4C =2
= -9C=2 = Cz_?

: -2 -3C -3 (:Zj 1 2
Putting C = 9,B= o= 5 9 =3 A=_C=§
Putting these values of A, B, C in (2),

i LR S
= 2 ARY 3 9
=D +2) = 5 7 (k-1 x+2

'[ x

@-12x+2) ¥

2 1 1 2 1
== | —= d - -2 de- = d
9-|.x—1 x+3f(x b o 9-[x+2 *

2 1 x-Dt 2
=§10g|x—1|+§ T)(D—gloglx+2|+c
2 1
=§(10g|x—1|—10g|x+2|)—m+c
2 x-1 1
=g log | 2|~ 3w-n *¢
3x+5

A -x?-x+1

3x+5

3 2

To integrate the (rational) function ———.
x°—x"-x+1



Now denominator = x> — 22 — x + 1

=22 x-1D-1x-1=(@-1Dx*-1)
=x-Dax-Dx+D=x-12x+1

Integrand 3x+5 = 8x+5
X -x?-x+1  (x-1D%(x+1)
A B C
= -1t (x —1)2 t il ...(;) (Partial fractions)

Multiplying by L.C.M. = (x — 1)? (x + 1),
3¢ +5=Ax - D + 1) + Blx + 1) + Clx — 1)
=AW? -1 +Bx+ 1)+ Ca?+1-2x)
=Ax> — A +Bx +B + Cx? + C — 2Cx
Cé)mparing coefficients of x%, x and constant terms on both sides,

x A+C=0 (7))
x B-2C =3 (773)
Constants -A+B+C=5 ..(Iv)

Let us solve Eqns. (i7), (iti) and (iv) for A, B, C.
From (ii), A = — C and from (iii), B = 2C + 3
Putting these values of A and B in (iv),

2 1
C+2C0+3+C=5 24C=2$C=Z=§
A=-C-= L
7T T2
1
and B=ZC+3=2(2)+3=1+3=4.
Putting these values of A, B, C in (i)
-1 1
3x+5 )., 9 4 9
W-x?-x+1 x-1 v (ac—l)2 * x+1
J' 3x+5
W —x?-x+1 dx
-1 1 _2 1 1
=7J.x_1 dx+4_’.(JC—1) dx+§_|.x+1 dx

-1, PPRCEL g 1
=5 og |lx—1]+ (_1)(3) +2 oglx+1|+c¢
Coeff. of x
1
=§(log|x+1|—log|x—1|)—x_1+c
—llog x+1 - 4 +c
T2 x—-1 x-1 ’
2x -3
10- 22 _D@E@x+3)
2x -3

Sol. To integrate the rational function (-~ 1)(2x +3) °



2x -3 2x -3
-DR2x+3) T (x-Dx+D2x+3)

A + B + ¢
x-1 x+1 2x + 3
Multiplying both sides by L.C.M. = (x — 1)(x + 1)(2x + 3),
2x — 3 =Alx + 1)2x + 3) + Blx — 1)2x + 3)+Clx - 1)(x + 1)
or 2t—-3=A2*+8r+20+3)+B2® +8x-2v-3) + Ct? -1
Comparing coefficients of ¥, x and constant terms on both sides,

Let integrand (a2

(@)

x? 2A + 2B + C =0 )
x 5A + B =2 (D)
Constants 3A-3B-C=-3 ...(w)

Let us solve Eqns. (i7), (izi) and (iv) for A, B, C.
Eqn. (ii) + Eqn. (iv) gives (to eliminate C)

5A-B=-3 ..(v)
Adding Eqns. (i) and (v), 10A=-1 = A= i)l‘
P A= -1 -5 B=2=B=2+ e 2
utting A = 10 in (it7), 10 tB=2=B= g = 3
Putting values of A and B in (i7),
- A - 24
f1+5+C=0 .'.C=l—5=ﬂ=
5 R \ 5 25 5
Putting values of A, B, C in (i),
=1 5) 24
2x - 3 e 5 =
% N oY _ 45
(" -D2x+3) ~ %7 +1  2x+3
J' 2x -3
@ -Dex+3) ¥
=1 1 5 24 1
E 1dx+*fx+1d R
= loglx—ll 5logla+1l 24 Jog|2x+ 3|
~ 10 1— Coeff. of x 2 1 5 9 s Coeff. of x

5 12
= 70 log|x—1|+§log|x+1|— 5 log|2x+3 | +c

§log|x+1|—ilog|x—1|—g log | 2x + 3| + c.
2 10 5

5x

I e Da? -9

5x

(x+1)(x%-4)
5x 5%
(x + (2 - 4) (x + Dlx+2)(x - 2)
A B C

= + + ...(1) (Partial fractions)
x+1 x+2 x-2

Sol. To integrate the rational function

Let integrand




Multiplying both sides of (i) by L.C.M.
=(x + Dx + 2)(x — 2),
5x = Alx + 2)(x — 2) + Blx + D(x — 2) + Clx + D(x + 2)
=A(x2—4)+B(x2—x—2)+C(x2+3x+2)
= Ax? — 4A + Bx? —Bx—2B+Cx + 3Cx + 2C.
Comparlng coefficients of x%, x and constant terms on both sides,

x2 A + B+C=0 (u)
x -B+3C=5 (7))
Constants —-4A -2B +2C =0

Dividing by -2, 2A + B-C =0 ..(Iv)

Let us solve (i7), (iti) and (iv) for A, B, C
Eqn. (ii) x 2 — Eqn. (iv) gives (To eliminate A) because Eqn. (ii7)
does not involve A.

2A +2B +2C-(2A+B-C) =0,
le, 2A+2B+2C-2A-B+C=0
= B+3C=0 ..(v)
Adding Eqns. (iii) and (v),

6C C 5
=5 —1 =6
put 5o o 1 3 15
utting C = 6 in (Zii), - B + 6 =5 = -B=5- 6
. —B=30_15=E=§:>B=_—5~
6 6 2 2
Putting B = —” and C = 2 in G, A= > + 5= 0
A0 5 _1-5 10 5
4 =276~ 6 -~ 63
Putting values of A, B, C in (i),
By 5 5 5
> - = _HA¥W 2 ., 6
(o + Dix™ - 4) x+1 x+2 x=2
J' 5x §J- 1 éj- 1 éj- 1
(x+1D0%-4 dx=3 x+1dx_2 x+2dx+6 x—2dx
§1 1 él 2 §1 2
=3 og | x + |—2 og | x + |+6 og|lx—2|+ec.
2 rx+l
x%-1

12.
Sol.

Here degree of numerator is greater than degree of denominator.
Therefore, dividing the numerator by the denominator,

2 -1 )x +x+lz
x—x
T
Brx+l 2x + 1

(D)

=x +
x? -1 x% -1



[Rational function = Quotient + M}
Divisor
2x+1 A B
Let 2X*1 _ . + i)
2-1 (x+Dx-1) ~ x+1 7 x-1

Multiplying by L.C.M. = (x + 1)(x — 1), we have
2¢+ 1 =Ax-1) + Blx + 1)

or 2c+1=Ax-A+Bx+B

By equating the coefficients of x and constant terms, we get
A+B=2 ..(iin)

and -A+B-=1

(Gii) + (iv) gives 2B =3 = B = 9
Putting B § in (iii) t A § 2 A l
utting B = 5 in (i), we get A + 5 =2 or -4

Putting values of A and B in eqn. (ii), we have
1 3
2c+1 2 .\ 9
2 1 x+1 x-1
2x+1
Putting this value of ﬂ in (1),

1 3
Lrx+l 5 3
x2 -1 x+1 x-1
B rx+1 1 3
J.de_fxdau J-x+1 -[x 1dx
2
x 1 3
=E+2log|x+1|+2 log|x—-1|+c.
Integrate the following functions in Exercises 13 to 17:
2

13- a o+ a?)
2
Sol. To find integral of the Rational function Q-0 +a2)

2
Let integrand = A + Br+C

A-00+x%)  1-x  1+42

..(iv)

(D)

(Partial Fractions)

Multiplying by L.C.M. = (1 — x)(1 + %)
2=A1+x%)+ Bx + O)(1 - x)

or 2=A+Ax?> + Bx — Bx®> + C — Cx
Comparing coefficients of x%, x and constant terms, we have
x? A-B=0

x B-C=0

Constant terms A + C = 2
Let us solve (i7), (iii), (iv) for A, B, C
From (ii), A = B and from (iii), B =C

..(i0)
(773)
..(Iv)



A=B=C
Putting A=Cin ((v), C+C=2 or 2C=2 or C=1
L A=C=1 . B=A=1
Putting these values of A, B, C in (i),
2 1 x+1 1 x 1
Q-0d+2D)  I-x 1422 1-x  1+a> 144
1 1 2x 1

2 1 1, 2x 1
| ———————dx = | —d d d
I(1—96)(1+x2) * '[l—x Ty 2 erj1+x2 *
log11-x1
= —1— Coefficient of x

1
+ = log|l+x?|+tan"tx+c

2
{ ) 2x dxzj-f/(x)dleoglf(x)l}

1+ x2 fx)

1
—log|1-x|+ 3 log (1 +x% +tan" ' x + ¢

(. 1+x%>0, therefore | 1 + 22| =1 + 12
Note. log |1 —x|=log| - (x-1)|
=log|x—1]|because | —¢|=]|¢|
14 3x -1
T (v +2)?
Sol. To find integral of rational function _x%
(x +2)
3x — .
Let T= | 3 2)2 dx Q)
Pol 1 functi
FormJ. ° ynorfua Z i dx where k is a positive integer,
(Linear)
put Linear = ¢.
Here put x + 2 =¢ = x=t-2
e dx = dt
—S = —1 X =
dt
Putting these values in (),
3(¢ - 2) 3t-17
ol .[ - | 2 dt

3t 3
e
_SI*dt—7J.t2dt_310g|t|—7%+c

=310g|t|+;+c



15.

Sol.

Puttingt =x +2,=3log |x + 2 | + 7 + c.
x+2
- A B
Remark. Alternative solution is Let 3x 12 = + 5 .
(x +2) x+2 (x+2)
1
xt -1

To find integral of —; .
x" -1

1 1
Let integrand = .
B T L T @D

Put x? = y only to form partial fractions.
B 1 A . B
T (y-Dy+D  y-1 7 y+l
Multiplying by L.CM. = (y — 1)(y + 1)
1=A(y+1)+B(y-1) or 1=Ay+A +By-B
Comparing coeffs. of y and constant terms, we have

Coefficients of y: A+B=0 ..(@0)
Constant terms A-B=1 (7))
1
Adding (i7) and (iii), 2A =1 = VA 5 3
. 1 . el -1
Putt1ngA=§1n(u),§+B=O = B=—
Putting values of A, B and y in (7),
w’ 1
11 _ 5 B 2
x4 -1 x2 -1 .’)CZ +1
i, s w L=
A_q dx= 9 2_12 dx — 99 ¥2+1 dx
1.1 x-1 1 -1
=521 log x+1—2tan x+c
1 x—a

xX+a

1
de=—1
|: .[ x2_a2 X 2a 0g :|

Note. Must put y = &2 in (i) along with values of A and B before
writing values of integrals.
Remark. Alternative solution is:

1 1 1

-1 @@ -DEEHD T (e -Da+ D+ 1)
A B Cx+D

x-1 " xr1l T e

But the above given solution is better.




16.

Sol. LetI = _[

17.

Sol.

1
x(x™ +1)
1

n dx
x(x™ +1)
Multiplying both numerator and denominator of integrand by nx

d n n-1
. 1) =
[ Ir (x"+1)=nx }

n—1

n-1 n-1
nx 1 nx
I=| ———dx=— | ——— dx ..(0)
'l.nx”’lx(x”+1) n '[x” " +1
. n-1+1=n)
dt
Put " = . Therefore n "~ ! = T o nx~Ydx = dt.

’ 1 dt 1 1
From (@), I = — It(t+1) ) It(z:+1)

Adding and subtracting ¢ in the numerator of integrand,

1J-t+1 t 1J-(t+1 ot ) [ a—b_g_é}
=V e+ = e ween) M| T T e

1 1 1
=, Dtdt‘ft+1dt}=n[logltl—log|t+1|+c]
1 _t
=n10g t+1
1 x"
Putting ¢t = «", = = log 1| @

1
Remark: Alternative solution for J. W+ 1) dt is:

1 A B

Let m S0 t i1t
But the above given solution is better.

cos x
(1-sin x)(2 - sin x)

COS X )
Let 1= (1-sin 2)2 — sin x) @

. dt
Put sin x = ¢ Therefore cos x = a = cos x dx = dt,
) 1 2-1)-1-1)
From (i), I 1-02-1) dt = e CEDR dt

[*.- Difference of two factors in the denominator namely
l-tand2-tis@2--A-t)=2-t-1+¢t=1]

J( 1-9 } [ a—b_g_é}
a- t)(2—t) 1-ne2-t O




[ IR JL fi
=10 oo dt= ) g dt - gy dt
logl1-¢1 log12-¢|

= —1- Coefficient of ¢ ~ -1
—log|1-t|+log|2—-t¢t]+c

+cC

log|2—-t]-log|1—-¢t|+c =10g1

2 —sin x
+c

Putting ¢ = sin x, = log 1—sinx

1
Remark: Alternative solution for _[ a-02-1 dt is

1 A B

Lt' =
¢ Q-v@2-v 1-t T 2—¢

Integrate the following functions for Exercises 18 to 21:

18.

Sol.

@+ +2)
*?+3)(x%+4)

) ) ) (2 + D% +2) )
To integrate the rational function #(xz TR ) ..(0)

Put x® = y in the integrand to get
(y+1(y+2) y2+3y+2
T +3y+4d T YTy +12
Here degree of numerator = degree of denominator (= 2)
So have to perform long division to make the degree of numerator

smaller than degree of denominator so that the concept of forming
partial fractions becomes valid.

Y2+ Ty +12 )2 +3y+2(1
v2 + Ty + 12

(i)

From (7) and (i7),
@ +DE*+2)  +Dy+2) 1, “4y-10
@ +3)a?+4)  (y+3y+4 T (y+3)y+4)

(-4y-10)
(y+3)y+4)°
L -4y -10 A B

ey rd T oy+s T oyea
Multiplying by L.C.M. = (y + 3)(y + 4)

-4y -10=A(y +4) +B(y +3) =Ay + 4A + By + 3B

Comparing coefficients of y, A+ B =-4 ...(v)
Comparing constants, 4A + 3B = — 10 ...(vD)

Let us solve Eqns. (v) and (vi) for A and B.
Eqn. (v) x 4 gives, 4A + 4B = - 16 ...(vit)

..(ui7)

Let us form partial fractions of

..(Iv)



19.

Sol.

20.

Sol.

Eqgn. (vi) — Eqn. (vii) gives, —B =6 or B =-6.
Putting B=-6in v, A-6=-4 = A=-4+6=2
Putting these values of A and B in (iv),

-4y-10 2 6

(y+3)y+4) y+3 y+4
Putting this value in (iii),

(o + 1)(x® + 2) 2 6
T a2 Lt i3
(x* + 3)(x* +4) y+3 y+4
In R.H.S,, Putting y = x? (before integration)
2 6
=1+

+3 7 x%+4
J-(x + D2 +2)
(x? +3)x% + 4)

1 1
=Ildx+2jmdx—61mdx

2 it —li 6 lt lf
=X + . \/g an \/g — © 9 an 9 + C
2 x %
=x+ — tan-! = —3tan"! = +ec
V3 J3 2
2x
(x% +1)(x2 +3)
2x
Letl = | ———————— dx
I(x2+1)(x2+3)

Put x? = t. Differentiating both sides 2x dx = dt

=.[ dt
&+ 1D+ 3)
Dividing and multiplying by 2,
G (t+3) t+1)=t+3-t-1=2)
=7.[ 2 dt=f E+3)-@t+1
27 t+DE+3) 2 E+DE+3)
=2I(m—mj dt=%[10g|t+1|—log|t+3|]+c
1 t+1 1 2 +1 1 22 +1
=210gt+3 +c=§log 213 +c=2log(x2+3)+c.
1
x(xt-1)
1
LetI=_[m dx

Multiplying both numerator and denominator of integrand by 4x°.

L4y 3)
[. dx(x 1) =4x



21.

Sol.

4x° 1 4x°
| ————dx - = | ——_dx .
I= -[ 4x4 (x4 _ 1) = 4 J. x4 (x4 _ 1) (D)

dt
Put x* = £. Therefore 4x% = = 453 dx = dt.

1J‘t—(t—1)
it - 1) T4 wt-1)
[ t-GG-1D=t-t+1=1]

From (i), I = 1_|.

1-[( t _(t—l))d lJ' 1 _1 d
=al -y w-n) =g o1
1 1 1
=4[t_dt J.tdt}=4[log|t—1—10gtl]+c
11 ‘t—l
= 4 og + C
. , 1 |at-1
Putting ¢ = x*, = 1 log 4 + c.
Remark: Alternative solution is:
1 1 1
xx* -1 T x(xZ-DZ+1D) T oxle-DE+DEZ+1)
A B C Dx+E

T x Tx-1 7t x4l e
But the solution given above is much better.

1
(e* -1)

1 .
LetI=]) + 7 (D)

dt dt

Put e* = ¢. Therefore ¢* = w = efde=dt = dx = —

X e

(Rule to evaluate J. f(e®) dx, put e* = t)

. a1 a1
From(),1=) 777 =177 7 =lgpa

J-t (t—l) I( t _(t—l)] i Jl

t-1

=log|t—1|-log|t|+c=log

X

Putting ¢ = ¢*, = log



22.

Sol.

23.

Sol.

Choose the correct answer in each of the Exercises 22
and 23:

J- x dx
-1)? _9)2
@A log | FV | L ¢ ® log | F=2" | ¢
-2 x-1
2
(©) log (x‘;) +C M log|-1Dx-2)|+C.
x—

] x A B
Let integrand x-Dx-2 = 71 + 9

(@)

(Partial fractions)
Multiplying by L.C.M. = (x — 1)(x — 2),
x=Ax-2)+Blx-1)
=Ax -2A + Bx - B
Comparing coefficients of x and constant terms on both sides,
Coefficients of x: A+B=1 ..(@0)
Constant terms: — 2A - B =0 (i)
Let us solve (i) and (iii) for A and B
Adding (ii) and (iii), —-A=1orA=-1
Putting A=-1in (i) —-1+B=1 or B=2
Putting values of A and B in (i),
x -1 \ 2
(x—D(x-2) x-1 x—-2

1
'[(x l)JEx 2) dx = — _[ 1dx+2_[ 2dx

log|x—1|+210g|x—2|+c
log| (x —22|-log|x—1]|+c¢
(. nlog m =log m")

(x-27°
= log Te_1 | *e¢
Option (B) is the correct answer.
[ _ e I
xG2+1) equals

1
(A) log | x |~ log &% + 1) + C

1
(B) log | x | + 5 log (® + 1) + C

1
(C)—log|x|+§ log &> +1) + C

1
D) 5 log | x| +log (x* + 1) + C.

1
LetI=J.m dx

Multiplying both numerator and denominator of integrand by 2x.

L4 ey )
(. dx(x +1)=2x



2x

- I= Im dx (@)

dt
Put »? = ¢ 2x=$ = 2xdx =dt

From (i), T = | S dt
> T2+l T 92 tk+ 1)
Adding and subtracting t in the numerator of integrand,

~ J'(t"'l)—t _1J' 1 1 d
B w+n =gl i) @
=§ (log|t]—-log|lt+1] +c

1
x2,1=5(log|x2|—log|x2+1|)+c

Putting ¢

= 2log|x|—log x®+ 1) +c
(. x®2+1>1>0andhence | x>+ 1 | =22+ 1)

1 2
=log|x |- 2 log x* + 1) + ¢
Option (A) is the correct answer.



Exercise 7.6

Integrate the functions in Exercises 1 to 8:

1. x sin x
Sol. J. xsin x dx
I II

d
Applying Product Rule I j ITdx - J. (a (I)I II dxj dx

=x J. sin x dx — I(%(x)f sinxdxj dx

=x(-cosx)—jl(—cosx) dx:—xcosx—f—cosx dx
=—xcosx+J.cosx dx =—xcosx +sinx +c
Note. J. sin x dx = — cos x.

2. x sin 3x

Sol. I x sin 3x dx
I 1I

d
Applying Product Rule I .[ IIdx - _[ (a (I)J‘ II dxj dx

=x _[ sin 3x dx — j(%(x)f sinSxdx) dx

o[z (e o

-1 lj 3% d
=3 xcos3x+3 cos3x dx + ¢




-1 3 1 3
3 3 +c_?xcos x+9sm X + C.

Sol. J.x e dx

d

Applying Product Rule I J‘ IIdx - f (a (I)_f I dx) dx

d
=x? J. e’ dx — J. dexzjj exdx} dx =x%e - J. 2x e* dx
=xe" -2 Ixex dx

111

Again Applying Product Rule
29 {x_[ e’ dx—_[ [%(x).[ e dx}dx}

=x2 " -2 (xex—J. 1.exdx)=x2 & — 92 (xex—J. exdx)

=x2e"—2xex+2].exdx +e =xtef -2 et + 25+ ¢
= (2 -2+ 2) +ec.
4, x log x
Sol. _[xlogx dx = _[(logx).x dx
I 11

d
Applying Product Rule I J. II dx - _[ [?cl_a; (I)J. II dx} dx

= (log x) f x dx — J. [%(logx)_[ xdx} dx

= )xZ lﬁd_EZI lj.xd
_ogx2—x2 x_2xogx—2 x
[ x2 X.X ]
—_— ==X
X X
_1 21 1 xZ _‘le x2
_2x ogx—2 5 +c = B og x — 1 + c.
5. x log 2x
Sol. [ xlog2x dx = [ (log2x).x dx
I 1II

d
Applying Product Rule I J. IIdx - J. (a (I).[ I dxj dx

= (log 2x) I x dx — _[ (%(log 2x)f x dx) dx

2 1 2
X X
= (log 2.’)6) E - 2% - 2. E dx



Sol.

Sol.

Sol.

2

1 1 x° x.x
=§x210g2x—§ dex l: x=x=x}

1 ) 1 .’JC2 xZ xZ
=5« log2ac—2 ) +c= ) logZx—Z + c.
x? log x

2 2
'[x log x dx:f(logx)x dx

I 1II

d
Applying Product Rule: I f IIdx — J. [@ (I)J. 1I dxj dx

=logx | &% dx - I(%(logx)j 2 dxj dx

3 3 3 3
x 1 x x 1 9 X 2
_ r = X - _ = - =
= (log x) 3 _[ x 3 dx = 3 log x 3 _[ x° dx { ' }
Do 1P
=3 logx- g te= g logx— 7 +¢
x sin~ ! x

Let I= _[ xsin™! x dx.

Put x = sin 0. Differentiating both sides dx = cos 6 d6

—
1]

. 1
IsmG .9.cosed6=§ J.G .2 sin 0 cos 0 dO

1 .
= 5 [ 6 sin20do

I 1II
Integrating by parts

1
_1 e(_cosZ@ —_[1- _cosZdoe
2 2 2
1 1 sin 20
Q [—6c0526+f00526d6J =7 [—900529+ 2 }+c
1
=Z[—6(1—2sin29)+sinecos6]+c
(. sin 20 = 2 sin 0 cos 0)
1 .1 2
=Z[—s1n x.(1=-2x)+x J1-221+c¢c
[ cosez\/l—sinzez\/l—xﬂ
1 2
=5 (2¢% - 1) sin” ' x + “Tx + e
xtan ! x

Let 1= f xtan lx dx = _[ (tan"'x) . x dx

2
_1 X 1 X
(tan x).f—fl+x2.§dx



Sol.

10.
Sol.

2
_x -1 1 X
=5 tan x_2J1+x
2 1
_x -1 1 1- dx
_2tan x—2_[( 1+x2)
. x2 _1+x2—1_1_ 1
B 1+ x2 1+ x2
2
_x -1 _1 _ -1
=5 tan™ " x 2(x tan” " x) + ¢
1
=~ Ptan'x —x + tan' x] + ¢ =§[(x2+1)tan‘1x—x]+c.
Integrate the functions in Exercises 9 to 15:
. X COS " X
Let I= J.xcos_lx dx (D)
Put cos™ ! x = 0. Therefore x = cos 0.
@ in 0 d in 6 dO
do =~ sin = dx = - sin

- From(), I = J (cos 0) 6 (— sin 6 dO) =_?1 I 0 (2 sin 6 cos 0) dO

_ -t | 0 sin 20 do
2
I II
4 1 [m de} do

Applying Product Rule: I J. IT a6 - _[ a0

{
_ -1 {e(_co;%)—fl = de}

2

= i[—lecos26+ J.c0s26d9} = 19 cos 20 — l(smze)_,.c

2 4 4 2
1 .
=49cos26—§(2smecose)+c
1 1
_ = 29_1)_ = [{_ .2
—46(2cos 0-1) 1 1-cos“® .cos O +c
Putting cos 8 = x and 0 = cos™ ! x;
1

1 (cos‘lx)(2x2—1)—z 1-x2 .x+c

x
— Z 1- x2 + C.
(sin~ ! x)2
Put x = sin 0. Differentiating both sides, dx = cos 6 d6
o J. (sin"tx)? dx = J. 6% cosO dO = 0% sin O — J. 20sin 0 d6
I 1II
= 0>sin0 -2 [ 0sin6 do
I 1I



11.

Sol.

12.
Sol.

13.
Sol.

=0%2sin6-2 [9(—cose)—f 1.(—cos6)d9}

=6%sin O + 20 cos B — 2 f cos0df =6?sinB+20cos0—2sinB+c
= x(sin'x)? +2J1-x2 sin"lx—2x +c.
('.'cosez\/l—sin26:\/1—x2)

x cos™lx

Ny

LetI=J

X COS~ 1

\/17 (D)
x

Put cos ' x = 6 = x=cos 0

Therefore % =—s8in® = dx=-1sin0db

(cos 0) 0

From (), I = | T —costg 50040
6 cos 0 sin 6 \
= [P 40 ¢ fi-co?o = Jein?o = sin ©)

- f 0 cosO do
I 1I

Applying Product Rule: II II do — .[ [% (I)J. I de} do
_ [e.sine—j 1.sinede] =~ 0sin6+ [sing do
=—0sin®—-cosO+c=-0 1-cos?0 —cos 0 +c

Putting 6 = cos™ ! x and cos 0.= «,

—(cos'x) J1-x%2 —x+c=—[1-22 cos 1 x +x] +c.
x sec® x

J- xsec’x dx
I II

Applying Product Rule: I _[ II dx - '[ [di (I)I I dx} dx
X

=x Isec2x dx — .[ [%(x).[ seczxdx} dx

=x tan x — J.l.tanx dx = x tan x — J.tanx dx
=xtan x — (- log | cos x |) + ¢ = x tan x + log | cos x | + c.
tan~ ! x

Let I= [tan'x dx= [ (tan™'2) . 1dx
1

1
=tan‘1x.x—,[1+x2 .xdx =xtan lx — I1+x dx
1

1
= x tan” x—2log|(1+x2)|+c.{,. J";((x))dx loglf(x)l}



1
=xtan’1x—§ log (1 + %) + ¢
[ 1+x2?21>0andhence |1 +a%|=1+ x%]

14. x (log x)?

Sol.

15.
Sol.

f x (log x)? dx = J- (log x)% . x dx
I 11

Applying Product Rule: I _[ II dx - J. [di (I)f I dx} dx
x

= (log x)? I X dx — _[ [i (log x)zj xdx} dx

21 2
- (log x)2 _J' (og x) x .
2
[ (10g x)? = 2(log x)1 (log x) = 210gx.1=L Ing}
X X
x 2 % xz_x.x_
=E(logx) —f(logx)x dx s Mk
I II

d
Again applying Product Rule: I J. II dx—_‘. [a (I)_[ II dx] dx

2 o2
=% (logx)Z_{(logx)*—_[[ de}+c
2 2
x 9 1
=5 (log x) T} log x + 9 J.xdx+c
2 2 2
—x*(logx)2 x—logx+x—+c.
2 2 4
@? + 1) log x
_[(x +1) logxdx=f(logx)(x2+1) dx

I II

d
Applying Product Rule: I _[ II dx - I [a (I)J- II dx} dx

3 3

x 1 [x
_ —+ Z | =+
_logx[3 x]_J.x[3 x]dx

x3

=37 logx—j[ +1] dx

x3

= ?+x log x — .[x2 dx—J.ldx
3 3

Eal 2 Eal
3 —-x+cC= §+x og x — 9 —-x +c.

S
w

Wl Wk

= ?+x log x —



Integrate the functions in Exercises 16 to 22:
16. e* (sin x + cos x)

Sol. Here I = _[ e® (sin x + cos x) dx

It is of the form J. e’ [ (x) + f'(x)] dx

Let us take f (x) = sin x so that f ’(x) = cos x
I=e"fx) +c=¢"sinx +c.

[ .[ e" (fx) + f'(x) dx =e” fx) + c]

xe”
17 Gy oy
xe® x+1-1
Sol. Here 1= | — 7 v =] " 77 e ax

Jlex x+1 _ 1 J.ex 1 i —
= x+12 (xr12| %= 2l al)Z | P

It is of the form [ e* [f(x) + f'(x)] dx

1 d _
Let us take f(x) = vl SO that f'(x) = o [(x + 1) 1

=—(x+1)72= —1
- T xr1?
nI=e fx) +c= -2 THe [‘.‘Iex(f(x)+f'(x))dx=exf(x)+cJ
. 1+sinx
18. e 1+ cos x
. l+sinx 1+2singcos£
Sol. Here I = Ie T+ cos dx = J‘ex.7 dx
2 cos” =
2
1 2singcosg

=_[e". +

2c¢0s2%  2c0s2?
COS2 COS2

= J e” (tan£+lsec2 Ej dx
2 2 2

dx =_[ e® 1sech+tan£ dx
2 2 2

It is of the form J. e’ [f @) + f'(x)] dx

Let us take f(x) = tan = so that /'(x) 1 e X

eusaefx—an2s0 afx—23e02
x

I=exf(x)+c=extan§+c.

[ [ e (F)+ f@) dx=e* fi)+ c]



19.

Sol.

20.

Sol.

21. e
Sol.

» (E_L)
e x xz

11
Let 1= | e (,_;j dx

x
It is of the form J- e* (f(x)+ f'(x) dx

Here f(x) = 1 =x! and sofx)=(1Dx2= _—21
x

x
I=e"fx)+c o Jef (F) + F/o)l de =€ fx) + ¢

ex
= — +c=— +ec.
X X

(x-3)e"
(x-13

3)e® (x-1)—

(x
Here I = _[ 2 e* dx

1)3 dx = (x-1)3

=
- = d
= {(x ? (x- 1)3} = e Lx 1)? (x—1)3} i

It is of the form [ e [f(x)+ f'(x)] dx

1 ’ i — 2
Let us take f(x) = m so that f'(x) = 3 [(x — 1) ~]

=—2x—1y%= '23
(x-1)
P adl
(x - 1)?
[+ [ e tw+ ) de=e f)]
Note. Rule to evaluate _[ e™ sin bx dx or .[ e™ cos bx dx

Let I = _[ e™ sin bx dx or .[ e™ cos bx dx
I II I II

Integrate twice by product Rule and transpose term containing I
from R.H.S. to L.H.S.
% sin x

I=e"flx) +c= + c.

LetI = _[ % sin x dx ()]
I 1II

d
Applying Product Rule: I _[ II dx — J. [a (I)J- 1I dx} dx
= I=¢e*(-—cosx) — _[ e?* 2. (- cos x) dx

a o2 = % da (2x) = 2e%*
dx dx



= I=-—e*cosx+2 Jezxcosx dx
I II
Again Applying Product Rule:
I=—e*cosx+2 [e2x Sinx—_f 2e* sinxdx}
= IT=—e*cosx+2e*sinx—4 J. e?* sin x dx
= I=e*(—cosx + 2 sin x) — 41 [By )]
Transposing — 4I to L.H.S.; 51 = ¢* (2 sin x — cos x)

KR | (=Iezxsinxdx) = % (2 sin x — cos x) + ¢

Remark: The above question can also be done as:

Applying Product Rule: taking sin x as first function and e* as
second function.

22. sin~! 2
. SIn 1+ x2
Sol. Put x = tan 0. Differentiating both sides dx = sec? 0 d6.

-1 2x -1 m 9
'fsm 172 dx:ISIH 1+ tan2o | -.Se€C 6 do

= J. sin™! (sin 20) . sec? 0 dO = f 20 sec? 0 do
=2 J. 0 sec® 6 dO

I 11
Applying product rule

=21[0.tan 6~ [ 1.tan 6 d0] =2 1[0 tan 6 — | tan © do]
= 2 [0 tan 6 — log sec 0] + ¢

=2 [tan " 'x.x—log (1+x%]+c¢c

[ sec®= \/1+tan29 = \/1+x2]
=9 xtan"lx—élog(1+xz) +c

=2 tan” ! x = log (1 + &%) + c.
Choose the correct answer in Exercises 23 and 24.

23. _[ x?e® dx equals

A = e+ C (B)

N | = 0O =

€)= e+ C (D)

D= O

3 1 3
Sol. Let I = f x?e® dx = 3 _[ ") (3x?) dx [ dix3 :3x2} ..(0)

X

dt
Put x® = ¢. Therefore 3x? = I Therefore 3x? dx = dt



Wl Wl

1
[e dat=7e+cC

From (@), I 3

Putting £ = 2%, = = ¢ + C
Option (B) is the correct answer.
24, _[ e” sec x (1 + tan x) dx equals

(A) e cosx + C (B) e*secx + C
(C) e sinx + C D) e tan x + C

Sol. LetI = J. e® secx (1 + tan x) dx = I e® (sec x + sec x tan x) dx
It is of the form J. e’ (fx) + f'(x)) dx

Here f(x) = sec x and so f’(x) = sec x tan x

I=¢f@)+C [+ [ e (F@ + @ de=e* fx)+C]

=e*secx + C
Option (B) is the correct answer.



Exercise 7.7

L Rule to evaluate _[ JPure Quadratic dx, i.e.,

J Jax® +b dx.
Apply directly one of these formulae according to form of
integrand:
2
322 + & sin- 1>
A a

1. J.\/az—xz dx
2.f\/x2+a2 dx 2 a2 +a—zlog‘x+\/x2+a2‘.

3J.\/x —ad’ dx=g1l _ —1og‘x+\/x —a‘
II. Rule to evaluate _[ \/m dx, i.e., j\/ax +bx+c dx

Step I. Make coefficient of x? unity by taking | a | common.
Now complete the squares by adding and subtracting

N[RN[R

1 2
[5 Coefficient of x] .

Now applying one of the above three formulae (according to the
form of the integrand) will give value of required integral.
Integrate the functions in Exercises 1 to 9:

1 \4-«2

Sol. [ J4-2 dx

[ V22 -a? ax
5 \/2272 +§sm 1g+c



[ J.\/a —x? dx——\/a -x +%Zsm 1x}

a
_x 2 .
D) 4 —x* + 2 sin 2+c
2. /1 -4x>
Sol. [ {1-4x* dx = [ J12- @207 dx
(2x) —(2x)? + m—l(&)
= 2 1 + C
2 — Coefficient of x in 2x
2
{J. a? - x? dxzx\/aQ—x2+asin_1x}
2 2 a
1 92 1 . _12x X 1
- = «/1—4 +—sin ~ — i D cone SR I
—z[x x 21 1 +c_2./1—4x+4sm 2x + c.

[

3. Jx“+4x+6

T

Sol. [ Ja?+4x+6 dx
Coefficient of x? is unity. So let us complete squares by adding

1 . ?
and subtracting (5 Coefficient of x] =22

=[P raxt4+6-4 de= [ [x+2742 dv
[ V@+2?+ W27 dx = (%} Jix+ 22 + (22
+(\/g)210g‘x+2+m‘ +c
{ J.\/mdng\/m+%zloglx+ x2+a2|]
_ (x;2) \/m

2
+§log|x+2+ W+ 4+4x+2 |+

(x+2)
= Jal+4x+6 +log|x+2+ Jx?+4x+6 | +c.
4. JxZ+4x+1
Sol [Ja?+dx+1 dr= [ Ja®+4x+22+1-4 dx

2
[We have added and subtracted [5 coefficient of xj = 22]




= [J&+2?-38 do= [ Jx+2?-(B) dx

+2
= (x2 j Vi +2)° - (/3)°
2
_ (f) log |+ 2+l + 27 (B2 | 4 c

2
{ J. xz—azdx=g x2—a2—%log|x+ xz—aQI}

=[x;2j %ﬁ:};:I._% bg‘x+2+J§;:1;:I‘+c
[ e +22 (3P =u®+4dx+4-3=a+4x+1]
5. [ J1-dx-a?
Sol. [ \1-4x-2® dv=[-2"-4x+1 dx

Making coefficient of x? unity

= J - (@?+4x-1) dx

(Note. You can’t take this (—) sign out of this bracket because square
root of — 1 is imaginary)

= [P rax+22-4-1) dx= [ -[x+2?-5] da
[VB-(x+2? do= [ VB -(x+2? da

X2 52 x+2
5 JAB?E - (x+2)?2 + (\/;) sin™ ! ( \/5} +e
2
[ I Ja? — x% dx =E\/a2 —x? +OL—sin_:l x}
2 2 a
x+2 5 . . [x+2
9 J1—4x — x2 +2s1n1(\/5)+c

v (P - +22=5-(%+4+4n)
=5-—x2-4—4x =1 - 4x — 2]

6. Jx2+dx-5
Sol. [x®+dx-5 dx= [P +4x+2>—4-5 dx
= [Ja+2?-9 de= [ Jx+2? -3
=(¥jm_§kg‘x+z+m‘+c

[ _[ Jx2 = a? dx=%«/x2 -d? —%Zloglx+\/x2 —a2l}




x+2 9
=( 2 ] /x2+4x_5 _Elog‘x+2+ﬂx2+4x—5‘+c
[v c+22-32=x2+4c+4-9=2x2+4x — 5]

7. J1+3x - x>
Sol. [J1+3x-a® dv= [ -2 +3x+1 dx
=_[\/—(x2—3x—1) dx

|
—
=
| 5
|
—
|
DO | wo
~——
&
1l
%—
DN |
E
Ne—
39
|
|
Do | o
~—
D
&

1l
)
no| |

o | o
p————
wﬁ

E
N—

V]

I
~/

)

I
Do | o
——

DN
+

2
J. az—xzdac=£\1c752—3c2+a—sinflf
2 2 a
2x —3 13 2x -3
( 1 ) J148xr= %24 ) sin‘l[*j +ec

NIE]
REIRCHE SRS
_13 e

x —g+3x=1+39c—x2
4 4

8. \x%+3x
sot. (g a =it o2 (2 o o+ (2]
s YT

2 2
3 3 3
D) 2 o) = 5 log x4+ (x+§) —(2)

5 °
{ '[ Jx? — a? dx:g’/ﬁ —a? —%Zloglx+\/x2 —a2|}

+ C




x
9. J1+—
9

Sol. | 1+x—2 dx = | de:jiwdﬁ% [ 2 +38 da
{ x? +32+—log‘x+«/x +32 } +e
{ J.\lx +a? dx_f«/x +a +;loglx+ %2 + a2l

* o3 3 2
=5 VX +9+§log|x+ x“+9 | +ec

1
3

Choose the correct answer in Exercises 10 to 11:

10. J. J1+a? dxis equal to

x
A)

1
E J1+x2 + 2 log ‘(x"'\/l*'xz) + C
2 2
®B) 5 @+ 2932 ¢ C © 3 xa + 2232 4+ C
2 1
(D) "2 1+x2 + :, %% log ‘x+\/1+x2‘ + C.

Sol. [ {1+ dx

J.\/x2+12 dx
g JaZ +1% + % log | x + x2+1%2| + C
J‘«lx2+a2 dx:Z\lx2+a2+(§loglx+\/x2+azl}

x 1
€5 x2+1+§10g|x+,/x2+1|+0.
11. J. Jx% -8x +7 dx is equal to

1
W) 5 &-4) Jx*-8x+7 +9log‘x—4+\/x2—8x+7‘ +C

1

(B)E(x+4) x2-8x+7 +9log‘x+4+\/x2-8x+7‘+c
1

(©) E(x—4) x2-8x+7 -3.2 log‘x—4+s/x2—8x+7‘+c
1 9

(D)E(x_‘l) x2_sx+7-Elog‘x—4+\/x2-8x+7‘+c,



Sol. [\x?-8x+7 dx= [ |x*-8x+42-16+7 dx
= [Ja-9%-9 de= [ J@-4?-3 dx

x-4 32
= 2 ,/(x_4)2_32—510g|x—4+J(x—4)2—32 | + C
2

[ J. xz—anx=g x2—a2—%log|x+ x? — a2l

x—4 9
=( 9 ) Jx2 —8x+7 —gloglx—4+ Jx2-8x+7 | +C.

[ (x—-42?-32=22-8+16-9=a%—8 + 7]




Exercise 7.8

Definition of definite integral as the limit of a sum:

Sol.

[r@) dv= Lt hif@ +f@+h) +fa+2h)
30
F ovveene + f(a + (n-1) h)]
where nh =b-a
Note. The series within brackets represents the sum of n
terms.
Evaluate the following definite integrals as limit of sums:

_[:xdx

. b . b
Step I. Comparing 'fa X dx with Ia f(x) dx we have

a=a,b=>56andf(kx) =x ..(0)
nh=b-a=5b-a
Step II. Putting x = a, a + h, a + 2h, ...... ,a+ (n—1) hin (i), we

have f(a) = a, f(a + h) =a + h,
fla + 2h) =a + 2h, ... ,fla+(n—-Dh)=a + (n - Dh
Step IIL. Putting these values in

[Jf@dr= Lt hif@ +fl+h)+fa+2h

+ cerene + f(a + (n - 1)h)]
where nh = b - a, we have

b
_[ xdx = It hla+@+h) +@+2h) + ... + (@ + (n — Dh)]
a h—0

where nh =b —a

hEto hlna + h(1 + 2 + 3 + ...... +(n—-1)]

n— oo



Sol.

= [anh+hh$}[-; 1+2+3+...... +(n—1)=n(n_1)}

n— o 2
nh(nh — h)
- L anh + ———
h—>t0 |: 2 :l ’

Step IV. Putting nh =b—a,

_ 1t [a(b_a)er]
h—0

2
Step V. Taking Limits as &~ — 0 (i.e., putting A = 0 here)
b-a)b-
=ab -a)+ (b-alb-a) a)z( @)

+b—a 2a+b-a
b-a)|a 2 =(0b-a) —OF

_b-ab+a) b -d
- 2 o2

.|.05 (x+1)dx

5 b
Step I. Comparing J. o (x+1) dx with fa f(x) dx, we have

a=0,b=5and f(x) =x + 1 (D)
s nh=b-a=5-0=5.
Step II. Puttingx =a,a + h, a + 2h, ...... ,a+ (n—1h in (), we have
fl@=f0=0+1=1,fla+h =Ffh) =h+1,
fla +2h) = f(2h) =2h + 1, ... g
fl@a+ (m—-Dh)=f({(n —Dh) =0 - Dh + 1.
Step III. Putting these values in

J.: fx)dx = thO hlf(a) + f(a + h) + f(a + 2h)

+ eeeene + f(a + (n - 1)h)], we have
jj(x+1)dx=th All+(h+1D+@Ch+1) + ... +[(n—-Dh + 1)
-0

-1
= Lt hln+h(1+2+ ... +(n-1]= Lt [nh+hh nin )}
h—0 h—0 2
n— oo n— o
{ 1+2+3+...... +(n_1):n(n2—1)}

Lt [nm(nh)(nzh-h)]



Sol.

Step IV. Putting nkh = 5, = Lt [5+ 5(52— h)}
h—0

Step V. Taking limits as 2 — 0 (i.e., putting 2 = 0 here)
56-0) 5 25 10+25 35

=5+ 5 =5+ 5 = 2 =5

3 2
_[ x“ dx

2

3 b
Step I. Comparing J. ) x* dx with _[a f(x), we have
a=2b=3andf(x) = x> (D)
nh=b-a=3-2=1.

Step II. Putting x = a, a + h, a + 2A, ...... ,a+ (n—Dh in (), we
have

fla=f2=22=4
fla+h) =fQ+h) =2 +h?=4+4h +h?
fla + 2h) = f(2 + 2h) = (2 + 2h)* = 4 + 8h + 2%h?

|

fla+@m—-1Dh) =f@2+ ®m—-1Dh) =2 + (n— Dh)?
=4 + 4n - Dh + (n — 1)*h2%

Step IIL. Putting these values in

[ ) dx = Lt BLf @ +f(@+h) +fla+2h)
a -
n—

+ e +f(a+ (n-1)h)]
where nh = 1, we have
.[23 x% dx = th hl4 + (4 + 4h + B + (4 + 8h + 22R?)
-0

n— o

by...... + @ +40n - Dh + (n — 1)%K2)]
hI;tO hldn + 4h(1 + 2 + ... +(m—=1) + A% 12+ 2%

n—eo

F o + (- 1]
Tt n(n—1)+hhh n(n—l)(2n—1)}

n—o

= Lt [4nh+4hh 5

n(n—1) and 12 + 2% + ...

[ 1+2+..+(n-1)=

nn-1)2n-1)

—_ 2:
+(n-1) 5

= Lt [4nh + 4nh
h—0
n—oo

Step IV. Putting nh = 1;
<1—h><2—h>]
6

(nh—h) | nh(nh - h)2nh - h)}
2 6 ’

= Lt [4+2(1—h)+1
h—0



Sol.

Step V. Taking limits as 2~ — 0 (i.e., putting 2 = 0 here)

19
—4r21-0 4 1@ g, 1 _ 1
6 37 3

J.: (x% - x)dx

Step I. Comparing jf (x? — x) dx with J.j f(x) dx,
we have
a=1,b=4,fkx =x2>—x

nh=b-a=4-1=3.

Step II. Putting x =a,a + h,a + 2h, ... a + (n — Dh in (@),
fla=f1)=12-1=1-1=0

f@+h) =fA+h) =10 +h?-1+h)

=1+h+2h-1-h=h+h?
F(1+2h) =1+ 20?2 - (1 + 2h)
=1+4h®+4h —1-2h

= 2h + 4h?

fla + 2h)

fla+(n-1Dh) =0+ (n-Dh)? -1+ @®n - Dh)

1+ -12hM+20-1Dh -1 —-(n— Dh
=(n—-Dh+ @ -172%hK.

Step III. Putting these values in

[0 fdx = Lt hLf(@ +fla+h) +fa+2h)

n— o

(D)

+ eeeee + f(a+ (n - 1h)]

we have

4
[ @ =2 de = M B0 ¥k 1?4 20 + 42

n— oo

I + (- Dh + (n — 12

A B+ 24+ (1) + B2+ 2 4+ (0 — D]

= [h.h.n(n_1)+h.h.hw}
n— e 2 6
Lt [ (nh — h) (nh)(nh—h)(Znh—h)}
= 350 |nh 2 + 5 .

Step IV. Putting nh = 3
Lt [3(3—h)+3(3—h)(6—h)}
= oo 2 6 :

Step V. Taking limits as A~ — 0 (Putting 2 = 0 here)

33-0)  3B-006-0) 9 27
+ == +9=—.
2 6 2 2




5.

Sol.

Sol.

J-fl e” dx

1, b
Step I. Comparing Jl , € dx with fa f(x) dx, we have

a=-1,b=1and f (x) = ¢* (D)
nh=b-a=1-(-1)=2.
Step IL. Putting x = a, a + h, a + 2A, ...... ,a + (n— Dhin (i), we
have

fl@=f1=e'
fla+h) =f1+h)=elth=e 1l ¢
fla+2h)=f(1+2n) =e 1t =g 1 ¢

fla+@m-Dh)=fC1+@-Dh)=elt0n-Dhogl=Dh
Step III. Putting these values in

[* rydx = Lt hif(@ +f@+h) +fla+2h

n— e
+ eeeee + fla + (n - 1)h)],
we have
1
_[ 1exafx= Lt hlel+elerrele? +...+e eV
- h—0
n—oo
[y ~1] .
= Lt he ! =3 ————1[. The series within brackets
h—0 e’ -1
n—oo
is a G.P. series with First term A = ¢! and common ratio R = ¢”,

R"-1
Number of terms is n and S, of GP. = A "7 }

i 2 (™ -1)
= e de= Tt hel ——.
j‘l h—>t0 e -1

, L @ -1
Step IV. Putting nh = 2, = Lt he 7
°h—0 e -1

n x
=e -1 hIi:Co e -1 =e_1(e2—1)><1{' xI;tO ex_lzl}

—1+2 _ ~1_ 1 1 -1

=e e " =e —e =e-—e€

J.: (x +e**) dx

4 b
Step I. Comparing f 0 (x +e*) dx with _[a f(x) dx, we have
a=0,b=4and f(x) =x + &> (D)
nh=b-a=4-0=4.
Step II. Puttingx =a,a + h, a + 2h, ... ,a + (n — 1A in (), we have
fl@=f0=0+e"=1



fla+h) =fth)=h + e
fla + 2h) = f(2h) = 2h + e**

fla+ m—Dh) =f(n—-Dh) =0 - Dh + -1,
Step III. Putting these values in

j: f@dx = Lt hIf(@ +fla+h) +fa+2h)
n— o

- + f(a + (n - 1h)],
we have

j: (x + e2*)dx = W B+ (bt o™+ @Rt ) 4

n— oo

((n — DA + X =D
(G.P. series : A=1,R =¢?" n =n)

L
= h—>tO RlB+2h +..+ (n-1h) + (1 +e? +e* + ... + 27~ Dh)]
n—>eo

R" -1
= AA+2+..... -D)+A
Lt l{(+ tont (=1 + (R—lﬂ
_ 2h\n _
_L I g n(n-1) . 1Ee™)" =1
=00 2 €2h—1

Lt [nhnh - ) R —1)].
+
n— o 2 eZh A 1

. Lt |44-h) hE*-1
Step IV. Putting nh = 4, = ;2% l: B + 21 |

Step V. Taking limits as A — 0

4(4 -0) h 1 14 2h
= T e +®-1) hlito ﬁ=8+(e8—1)§ K50 Gh_q

2h
-1 |. e X _
=8 + 4*2 . |: hIiPO eZh -1 = inPO ef -1 1




Exercise 7.9

Evaluate the definite integrals in Exercises 1 to 11:

Result. If | f(x) dx = o(x), then j: fx) dx = o) — @) .G

(This is known as Second Fundamental Theorem).

L[N D) ax



1

1 2
Sol. .[_1 (x+1) dx = [xz + xj = 0(b) — ¢la)
-1
(By Second Fundamental Theorem given in Eqn. (i) page 496)

2 12
L I RO R ¢ +1_[1_)
2 2 2 2
1 1 1 1=2
=g t+tl- 5 +1=2
Remark. [Constant ¢ will never occur in the value of a definite
integral because ¢ in the value of ¢0(b) gets cancelled with ¢ in
0(a) when we subtract them to get o(b) — ¢(a)l.

31
2. _[2; dx
31 3
Sol. I2; dx = (log1x1)2 = 6(6) — o) = log | 3 | —log | 2 |
3 .
=10g3—10g2=log§. [ Jx|=xifx > 0]

3. jf(4x3-5x2+6x+9) dx

2 4 3 2 2
Sol. '[ (4x® —5x? +6x+9) dr= |42 — 5% 16X fox

1 4 3 2 )
2

4

x 3 4+ 322 +9xj

0
3 1
R

{24 3(2)3+3(2)2+9(2)} [1—§+3+9}
5

(16——+12+18) (13—5]

= 46

g0 (13—% 4620 13,3
3 3 3

99-40+5 104-40 64

€Y _
e 3 R

w|8 w\

4. J'Z sin 2x dx
0

ki3 —cos X
3 - —cos 0
Sol. I4sin2x dx=( cos2x)4 _ 9 _( cos )
0 . 2 2




T
5. .[5 cos 2x dx
0

I
Sol. _[05 cos 2x dx = (

=0
[ sin m = sin 180° = sin (180° — 0°) = sin 0 = 0]

o
2

[\')\O

e

[] e ax

Sol. [} e* dx = (e’“)f’1 =P —ct=ete— 1.
7. J? tan x dx

Sol. [4 tanwds = (log| sec x )i

= log —log | sec O |

log| V2 | =1log| 1]

¢
sec —
4

1
= log 2 -1og1=1og21/2—0=§10g2.

T
8. I : COS€C X gy
6
T L
Sol. J.i cosec x dx = (log\ cosecx—cotx\);‘t
6 6
= log cosecg—cotg‘ — log cosecg—cotg
=log| J2 -1|-log|2- 3 |
=log(\/§—1)—log(2—\/§) [ |x]=xifx>0]
V2 -1
= log 9_ \/—
1 dx
9. .[0 1— 22

dx =sin” x]

so. Jo 5oz = (sin )’ [ | 7=

[ sin g =landsin 0= 0}

10_[

0 1+x2



1) L dx=ltan X
Sol. '[01+x (tan x)o { J.x2+a2 x o an o
=tan’11—tan’10=£—0=z.

4 4
o
[ tanZ=1and tan0=0}
_[3 dx
)y 2y
e T
Sol. J, 27 dx=)y" 2 12 dx
1 ’ 1
- x—a
_ =1 dx =—1
(2(1) & x+1]i J o d=gglos x+a}
Liog 222 J L g |22 J 1l T L |
T2 % [3+1| T2 ®loy1| T2 %2 2 ®|3
1 (lo l—10 lj - i
=§ g2 g3 [ x| =xif x > 0]
1
1 |log| 2 1 3
=5 % log 5
Evaluate the definite integrals in Exercises 12 to 20:
3
12. J.E cos’x dx
0
Sol. [2 cos? d—jgmd jgl(n 2x) d
o.focosx x = |2 3 D cos 2x) dx
T &L 1 sin2xg
=3 _[3 (1+ cos2x) dx = 3 (x+2)0
=% {g+;sinn—(0+;sin0ﬂ =% [g+0—0}
= g[ sin © = sin 180° = sin (180° — 0°) = sin 0 = 0]
_[3 x dx
13. 2x2+1
J-3 x 1 J-B 2x
Sol. 2x2+1 dx=§ 2x2+1 dx
1 f(x) }
= = dx=log|f(x)I
5 (logla? +1|) { ff() glf

(Here fx) =x2+ 1 and f'(x) = 2x)



14.

Sol.

15.

Sol.

1
(log |10 | -1log |5 = 5 (log 10 — log 5)

10 1
log 5 T3 log 2.

N[ DN+

J'l 2x +3
0 5x% +1

1 2x+3 1 2x 3
Jogereg %= j°[5x2+1+5x2+1] o
J'l 2x

0 5x%+1
_ 1J- 10x J-
05241 dx+30(F)2+12 ;

£

dx+3J.05x +1

(log|5x2 + 1|)(1) +3

R AC))
REE=ES

3
(log 6 —log 1) + N (tan~ ! /5 — tan"1'0)

1 J5 — Coefficient of x

(SN

= ol

3

log 6 + 75 tan~! /5.

1 2
.[0 xe® dx

1 2

To evaluate J. 0 X e® dx
Let us first evaluate .[ x ex2 dx

1
=5 | e (2x dx)

dt
Put x? = ¢. Therefore 2x = - 2x dx = dt

N |

. 22 1 ¢
From (7), Jxe dx = D) .[e dt =

xZ

1
Putting ¢ = &2 = 5 €

. . 1 22 1 (exz )1
The given integral J.o xe* dx = B .
1

1
=5 (el —e% = ) (e — 1).

dx:
Ct

a

L tan~! x}

a

(D)

(i)

[By (ii)]



16.

Sol.

Note. Please note that limits 0 and 1 specified in the given
integral are limits for x.
Therefore after substituting x> = ¢ and evaluating the integral, we

b
must put back ¢ = x> and only then use Ia fx) dx = b)) — d(a).

Remark. In the next Exercise 7.10 we shall also learn to change
the limits of integration from values of x to values of # and then
we may use our discretion even here also.

J2 5x2

— d.
1 X2+ dx48
e )
1 x2+4x+3 1 (x+1)(x+3) o

[ 22+4c+3=22+3x+x+3
=x(x+3)+ 1x+3) =&+ 1)x+ 3)]
5x2

(x+1D(x+3)
numerator = degree of denominator.

So let us apply long division.
(x+ D +3) =a% + 4x + 3 ) 5a? (5
5x2 + 20x + 15

- 20x — 15

The integrand is a rational function and degree of

s (- 20x - 15)
x+Dx+3) —°F x+Dx+3)

Putting this value in (i),

5x? -20x-15
Jz# dx = J'f({,.,.(,_u] dx

Ly +4x+3 (x +1)(x +3)

—20x -15
I 5 dx +_[1 x+1@x+3) dx 5(x)f +1

=52-1)+I=5+1I .
2 —20x-15
here I = e iy ———
where 1= [, o St s
Let integrand of I = ~20x-15 = A + B ...(111)

(x+1)Nx+3) x+1 x+3
(Partial Fractions)
Multiplying both sides by L.C.M. = (x + 1)(x + 3),
—20x — 15 =Ax +3) + Bx + 1)
=Ax+3A +Bx+B
Comparing coefficients of x and constant terms on both
sides, we have
Coefficients of x: A + B = — 20 ...(Iv)
Constant terms: 3A + B = - 15 ...(v)



Subtracting (iv) and (v), — 2A = — 5. Therefore A = g
20 —

3 5
- log —-91log —
(og2 og4

Putting A= 2 in (iv), 2 +B=-20 = B=-— 5
2 2 2
B -40-5 -45
o = 2 T2
Putting these values of A and B in (iii),
5 45
-20x-15 - 5
@+DE+3) 7 311 x+3
-[2 -20x-15 5 J- 45 J'Z
=) GiDx+g & 1x+1 2 J1x+3
5 2 45 2
=5 (10g|x+1|)1—? (10g|x+3|)1
5 45
=3 (log|3|—log|2|)— 5 (log|5|—log|4|)
5.8 45 5 / 2
=5 log 5 — 5 log 7 [ x| =xifx > 0]
5
2

Putting this value of I in (i7),

2 Bx? 5 3 5 5 5 3
- 2llog2-9log=| - 5 _ 2| 9log 2 —log =
f dx—5+2[0g2 og4j_5 2( g ogz]

L x?+4x+3

ki
17. JE 2sec?x +x3 +2) dx

T[ E L T
Sol. Ig(25e02x+x3+2) dx=2_[3 sec’x dx + J.gx3 dx+2.[gl dx

E]

AV "
=2 (tanx)d + Z +2(x)d

2(tan—ta _()_,_2(:—0)

4
—2(1—0)+[—] =24 4

18. J.:[sin2:—cos ] dx
. 2X 9% n|(1-cosx 1+cosx
Sol. J.O (sm 2 cos 2] dx = -[0 H 5 ]—( 2 ﬂ dx

[ Sinzezl—c;)s% nd cos?6 1+c;>s26]

;/
S rP“F]
(N




- -1- -2
J-n(l cosx—1 cosx) dx=Jn cos X d

0 2 0 2
T . T . .
=_ J'Ocosx dx = — (smx)0 =—(sinm—sin 0) =— (0 —0) = 0.
[ sin m = sin 180° = sin (180° — 0) = sin 0 = 0]
26x+3
9. [ 5, dx
2 6x+3 2 6x 2 1
Sol. Io 214 dx=J0m dx+3_’.om dx
2
2 2x 1 -1 X
- —_ — | tan” " —
3, g T3y ( zjo
=3 (lo Ixz+4|)2 + 3 (tan~ 11 —tan" ' 0)
= g 0 5
f/(x) 1 1 € KX
dx =log | f(x)land dx=—tan " =
{ ‘[f(x) gl '[x2+a2 a a

3 (=@ T
- 21=-0 wotan —=1
3 (log 8 10g4)+2[4 ] [ . }

& 3 log 2 ¥
+ g =3log2+ .

1 . X
20. .[0 [xex+s1n4j dx

1 = . X Lo 1,
Sol. fo(xe +sm4j dr= Jo%¢ dus /, sin ™% gy

I1I 4
Applying Product Rule on first definite integral,

(1fuds), - [ (jxa)jndx] dx

X
L v (cos 4)
= (xe") _Iol.ex dx — ° nX
0 1 — Coefficient of x in e

=el_0—_[; e dx — %[cosg—cos0}=6_ (ex):]_

RIS
—
&~
[
—
———

4 4
ze-(-e)- — + —
e e—e n\/§ 11:
22 4 4 242
=e—-e+l-—F4 + - =1+ - - —.
w2 n L



Choose the correct answer in Exercises 21 and 22:

V3 dx
21. _[1 m equals
@A) 7 B) = C) % D) oo
) 3 B) 3 ©) 6 (D) 12
V3 dx J3
Sol. ,[1 1442 = (taln_lx)1 =tan"! /3 —tan ! 1
=§_£ { tangzx@andtangzl}
4n—-3mn K
- 12 T 12
Option (D) is the correct answer.
2
22. |3 1
0 44952 “TUE
A) & B) - C) - D) =
(A) 6 B) 12 © 24 D) 4
1 3x
2 194
S dx 2 tan
Sol. |3 dx L

2
= 3 — = = —
0 4 +9x2 -[ 0 (3x)% +22 2 3 — Coefficient of x in 3x

2
s13x (s 1ot §><g —tan™'0
[tan 2}0 =% { 273

1 (n T
14 L1 A= |2
(tan™ " 1 —tan™ =~ 0) = 6 (4 j =51

D= o~

{ tan g =land tan 0= 0}

Option (C) is the correct answer.



Exercise 7.10
Evaluate the integrals in Exercises 1 to 8 using substitution:

L[ dx
LIPS |
1 x 1 1 2x .
Sol. Let I= [, — dv=5 [, 7 dr D)

Put x% + 1 = ¢. Therefore 2x = % = 2x dx = dt.

To change the limits of integration from values of x to
values of t.

Whenx=0,t=0+1=1
Whenx=1,t=1+1=2
. 1J2dt 1 9 1
From (i), I = 91y = §(logltl)1 = 5(10g|2|—10g|1|)



1 1 1
=§(log2—10g1)=§(10g2—0)=§10g2.

2. .[(% Jsin ¢ cos®o do

k1
Sol. LetI = jg.an1¢ cos® ¢ do

Put sin ¢ = ¢.
(.‘.

one factor of integrand is cos® ¢ where n = 5 is odd.)
dt

cos ¢ = dTp i.e, cos ¢ do =dt.

To change the limits of integration from ¢ to ¢
When ¢ =0,¢=sin ¢ =sin 0 =0

i

m
When(]):i,t:sinq):sin*:l

2

Now Integrand vSIn¢ cos® ¢ = «/SIn ¢ cos* ¢ cos 0

3. |

1 . 1 2x
Sol. Let I = Io sin 142 | 9

1
0

= /sin ¢ (cos® 0)% cos ¢ = fsin ¢ (1 — sin? §)? cos ¢

From (), I = J.OE Jsin ¢ (1 - sin® )2 cos 0 d o

= J‘;\ﬁ(l—t2)2 dt = J'; 2@+ ¢4 - 2% dt

1[5 1ea 242 Lo1/2 . ,9/2  o,5/2
=J'0 2 442 — 22 dt=f0(t 492 2452y dt

_ f;tm di + I;tg/z dt—2J.;t5/2 dt

(372 )3 (tn/z)(l) ; (472 )é
T 11 (&7
9 2 2

2 2 4
3 1-0 + 11 (1-0) - 7 (1-0)
2 2 4 2(77) + 2(21) — 4(33)
3*t11 77 3(11)(7)

154 +42-132 196-132 64

231 231  231°

e =1 2x
sin 1+x2 | 9%

dx 9 9
Put x = tan 0. s 5o =sec 0 = dx =sec” 0do

do

(D)

(D)



Sol.

To change the limits of integration
Whenx =0,tan 0 =0=tan0 = 0=0

T i
Whenx:l,tanG:l:tanZ :>6=Z
. J-g sin-1 2tan 0 )
From (), I = ), 1+tane || se¢ © do
T T
= J.Si (sin! (sin 20)) sec?6 dO = J.Si 20 sec?6 do

K
=2 _|.Z 6 sec’0 do
0
I II
Applying Product Rule of Integration

(j:I.IIdxz(IjII)Z—jS(;x(I)dedex]

i .
=2 |(6.tan0)¢ - [4 1.tan6d9}

n ¢4
=9 ZtanZ—O—jo‘itanedG} =2 {g—(logsece)gl

-9 Z—(logseci—logsecOﬂ £ [g—(logﬁ—logl)}

n
=3 - 21og 2Y2 (. log1=0)
T o L igecZ 1g2
= 9 — © 9 og = 9 — log 4.
.[f x\x+2 dx
2

Let I = [/ #/x+2 dx D)
Put vLinear = ¢, ie., \Jx+2 =t Therefore x + 2 = ¢2

@ 2 dx =2t d

ar - t = = 2t dt

To change the limits of Integration
When x = 0, = Jx+2 = J2
Whenx =2,¢= Jx+2 = \2+2 = J4 =2

2
From (i), I = [ (*~2) ¢ . 2t dt
[ x+2=¢ = x=1-2]

2 9.9 2 4 2
=2jﬁt(t -2) dt=2_|.ﬁ(t -22) dt

2 2
£ t3] 1 2
—| -2\ -9 [425-(&)5)—7(23-(&)3)}
(5Jﬁ [3 ﬁ] 5 3

=2




=2 [%(32—4@)—%(8—2@}[-; (N2 )2 = V2 V2. 42 =2V2,

and (v/2 )% = V2 .2 .42 .2 .V2 = 4+2]
i {32_4\/—_16 4\/_} ) {96—12@—80+20\/§

5 5 3 3 15
2 16 16
= T 2 = — = —_ .
= (16 + 8+/2) 15(2+J§) 15(\@ J2 + 42)
16«/_

(\/5 + 1).
5 E sin x d
: 01+coszx *
T sinx 5 —sinx )
Sol. LetI = Omdx=— Omdx W)

dt
Put cos x = t. Therefore — sin x = O 3 sin x dx = dt.

To change the limits of Integration.

i
Whenx:O,t:cosO:l,Whenx_2,t_cos5 =0
0 dt 0o 1
From(i),I:—L 1+t2 ——J-l 241 dt

o
=— (‘can_lt)1 =—(tan"'0—-tan ' 1) = —(0—4j

tan0=0:>tan_10=0andtanE=1:>tan_llzE =£
4 4|~ 3
J'2 dx
6. 0 x+4-x2
2 dx 2 dx 2 dx
Sol. — = —_— = ——s
© '|.04+x—x2 IO —x?+x+4 '[0 ~(x?-x-4)

(Making coeff. of x? numerically unity)
Completing squares by adding and subtracting

2 2
1coeff.ofac = 1 = l; J‘2 dx
[x x+oTy }
- J.z dx 2 dx J-2 dx




V17 1
2 1*7e 1 1
1 log dx=—1o
g J =g los
2
0

a+x

|

a-—x

2
1 1o JiT+2c-1|]
=f 17 -2x+1
\/—7+3 x/ﬁ—l
= \/ﬁ+1

1
1 J_7+3 V17 +1 1 20 + 4417
= Gi7 o (r 3" 7~ 1] =7 8 20-avmT
(o (V1T +3) (V17 + 1) = 17 + V17 + 317 +3 = 20 + 4/17.
Similarly (V17 - 3) (V17 = 1) = 20 — 417)
1 4(5++/17) 1 5+17

=7 8 4G < VI 8 5T

1 5+\/ﬁx5+\/ﬁ 1 (5++17)
= V17 198 |57 5+4AT) T V1T %8 Te5-17
1 Io 42+10\/ﬁ_ 1 X 21+ 517
T %8 G Y 4.
ST
T 1y ox a5
1 dx 1 dx
Sol. LetI = I_l Y o =_[_1 x2+2x+1+4(T0 complete squares)
1
> S - &
j-l(x+1)2+22 i ©
Putx +1=¢ %—1 = dx =dt

To change the limits of Integration
Whenx=-1,t=-1+1=0
Whenx=1,t=1+1=2

2
2 1 1 1t
From (@), I = _[0 W dt = (tan 1 2)0

1 1 1 X
dx==1t =
{ f 7, ? x . an a}

12 10 1
[tan 1E—tan 15} =5 (tan~ ' 1 —tan~! 0)




= 1 T o = E_ + tan"=1landtan0=0
2 |4 8 4
2(1 1 2x
8 _[1 (x_z 2] dx
2(1 1
Sol. LetI= |, (x—2xz] e dx (D)

[Type J. (f(x) + g(x)) e dx. Put ax = t and it will become

[ F®O+F®) e dt = e £

dt dt
Put2x=¢t ... 2= = 2dx=dt = dx= 45

dx 2
To change the limits of Integration

Whenx =1,t=2x =2, Whenx =2, ¢ =2x = 4
1 1

4| = dt t
« From (@), 1= [, | t 2(tj2 ¢ 5 { 2=t = x:§:|
2

s(2_2) ,dt el (1 1)
\t-7) ¢ 5 =La?ia)e

4(1 1 % )
= I, (‘2] e dt = [ (FO+ @) e dt

t t
il O , 9 -1
Here f(¢) = A =t~ and therefore f'(t) = (- 1)t"“ = =
4 o\ et e? et -2¢? e? (e?-2)
= (¢r®), =7 =5~ = - :
z Bt )5 & 2 4 4
Choose the correct answer in Exercises 9 and 10.
1 (x _ x3)1/3
9. The value of the integral _[ 1 < dx is
3
(A) 6 3B) 0 ©) 3 D) 4
1 (y o 13)1/3
Sol. Let 1= [13=%) " 4
3 x
1/3 1 1/3
|:x3 %_1 :| (x3)1/3(72_1]
1 X 1 X
= 1 1 dx = Il 1
3 x 3 X
-2 1\1/3 1
_ }x(x 41) dx = J‘l(x_z_l)l/s x_de
1 P s
1
I= _?1 [1a? - 227 4 D)
3
Put x2-1=¢



dt
Therefore—?.x‘sza = —2x %dx=dt

To change the limits of Integration

1 )
J— — v 2_1=1= —
Whenx_3,t_x 1= 3] 1

=3 1H?2-1=32-1=9-1=8
Whenx=1,t=1"2-1=1-1=0
A/3 0
—1 0 s -1
N = | 4
From (i), I = — _[St dt = :
8
-1 3 -3 -3 3
_ - = Q431 _ —Z 1 (9331 _ 2 o4y _ = _
2.4[0 8]-8[(2)]—8(2)—8x16_6

Option (A) is the correct answer.

10. If f(x) = [ tsint dt, then f'(x) is

(A) cos x + x sin x (B) x sin x
(C) x cos x (D) sin x + x cos x

x
Sol. f(x) = _[0 tsint dt
I 11
Applying Product Rule of Integration

UZI.de:(If de)l;—j:%(l)j IIdxdx}

= f@ = (t(-cos?); - jgl(—cost)dt

x
=—xcosx—0 + _[OCOSL‘ dt = —x cos x + (sint)y
=—xcosx +sinx—sin0=—xcosx + sin x
[/(x) = — (x (- sin x) + (cos x)1) + cos x

=x sin x — €OS X + cos x = x sin x
Option (B) is the correct answer.
OR

flx)= _[g sin ¢ dt s f'(x) = (¢sint)

[ Derivative operator and integral operator cancel with each
other]

=xsinx — 0 = x sin x.



Exercise 7.11

By using the properties of definite integrals, evaluate the
integrals in Exercises 1 to 6:

3
1. J.g cos’x dx



T
Sol. LetI = [ 05 cos?x dx

T o(m
I= L)Z cos (z—x) dx
d
or I= f()z sin®x dx
Adding Eqns. (i) and (i),

21 = J.O5 (cos® x + sin®x) dx = J.O§ 1 dx = (x)

m m
= 2] = B = I= 1
J-g Jsin x

2. Jo Jsin x +./cos x dx

J/sin x

Sol. LetI = J-OE m dx

(D)

[ L‘)’ f(x) dx=j(‘)' fla—x) dx}

(1)

ownla

(@)

b
= s1n§—x
I=I2 . (m T

2

or I .[2 _qeosx
A/€OS x + +/sin x

Adding Eqns. (i) and (ii), we have

[ IZ fx) dx=.|.g fla—x) dx}

(1)

21_1“[ foin x

JJsin x +4/cos x

J-Og [Jsmx +./cos x
m
2
0

= 1=

== ()2 =5 0=
g sin®? x dx
0 sin®2 x + cos®? x
Sol. Let 1 |2 —p iz
0. et _J.
0 sin®2 x + cos®? x

T
Changing x to 9 — %

Jcos x ]
dx

JJeos x + \[sin x

1/s1nac+«/cosx] dx = J.Z 1 dx

T
1

(D)

[ I: Fx) dx = j: fla—x) dx}



- 3/2( T
J‘% sin (2 x)

=" sin®/2 E—x + cos®/? E—x dx
2 2

3/2

J-g cos®’? x o
; (73
0 cos®? x +sin®? x

Adding Eqns. (i) and (i),

ol gsin3/zx+c0s3/2x p Eld T oq I n
= B X = I2 X = 2 =5 1=
0 sin®2 x + cos®? x 0 [x]o 2 4
g cos® x dx
0 sin’x + cos® x
3 cos® x )
Sol. LetI = 5 dx (D)

0 sin®x + cos®x

x coss(n—x}
2 2
=0 sin5(n—xj+cos5[n—x) R
2 2
[ J.(? f(x) dx=j§ fla-x) dx}

b1 -5

I 5 sin® x A @
= —5 . 5 dx LG
0 cos®x+sin®x

Adding Eqns. (i) and (ii), we have

T 5 =5
J‘E COS X + Sin- x
2l = |, 5 5, dx

or

sin® x + cos® x “cos®x + sin

T cos® x +sin® x z z
= (|2 S i W ¢ = (2 - 2
~ g sin® x + cos® x e IO 1 de = (x)o
oO= o 1=
= =5 = I=7.
5
5. J'_5Ix+2l e
5
Sol. Let = [, lx+2] dx (D)
We can evaluate this integral only if we can get rid of the

modulus.

Putting expression within modulus equal to 0, we have
x+2=0, e, x=—2¢€ (-5,5)

5
From (i), I =J‘75 lx+ 21 dx

-2 5
= lxt2l e+ [ 1x+2] ax



[ _[j f(x) dx:j: f(x)dx+_[cb f(x) dx Wherea<c<b}

D@ ax s [, @42 ax

[ On(-5,-2),x<-2 = x+2<0
=S |jx+2|=—x+2 and on (- 2, 5); x > -2
= x+2>0>|x+2|=x+ 2by definition of modulus function]

2 -2 2 5
- _ x2+2x] +[x2+2x]

2] (2o

50
=4+?=4+25=29.

8
6. [,1x-51 dx
Sol. We know by definition of modulus function, that
x-5 if x-520,ie,x>5 ..0()
lx-5]=

—(x-5)=5-x, if x<5 ..(10)
o fjlx-5lde= [J1x-51dr+ [Ple-51 de

s 3 x2 5 x2 8
= J.2 (5—x) dx+ J.5 (x_5) dx: (536—2]2 + (2—5.7(:]5

[By (i)l [By @]

25 25
= (25-2] - (10.= 2) + (32 - 40) —(2-25]

25 2 8-38 2 25 34 50 34 -25=9
= - 9 == — — 9 + = — 9 = — =
By using the properties of definite integrals, evaluate the

integrals in Exercises 7 to 11:

7. j; x(1-x)" dx

Sol. Let I

f; x1-2)" dx

—

= J.; 1-x) (1=(1=x) dx[ J': f(x)dx:J.g f(a—x)dx}

or I= I;(l—x) (1-1+x)"dx



1 1
or I= fo 1-x) x"dx = Io (" —x" 1) dx
1
xn+1_xn+2 1 1
“ln+l n+2 0 = n+1 - n+2 -0 -0

Cn+2-n-1 1
T m+Dn+2 T (m+Dn+2)°

7
8. jg log (1+tan x) dx

Sol. Let I = J.oZ log (1+tan x) dx ()
Changing x to g -x [ J.: f(x) dx = .[g fla—x) dx}

N 1 u 1-tan x
I J'(;i log{1+tan(4—xﬂ dx = J.(f log{ler o

tanE—tanx
tan(n—x}: 4 _l-tanx

1+tan§tanx L+tanx

J.glog l+tanx+1-tan x d
= Jo 1+tan x K

n 2
- [il0g (] dx i)

1+tanx
Adding Eqns. (i) and (ii), we have

7 2
o1 = J(;l {log (1+tan x) + log(mﬂ dox

dx = I()Z log 2 dx

4 2
— |4 p_ -
= .[0 log {(1+tan & (1+tan x)}

T T T
or 2I = (log 2) [x]g =3 log 2 Dividing by 2, I = 3 log 2.

9. _[: x\2-x dx
Sol. Letl= [ x/2-x dx
Changing x to 2 — x [ _[: fo) dx =.|.§ fla—x) dx}

Ij 2-x)y2-2-x) dx

[P@-oVrde = [L @ 5% dx

I



52 5277 4 2 2 e
{2'3/2‘5/2};(3'2 57 )-“’-0)
4 2 8 8
3x2«/——5x4x/7=[3—5]\/§
(0 9232 = (212 = (Y28 = V2 V2 V2 =242
and 292 = (220 = (V2 = V2 V2 V2 V2 V2 =22.42
16v2
=4\2) = 15

10. JE (2log sin x - log sin 2x) dx

Sol. Let I = J.n/z (2 log sin x — log sin 2x) dx
= .[0 (log sin? x — log sin 2x) dx
_ J-rr/2 IOg[SIH xjdx N J-n/2 [ §in2x jdx
0 sin 2x 2 sin x cos x
or I= '[n/z log( tan x]dx ..(0)
1= [0 10g L i, o [* fadx=[" fla-x) da
= 2 2 “Jo “Jo
n/
or I= .[0 ? log(; cot x] dx ..(@)

Adding Eqns. (i) and (i),

oI = J. {log(2tan x]+log(;cot xﬂ dx
[ 10g[ Ltan x L cot x |a log + d w2
— 9] = ogzanxzcox X — J og x 10g4()

T Y
=(log1—10g4)2=—§log4 (. log1=0)
1—514—71122—@12—512
_—4og _—40g _—40g _—2og.

11 J_2nsinxdx
2
K2 n
Sol Let I= [2 sin"x dx or I=2 [2sin’x dx )

2
['.- For f(x) = sin® x, f(= x) = sin? (- x) = (- sin x)% = sin® x = f(x)
f(x) is an even function of x and hence



[* Fedc=2] ) dxl
I1=2 .[()g sin? (g—x] dx [ J.g f(x) dx=.|.: fla—-x) dx}

T
or I=2 J-0§ cos?x dx (7))
Adding Eqns. (i) and (ii), we have
T
2l = 2 j§ (sin®x + cos®x) dx
T

T
or 21—2j21dx—2()2 =2.5=n. I=g.

Using properties of definite integrals, evaluate the following
integrals in Exercises 12 to 18:

12. -[0 1+smx

x
Sol. Let I = J.: m ()]
Changing x tomw —x, I = .[; #(:z_x) dx
T MT—X a a
o 1= Jy Treade ol |4 [y F@dr=[] o) ds]

Adding Eqns. (i) and (ii), we have

n b T—X TX+T—X
21 = + dx = — d
-[0 [1+sinx 1+sinx] { -[0 1+sinx x

T TT n__#
= J.O N dx =7 o Tiginx &
w2  dx
or 2I = 2mn f 1tsinx
2a a .
[ J‘O f(x)dx=zjo f(x) dx, if f(2a—x)=f(x)}
= 2 J.n/2¢ a a
0 1+sin[n_x] [ I0 ﬂx)dx:jo f(a_x)dx}
2
/2 dx
= 2 PE—
7T-[0 1+cosx
x /2
tani
= I=nJ.n/2L—EJ.H/QSeC2£dx -5 1
0 0 2 2 =
2 X
2 cos 2 o



13.

Sol.

14.

Sol.

15.

Sol.

m
-1 (tan4—tan0j =m(l-0)=m.

Ny

sin’x dx

[

Let I = .[En sinx dx
T2
Here Integrand f(x) = sin” x
f(=x) =sin” (- x) = (- sin x)" = — sin” x = — f(x)
f(x) is an odd function of x.

o4

K
I= J._QE Sin7x dx = 0.
2

[ If f(x) is an odd function of x, then J-fa f(x)dx = O}
2n 5
f cos'x dx
0
2n n
J.o cos®x dx = 2 _[0 cos®x dx

[ Ja po de= ]2 P dif f(2a 0= 0]

Here f(x) = cos® x . f(2n — x) = cos® (2n — x) = cos® x
=f(x) =20 =0
[ _[Oza f(x) dx =0,iff(2a —x) == f(x). Here f (x) = cos® x
fm—x) =cos® (m —x) = (— cosx)® = — cos® x = — f(x)]

2
Alternatively. To evaluate J. On cos’x dx, put sin x = ¢.

2n # n n e
Remark. In fact Io cos”“x dx or .[o cos”x dx for all positive
odd integers n is equal to zero.
This is a very important result for I.I.T. Entrance Examination.

n .
~ sinx—-cosx
2 — =~ 7 dx
0 1+sinxcosx

b1 .
Let [ = [2 SI2X-COSX gy (D)

0 1+sinxcosx

Changing x to g — x in integrand of (),

[ f;‘ f(x) dx = j: fla—x) dx}

T sin(n—x]—cos(n—xj n .
I=.[0§ 2 2 de = [2 COSX-sinx

) (n ] [TE ) 0 1+cosxsinx
1+ sin §—x cos E—x




16.

Sol.

J-f sin x — cos x (i)

0 1+ sin x cos x it

Adding equations (i) and (ii), we have 21=0 or I=0.

_[: log (1 + cos x) dx

Let I = jg log (1+cosx) dx ()
I= I;[ log (1 + cos (T —x)) dx [ I: f(x) dx = I: fla—x) dx}

or I= Ig log (1 —cos x) dx .(i0)

Adding Eqns. (i) and (ii), we have
oI = _[g [log (1 + cos x) + log (1 — cos x)] dx

= I; log (1+cosx)(1-cosx) dx = LT; log (1-cos®x) dx
=9I = J'g log sin?x dx = 2 fg logsinxdx (:.log m" = n log m)
n G
Dividing by 2, I = J.o logsinx dx = 2 J.g log sin x dx ..(111)

{ For f(x) = log sin «x, f (n — x) = log sin (1 — x) = log sin x =
f ) and if f(2a — x) = f(x); then Jja f(x) dx = 2f: ) dx}
-2 [2 logsin[g—x) dx [ INCEEIN f(a—x)dx}

4
or I =2 J.g log cos x dx ()
Adding Eqns. (iii) and (iv), we have

2 = 2 JE (log sin x + log cos x) dx

T
Dividing by 2, I = P (log sin x cos x) dx

IZ o [2s1nxcosx} e _[g log(sin22x] "

J% (log sin 2x —log 2) dx

or I

or I= JE log sin 2x dx — J.g log 2 dx

. kd
or 1= Ig log sin 2x dx — log 2 (x)2



17.

Sol.

n T
or 1= Ig log sin 2x dx — 5 log 2

T
or I=1 - B log 2 ..(v)

T
where I, = JE log sin 2x dx (Vi)

Put 2x = ¢ to make I, look as I given by (iii)
dt

zﬂ 2dx =d d. -
_dxor x_torx_2

To change the limits: When x =0, ¢=2x =10
T
When x = 9 t=2x=m

) T . dt 1 /n \
From (vi), I; = _[0 log sin ¢ 5 =3 .[0 log sint dt

1 T
or L =5 x2 fg log sin ¢ dt

(For reason see Explanation within brackets below Eqn. (iii))

T x b b
or I = f()Z logsint d¢ =J.02 log sinxdx['-' _[a @ dt:_[a fx) dx}
I
or I = 9 [By Eqn. (iii)]
. . g I b
Putting this value of I; in Eqn. (v), I = 9~ 7% log 2
Multiplying by L.C.M. = 2, 2 = T — n log 2
or 21— I =-mlog2 or I=-mlog2.
Iy e
0 Jx+ Ja-x dx,
e ~
Let I=Jo /77 Ja—x dx (D)

I _ J-a Ja - X d Ia 1[
0 Ja-x+a-(a-=x Ja
.(iD)
Adding Eqns. () and (i7), we have

-l | £

\/§+\/a—x \/a x+x Ve +Ja—x

or 2= [ 1de=(x)) =a- I=



18.

Sol.

19.

Sol.

20.

Sol.

4 O . O
jo lx-11 dx 0 1 4
4 .

Let I= [, lx-11 dx D)

Putting the expression (x — 1) within modulus equal to zero, we have

x=1¢€ (0,4
4 1 4
From (i), I = jo lx-11 dx = j0|x-1| dx + jl lx—11 dx

=— J';(x_l) dx + If(x—l) dx

[ On@0,1);x<1 = x—-—1<0and hence | x —1|
=—(x-1andon(1,4),x>1 = x-1> 0 and hence

| x — 1| =(x — 1) by definition of modulus function]
2 Lo,2 4
x 1 16 1
=— |5 5 X =-1|]=-11]-0 ——4-|=-1
(2 ]0+[2 ]1 ((2 ) ]+[2 (2 D
— +1 R 2 1
=5 +l+8-4-35+ =6-5=6-1=5.

Show that j: fx) gx) dx =2 | : f(x) dx, if f and g are

defined as f(x) = f(a - x) and g(x) + g(a - x) = 4.

Given: f(x) = f (a — x) ..(0)
and g(x) + gla —x) =4 ..(@1)
Let 1= [ f(x) g dx i)

L= I: fla—=x)gla—x)dx [ J.g F(Jc)dx:Jn(;Z Fla-x) dx}
Putting f (@ — x) = f () from (@),

I= Jg f(x) gla — x)dx ()
Adding Eqns. (iii) and (iv), we have
21 = f: (f(x) g(x) + f(x) gla - x)) dx = J': F(x) (g(x) + gla —x)) dx

or 21 = [ fx)@) dx [By D] =4 [, f(x) dx

Dividing by 2, 1= 2 [, f(*) dx = RH.S.

Choose the correct answer in Exercises 20 and 21:

T
The value of J'_2n (x®+xcosx+tan® x +1) dx is

A) 0 > ®) 2 © = D) 1

m
Let I = _[_Zn (x®+xcosx+tan®x+1) dx
2



n hd r d
_ J-—Zn 3 dx + J}nxcosx dx + .[En tan®x dx + I?nldx
5 2 2 2

000(’“]2 A e R
SRRl )T T e T2t T

{ Each of the three functions x°, x cos x and tan® x is an odd
function of x as f (- x) = — f (x) for each of
them and 'f_aa f(x) dx =0 for each odd function f (x)}

Option (C) is the correct option.

z 4+3sinx
21. The value of J.OZ log| ———— is

4+3cosx
3
(A) 2 (B) 1 © o D) -2
Sol. LetI = J.glog m d .
ol. LetI= J; 413 cos x x ()]
. |4+3sin[l-x
I= [2log % dx
4+300s[2—x]

4+3cosx
..(i0)

4 +3sinx
Adding Eqns. () and (ii), we get

Ig Io 4 +3sinx +log 4+3cosx

0 4 4+3cosx 4+3sinx

Iglog 4+8sinx 4+3cosx n 4
4+3cosx 4+3sinx .[02 log1 dx

T
or I= _[02 log[

21

Tt
:21:[050 dc=0 = I=§=0.



MISCELLANEOUS EXERCISE

Integrate the functions in Exercises 1 to 11:
1

X=X

Sol. The integrand is a rational function of x and the

x—x3



denominator x — 2% = x(1 — x2) = x(1 — x)(1 + x) is the product of
more than one factor. So, will form partial fractions.

1 1 B 1
x-x®  x@-x% " xl-x)1+x)
A B C .
=% T 1ox T 1vx @
Multiplying every term of Eqn. (i) by L.C.M. =x(1 —x)(1 + x),

1=A1-x)(1+x)+ Bx(1 +x) + Cx(1 —x)
or 1=A1-2x%)+B + 22 + Clx — x?)
= 1=A—- Ax® + Bx + Bx? + Cx — C«?
Comparing coefficients of like powers on both sides,
x2-A+B-C=0 ()
x: B+C=0 ...(11)
Constants: A =1
Putting A=1in(ii),-1+B-C=0 or B-C=1 ..(Gv)

il
Adding Eqns. (iii) and (iv), 2B =1 = BYS 9
-1
From (iii), C = - B = o
Putting these values of A, B, C in (2),

1 1
1 _1¥ % %
3 = +
x—x x 1-x 1+x
1 il 1 1 1 1
"J.x—x3 dx=_|.;dx+2_‘.1_xdx—§_‘-1+xdx
1 logll-«l 1
=log|x|+2T—2log|1+x|
1
=§[210g|x|—log|1—x|—log|1+x|]+C
1
=§[log|x|2—(log|1—x|+10g|1+x|]+C
1
=§[log|x|2—10g|1—x||1+x|]+C
L 2 _log|1-a2]l+C L og |2 C
=g Llog|x " —log|1—a"[]+ =g lg |77 +C

1
2. Jx+a+x+b
1
Sol. J. m dx



I Jiva-J+b

(\/x+a+\/x+b)(\/x+a—\/x+b) dx

Wx+a—-x+b) Jx+a—x+b

= f—dx=J—dx
x+a-(x+b) a-b

[x+a-x+b)=x+a-x-b=a-0>b]

= 1b J.(W/x+a—1/x+b) dx

Rationalising, =

a—
1 1/2 1/2
- [[ @+ @) dx—[ (x+5)' da]
1 |@ra®? @rp)? |
T a-b 3 3
—(1 —(1
2() 2()
2 2
_ aib {g(x+a)3/2—§(x+b)3/2} L C
= _2 [(x + @)®? — (x + b)*4] + C
3(a-b) '
3 1
) X ax—x2
Sol. I = J‘L {Formj. dx
N m Linear ,/Quadratic
1 1
Put Linear = = ie, x = 7 =t L
Differentiating both sides dx = — % dt
t
L
I J.# ‘—I dt
“ilda 170 far-1
t\Nt
_1y1/2
=~ [(at -1V ar (atl L
=xa
2
2 a 2 la-x
=— — =1 4+c=-— +c
a X a X
4 L
. x2(x4+1)3/4
dx dx dx
Sol. I = I 2 (x* + 14 = J. 1 3/4 = .[ 1 P4
x2 {x4(1+4ﬂ xz.x3(1+4j
X



1 1 -3/4

Put1+i4=t or 1+x %=1¢

Differentiating both sides, — 4x~ 5 dx = dt
4 1 1
or — — dx=dt or 5 dx = Zdt
1/4 1/4
I=—i Jt_3/4 dt——% 1/74 +c ——[1+xl4] +c
5 1
212 4 1B

Sol. Here the denominators of fractional powers 5 and 3 of x are 2

and 3. L.C.M. of 2 and 3 is 6.
Put x = ¢5. Differentiating both sides, dx = 6¢° d¢

dx 6t° £
I=.[x1/z+x1/3 = J-ts 2 dt—6jt2(t+1) dt
t° G+1-1 £+1 1
=6J.7t+1 dt = j——‘Hl dt =6 | T a1l
E+DE-t+1 1 9 1
- - ” 2 —t+1-——
- t+1 t+1 dt‘6~[ " t+1 dt
[ a® + %= (a + b) (@® - ab + b?)]
A ¢
=6 §_E+t_10glt+1| +c
=2t - 32 +6t—6log|t+1|+c
Putting ¢ = x"6 (o x=t* = t=x%
=2Jx — 3" + 626 —6log | x® + 1| +ec.
5x
6 w+DZ+9)
J‘ 5x )
Sol. LetI = (x+D(x% +9) dx (1)
5
Let il A, Bx+C (i)

x+Dx*+9)  x+1 4249
LCM. = (x + D&% + 9)
Multiplying every term of (iz) by L.C.M.,
5x = Alx? + 9) + Bx + O)x + 1)
or 5x =Ax? + 9A + Bx® + Bx + Cx + C
Comparing coefficients of x%, x and constant terms on both sides,
x% A+B=0 .. (i)
x: B+C=5 ..(iv)



Sol.

Constant terms : 9A + C =0 ..(v)
Let us solve Eqns. (iii), (iv) and (v) for A, B, C.

(ii1) — (iv) gives, (to eliminate B), A-C=-5 ..(vD)
Adding (v) and (vi), 10A=-5
-5 -1
A=10"%
. -1 -1 1
Putt1ngA=71n(m),7+B=0 = B=§
_ 11 1 9
Putt1ngB=§1n(w), §+C=5:>C=5—§=§

Putting these values of A, B, C in (i7),

-1 1.9
5x 2 2" 2

—_— = +
(x+1(x2+9) x+1 x2+9

J' 5x 4
x+D2+9) &

- 1
=?1_[1dx+%f . dx+g,|.mdx

x+1 22 +9
=_71 log|x+1\+% J.x22j9 dx+g‘.%tan‘lg+c
=_71log|x+1\+ilog|x2+9I+gtan‘1§+c
{;j%gm:myﬂ@@

-1 3, 2 3 -1 X

> log|x+1\+4log(x +9)+2tan 3 te
¢ x>+929>0and hence |x2+9|=x2+9)

sin x

sin (x — a)
sin x sin (x —a + a)

e A =N """ 4

Jsin(x—a) * I sin (x — a) *

J~sin(x—a)cosa+cos(x—a)sina
= sin (x — @)

[ sin (A + B) = sin A cos B + cos A sin B]

sin (x —a)cosa  cos(x—a)sina [“a+b_a b}

_ pfEnt s PR L

sin (x — a) sin (x — a) c c c

= J.[cosa+sinacot(x—a)]dx :J. cos a dx +_[ sin a cot (x — a) dx

cos a _[1 dx + sin a _[cot(x—a) dx

log Isin (x — a) |
1
=x cos a + sin a log | sin (x — a) | + c.

(cos a)x + sin a + c['.'f cot x dx = log | sin x |]



5log x _e4logx

e
8. e3logx _ezlogx
510gx _e410gx .[ logx _elogx4
Sol. _[ GSlogx _ 2logx dx = logx _elogx2 dx [.© nlog m =log m"]
X0 - x*
— .. log f(x) _
=g [ e/ = )]
4
2 (x-1) 9 %3
= J. 2(x-1 dx:_[x dx = 3 +c.
cosx
4- sin’x
Sol. Let I = | ———— 4 0
ol. Let ] = | 77— dx (s
«/4—sin2x
dt
Put sin x = £. Therefore cos x = d T cosx dx = dt
From (@), I = .[ \/4_)52 = J. \/22—152 dt
t
=sin1(2)+c { J.\/idx—sm
= sin~ 1 1 sin x +c
D) 4
sin® x - cos®x
(L 1 -2 sin’x cos’x
J- sin® x — cos® x > )
Sol. LetI = ;«1—2sin2xcos2x x ()]

Now numerator of integrand = sin® x — cos® «
= (sin* x)? — (cos* x)?
= (sin* x — cos* x)(sin* x + cos* x) [ a®—b%=(a - b)a + b)]
= [(sin® x)? — (cos® x)?] [(sin® x)? + (cos® x)?]
= (sin® x + cos? x)(sin? x — cos? x)
[(sin® x + cos? x)? — 2 sin? x cos? x]
[ a2+ b%2=0a®+ b+ 2ab — 2ab = (a + b)? — 2ab]
=1 [- (cos® x — sin® x)] (1 — 2 sin® x cos® x)
= sin® x — cos® x = — cos 2x (1 — 2 sin? x cos? x)
Putting this value of sin® x — cos® x in numerator of (i),

I=J~—cos2x(1 2sin” x cos x)dx I_cost dr = — sin 2x
1-2sin®x cos®x 2




1
cos (x +a) cos (x +b)

1 .
cos (x + a) cos (x + b) dx -2)
We know that (x +a) —-(x +b)=x+a—-x-b=a-b> ...(i1)
Dividing and multiplying by sin (@ - b) in (i),

11.

Sol. Let I = J

I 1 J- sin (a - b)
" sin (a-0b) cos (x + a) cos (x + b)
Replacing (a — b) by (x + a) — (x + b) in sin (a — b)

[Using (i1)],
1 J- sin[(x +a) - (x+ b)]
~ sin(a-b) Y cos(x+a)cos(x+b)
J- sin (x + @) cos (x + b) — cos (x + a) sin (x + b)
“sin(a-bd) cos (x +a)cos (x +b)
[ sin (A — B) = sin A cos B — cos A sin B]
_ 1 J-[sin(x+a)cos(x+b)_cos(x+a)sin(x+b)}
~ sin(a-b) cos(x+a)cos(x+b) cos(x+a)cos(x+b)

.a-b_a b
3 C C C

= ﬁ J.[tan(x+a)—tan(x+b)] dx
= # [~ log | cos (x +a)| +log|cos (x +b)|] +c
sin (a — b)
[ Jtanxdx:—loglcosxl]
= # w |: logm—logn=]0gm:|.
sin (a — b) cos(x+a) n

Integrate the functions in Exercises 12 to 22:

x 1 4x3 .
Sol. LetI = .[ ﬁ dx = 1 I W dx ()]

dt
Put x* = £. Therefore 44° = — = 4% dx = dt

dx
From (i), I = J‘\/i *s1n1t+c
1
or I=- sin"! " +ec

4



13.

Sol.

14.

Sol.

ex

A+e*)2+e%)

ex

————— dx
Q+e)2+e)
[Rule to evaluate J' f(e*) dx, put e* = #]

Let I = j D)

Put ¢* = t. Therefore e = diatc = e“dx=dt
) dt 1 N
From (), I = J. A+02+0) = J- t+D)E+2) dt .(0)
Nowt+2-t+1)=t+2-¢t-1=1
Replacing 1 in the numerator of integrand in (i7) by (this)
t+2) -+ 1),

E+2)-¢+1 ( t+2 t+1 ]
Y =.[

t+ Dt +2) t+DE+2) E+DE+2)
J' [1—1]dt
t+1 t+2

log|t+1|—-1log|t+2]|+c =log
e +1

e’ +1
1| TC =log | x o] *+c
[ e+1>0ande*+2>0and|t]|=¢tift>0]

t+1
< \ST ¢
t+2

Putting ¢ = €%, = log

1
xZ+1)(x%+4)

1
————— dx
(® + D%+ 4)
Put x% = y only in the integrand.
v
+Dh(r+4)

1 __A . B
G+D(r+4)  y+1 y+4
Multiplying by LCM. = (y + 1) (y + 4),
1=Ay+4)+B@y+1
orl=Ay +4A + By + B
comparing coefficient of y, A + B =0 .(TiD)

comparing constants, 4A + B =1 ..(iv)
Let us solve (iii) and (iv) for A and B.

Let I = j D)

Now the integrand is

Let .(TD)

1
(iv) — (iii) gives 3A =1 SA= 3

From (iiz) B = -A = —

[SVARE



15.
Sol.

16.

Sol.

17.
Sol.

Putting values of A, B and y in (i),

1 1 1( 1 ]
(x2+1)(x2+4) - x23+1+x234= 3| x2+1 X +4

Putting this value in (@),

1 1 1 1 1 1
_ = - _ = dx - dx
-3 [x2+1 x2+22] dx = 3 D 22 +1 'l.x2+22 }

1 -1 1 -1 X
- — |tan ——tan " —
3 [ x 9 }+ c.

- 2
0083 x elog sin x
Let I = [ cos®x ¢l sinx gy = [ cos’x sin x dx
=— [cos’x (- sin x) dx D)
. dt .
Put cosx =t¢. .. —sinx =2 = — sin x dx = dt
3 -t -1
| = — t = — O 4
From (@), I _[ dt 1 +c 4 CosTx+c
e3 log x (x4 + 1)—1
logx3 3
3logx .4 -1 e X
LetI=_[e (x* +1) dx:jx4+1 dx =J.x4+1 dx
[ elogf(x) — f(x)]
2 fx X (D)
4 gt 3
Put x* + 1 = £. Therefore 4x° = w 4x° dx = dt
F ) I 1o 1 1
rom (7), =7 P _40g|t\+c
: 4 1 4 1 4
Putting ¢ = x +1,=Zlog|x +1|+c =Zlog(x +1) +ec.

[Coat+1>0 = [«t+1|=at+1]
| flax +b)(flax +b)" dx
Let I = [ flax+b) (flax +b)" dx

= = [ (flax b afflax+b) do )

d dt
Put f(ax + b) = ¢. Therefore f'(ax + b) e (ax + b) = -

dx
= af’(ax + b) dx = dt
1 n+l

. 1 n .
From(z),I:gJ.t dt = +cifn+-1

a n+l



and if n = — 1, then I

QI QR

[¢? dt=é f%dt

= log | ¢ ]+ c.
b n+1
Putting ¢ = flax + b), T = LX) e 21
a(n+1)
and =1 logflax+b)l +cifn=-1.
a
1
18.
Jsin® x sin (x + o)
dx dx
Sol. I= . 3 . = . 3 . .
\/sm x sin (x + o) \/sm x (sin x cos o + cos x sin o)

dx

\/Sin?’ x .sin x (cos o + cot x sin o)

sin®x \/cosoc+c0txsin0c S 0. + cot x sin o
Put cos o + cot x sin o = ¢. Differentiating both sides

— cosec? x sin o dx = dt

2
J‘ dx _ J- cosec“x dx
\/co

dt
or cosec® x dx = — 5
sin o
dt 1 P
I=,[—.7=— - Itl/th
sin o £ sin o
1 /2 9 '
== -3 45— +Cc=t Ny, \/cosoc+c0txs1noc +c
sinoe ~ 1/2 sin o
) cosx .
_ coso+——sina 4 ¢
sin o Sin x

2 \/sinxcosoc+cosxsinoc

: + C
sin o s x

2 sin (x + o)
T sna sinx ¢

19 sin™! Vx - cos™! Vx (0. 1]
. o - x €
sin"! Vx +cos ! Jx ’ ’

Sol. We know that sin™! vx + cos™ ! \/; = g

cos ! Vx = g —sin ! Wx



20.

Sol.

sin_lx/;—[g—sin_lx/;)

‘.I=J. p dx
2
=% j[Zsml\/— )dx_ Ism \/— dx—fldx
=% J.Sin_lx/; dx —x +c¢ (1)

Now let us evaluate _[ sin"x dx

Put vx = sin 0. s x =sin? 0.
Differentiating both sides, dx = 2 sin 6 cos 6 d6 = sin 20 d6

[sin™' Jx dx = [sin"'(sin 0) . sin 20 40 = [ © sin 20 do

I II
Applying Product Rule
—cos 20 28 — cos 26
=0 fl 5| a8
0 cos 20 + fcos 20 do s 204 & o2
= cos + ==73 Bcos + 5 B

[\')M—l N““

1
0 (1 - 2 sin? 6)+Z2sm6c0s6

1 1
-3 0 (1-2sin%0) + ) sin 0 4/1-sin%0
Putting sin 0 = Jx
1 1
% (sin™! x) (1 - 200) + 3 \/;\/1—96

Putting this value of _[ sin”* Jx dx in (),

_4 [—é(1_2x)sin’1\/;+%\/;\/1_x} —x+e

T

2 2
—E(1—2x)sin‘1 x+E\/;\/1—x—x+c.
1-Jx

LetI=J-

Put x =t ie, VLinear =¢. . x=1¢2

Differentiating both sides, dx = 2¢ d¢

1-¢ 1-¢
_ _— — t|—
1= [y 2ta=2 [t ar

—VX
\/;dx



I 1 rte dt (Rationalising)

t1-1¢) t—t* .
_[\/7 Imdt ()
-2 f(l_tj)ft;_l dt

¢ 1
_9 {[Jl_tZd“—j\/l—tz cl;:—J'\/l_t2 dt}
-9 {;xll—t +=sin” t+J ,_dt—sm 1 e
{ _[ N dng\/cﬂ ™ +a?sin_:l g}

or I=2E 1-¢2 —fsm t+_|.\/7 1 D)
To evaluate J.\/lt—itzdt

Put1 -2 ==z

1
Differentiating both sides — 2¢ dt = dz or t dt = — 2 dz.

L
R e R g JE
= ~ Jz o 2
1 21/2
-5 1 =- 1-¢2 (i)
2

t
Putting the value of | ﬁdt = J1-¢ from (iii) in Gii),

1 R
We have 1 =2 [Et\ll—tz—gsm 1y 1—t2} +c

t J1-¢° —sin‘lt—2 1-1% +c
t—2) \J1- nlt+ec

Putting ¢ = x =(«/§ —2) Jyl-x —gsin"! Vx +ec.
Remark. Second method to integrate after arriving at equation
t—12

(i) namely I = 2J. \/7 dt, is put ¢ = sin 0.



Sol.

22.

Sol.

2 +sin 2x

1+cos2x
Let 1= [ 2382 o _ [oxBH2sinreosy)
1+ cos 2x 9 cos2 x
J'ex 2 +25inxcosx
- 2 cos®x 2 cos®x dx

. 1 sin x . 9
=J-€ ot dx=Je (sec” x + tan x) dx

cos“x COSXx

= J. e* (tan x + sec®x) dx = J. e* (fx)+ f(x) dx

where f(x) = tan x and f’(x) = sec® x

=e* f(x) +c =€ tan x + c. [ Iex @)+ f(x) dx=e” f(x)+0}

22 +x+1
x+1)? (x+2)
Zrx+l

LetI = | ————— —
¢ J.(3c+1)2(3c+2)

_ +a+l
The integrand F 12 (x12)

(D)

is a rational function of x and

degree of numerator is less than degree of denominator. So we

can form partial fractions of integrand.

2+x+l A B

Let integrand

(x+1?(x+2) x+1 T2t

Multiplying both sides of (ii) L.C.M. = (x + 1)2 (x + 2), we have

rx+1=Ak+ Dx +2) +Bx +2) + Clx + 1)
or x> +x+1=AG2+3x+2 +Bx+2) +C&®+1+2)
= Ax® + 3Ax + 2A + Bx + 2B + Ca® + C + 2Cx

Comparing coefficients of x2, x and constant terms on both sides,

we have
xZ: A+C=1
x: BA+B+2C=1

Constant terms: 2A + 2B+ C=1

Let us solve Eqns. (ii7), (iv) and (v) for A, B, C.

Eqgn. (iv) — 2 x Eqn. (iii) gives (to eliminate C)
BA+B+2C-2A-2C=1-2

or A+B=-1

Eqn. (v) — Eqn. (ii7) gives (To eliminate C)
A+2B=0

Eqn. (vii) — Eqn. (vi) gives B=0+ 1= 1.

Putting B = 1 in (vi), A+1=-1

Putting A= -21in (i), -2+C=1
Putting values of A, B, C in (ii)

773
...(lv)
(V)

...(vD)

...(vi7)



Prx+l -2 1 3
x+1%(x+2 x+1 (x+D?  x+2
J- x®ra+l

x+1D2(x+2)

1 _
=—2dex+_[(x+1) dx+3J.x+2d
21 A 2
=—2log|x+ 1]+ 941 +3log|x+2|+c¢

=—2log jx + 1] —

Evaluate the integrals in Exercises 23 and 24:

1-x
1+x

LT
Sol. LetI= | tan 11/1” dx

Put x = cos 20 =

23. tan~!

do
= dx =— 2 sin 20 db

dt 1-x . 1- cos26
and tan- 1+x an- 1+ cos 20
tan

=\tang

= — 2 sin 20

From (i), I = [ 0(~2sin 20 de)

Applying Product Rule of Integration,

-1
11 +3logx+2|+c(-,-(x+l)= _1]

-1 x+1

(D)

2sin%0
-1 —2
2 cos“0

=tan ' tan 6 = 6

- _9 jesmzede

I 1I

(JI.00 dx=1 [1I dx - I(;x(I)IIIdedx]

1=-2 {9[_(’02526)—] 1[_"02326}19}

1
=0 cos 20 — 3 \/1—008229 +c(

1 1
=3 (cos ' x) x — 3 1-2% 4+¢

_2[_?1900529+%_[ cosZBd9}= 0 cos 20 —

sin 20
2

+ C

sin? o + cosZ o = 1)

[ c0s20=x = 20=cos 'x = ezécos_lx}

1 1
=3 xcos lx— 3 \/1—x2 +c

1
=5 xcos 'x— \1-221+c.



24,

x? +1[log (x% +1) - 2log x]
4

X
2 2
Sol. 1= | Jm[log(x:l)—zlogx] N
X

25.

Sol.

[ 12
= | x4+1 [log (x* + 1) — log x?] dx

X
1 211
2 ES x°+
= _[ x (1+xz) log [xz] dx
!
1+ 1 1 dx
= xz lOg 1+ 2 dx = J. 1"’72 log 1+7 —3
J. 3 x x
x
1 -2
Put1+ — =t or 1+x "=t
x
Differentiating both sides, - 2 dx = dt or & =— 1, dt
x3 x3 2
I=-l Ixﬁ logtdtz—lj.(logt) 2 dt
2 2 3
I oI
Integrating by Product Rule,
1 £3/2 1 32 1 1
—_ = |Qogt).———| =.—=dt| - _ = 432 d 1/2
== 3 (0g)3/2 '[t3/2 A ¢ logt+3j‘t dt
1 1 t3/2
__ = 43k = 3
= 3t 10gt+3 ; 3/2+c
2 1 1 2
A R ) _Z 3R |2 oot
—gt 3tlogt+c—3t [3 g}+c
3/2
. 1 1 1 2_ 1
Putt1ngt=1+Z,Wehave—3(1+xz] {3 10g(1+x2 +c.

X
Evaluate the definite integrals in Exercises 25 to 33:

J"ex 1-sinx dx
g 1-cosx

- 1—sin x i 1-2sin S cos X
LetI = J.TE ex D E— = J.T[ ex # dx
3 1-cosx 9 9 sin? X
2
n 1 2 sin = cos X . 1 5 X %]
=fn e’ - 2 2 | dx =,[E e* [§cosec E_COt§ dx
2 2sin? = 2 sin? 2 -



26.

Sol.

_ J.TT: e’ [—cotf+1cosec2 f} d _ jn e (f)+f(x) ¢
=37 2 2 2] =12 *

2

N R

1
where f(x) = — cot g Therefore f'(x) = 5 cosec

- (ex f(x)] - (— e* cot ;)n [ f e” (f(x) + f(x)) dx =e” f(x)J

m
P 2

T
_n E | Z 2 E
e™ cot B e cot4

— ™ (0) + e™2 (1) cot§= =

= ™2,

n .

3 Sinxcosx
0 costx +sinx

dx

T .
~ sinxcosx
LetI= 4ﬁ dx
0 cos®x +sin®x

Dividing every term by cos* x,

sin x cos x

L sin“x 0 1+tan*x

cos* x
Dividing and multiplying by 2,

T 2 b 2
- J'Z COS X .COS X .COS™ X — tan x sec” x
~Jo

dx (1)

I 1 J-g2tanxsec2x
T2 70 14tantx
Put tan® x = ¢.

d dt 9
2 tan x o (tan x) = 57— = 2 tan x sec” x dx = dt.

dx
To change the limits of integration
When x = 0, ¢ = tan® x = tan? 0 = 0

kil 2 T
Whenx=4,t=tan 4:=1
. 1 1 dt 1 )
From (), I = 5 J-o 1+ 2 =2 [tan t]o

T 7
(tan"!' 1 —tan ! 0) = 1 (n_o) = —. [ tanzzl}
4

N |



g cos?x dx
217. — .

0 cos“x +4sin“x
g cos® x
Sol. LetI = —5 . 3 dx

0 cos?x +4sin’x
Dividing every term of integrand by cos? x,

T
I= 5; dx @)
0 (1+4tan?x)
Put tan x = ¢.
2 dt 2
sec” x = - = sec” x dx = dt
x
dt dt di

= dx = = = 2
sec? x 1+tan?x  1+¢

To change the limits:
When x =0, t=tan 0 =0

Wh z z
en x = 2,t—tan 9 =
. o 1 dt
From (1), I =
Jo 1+4t% 1+

o 1
-1y @0+ ©
Put t?= y only in the integrand of (if) to form partial fractions.
1
(4 y+ 1) ( v+ 1)
1 F R o
@+ (y+1)  4p+1- y+l
Multiplying by LC.M. =4y + 1) (y + 1)
1=Aly+1)+BHdy+1)
orl=Ay+A+4By + B
Comparing coefficient of y on both sides, A + 4B
Comparing constants, A+B

(i)

The new integrand is

Let ..(ui1)

...(Iv)

..(v)

1l
= o

(iv) — (v) gives 3B = -1 = B = _3i

From(iv)A=—4B=—4[l] -4
3 3

Putting values of A, B and y in (ii7), we have

4 1
1 = = 1 4 1
A =3 | s
@ +y@E +1 42 +1 £2+1 3 @+ @+

Putting this value in (ii)



W

[ = 1 - 1
_ 47— - dt
1= fo 42 +1) fo 21 }
oo 1 1 -
4 ——_dt—|tan "t
IO 262 +12 [ ]O

I tan T o
= 4 0 —[tanlt}
0

W

W |

2 — Coeff. of ¢

[2 (tan~ ! o — tan™ ! 0) — (tan™ ! « — tan™ 10)]

5ok 3 (59 &

n .

28 J-§s1nx+cosx
T Jsin2x

in x + cos x

T
Sol. LetI = J-E S1
- J/sin 2x

Put sin x - cos x = ¢. Differentiating both sides w.r.t.x,
(cos x + sin x) dx = dt

Also, squaring sin® x + cos® x — 2 sin x cos x = £2

= 1 - sin 2x = ¢2 = sin 200= 1 - ¢2

To change the limits of Integration

Wl W+

W |
X
Nl
oA

dx

dx (2)

When x =

where 0 = —— ..(@0)

-

. o dt -1
From (i), I = f 1 sin” " ¢

=gin" ! o — sin” 1(—oc)

J3-1

2

=gin'o+sin!o=2sin ! (

) . [By Gl

J~1 dx
29. 0 }1+x _\/;
1
Sol. LetI = _[; m dx



30.

Sol.

N

. . . 1
Rationalising = _[0 (JL+x +\/—)(\/1+x \/—)

1/1
j EAR L dx = J;(\/1+x+\/;) de (7 1+x—-x=1)

l+x—-x
(arnt)y (),
=J‘ 1+ 0Y2 ¢ J‘ 2 gy _ 1+x2/, . x2/,
3 3
— (1) —
2 2
2 2 2 2
_ =z 32 (1132 2 32 o1 _ 2 _ 2 _
= 3 (@ - @™+ 3 (1 -0] = 3 @22 - 1)+ 3 1-0)
3 241 1 1
[ x2=x 2 =x 2=xt xzzxﬁl
42 2 2 42
=3 “3%t37 3

4 sin x + cos x

0 9+16sin2x

Let T = 7 sinx+cosx
0 9+16sin2x

Put sin x - cos x = ¢. Differentiating both sides

(cos x + sin x) dx = dt
Also (sin x — cos )2 = t?> .. sin? x + cos? x — 2 sin x cos x = ¢2
or 1-¢%=sin 2x
Let us change the limits of Integration
Whenx =0,t=0-1=-1

T . T T 1 1
Whenx:z,tzsmz—coszzﬁ—ﬁ =0
13 J~0 dt _ J'O dt
-194+16(1-¢%) -195-16¢2
P i a
- 16(—1:2) T 16 Y-l
t OE

0

1 1 5/4+t 1 1

1 _ L og| 2tx
=16 {2><5/4 e Ja g deeg, e

1/ 1 1
_ log1-log 2| - L [ 100 L
= %0 [Og °g9/4} = 10 [O l°g9}

1
10 [- (log 1 —log 9)] = 0 log 9




31.

Sol.

32.

Sol.

i1 32 31 3 113
=400g =400g=200g.

n
_[(? sin 2x tan~! (sin x) dx

T n
Let I =fg sin 2x tan~! (sin x) dx =.[g 2 sin x cos x tan~! (sin x) dx

Put sin x = ¢. Differentiating both sides cos x dx = dt
To change the limits of Integration
When x =0,t=0

Wh S t=sin o =1 o I=2 [ ttant tdt  .0)
enx = —,t=sin — = s I= G
2’ 2 0
Now J-ttan’1 tdt = J.(tanflt) t dt Integrating by parts
I II
2 2
-1y 1 L
=tan " ¢ . 2 J.1+t2 s dt
2 2
21 (A1
=5 tan™ " ¢ — B I 1+ 22 dt
2 1 2
_ t -1 l 1- B L -1 l -1
_2tan t—2j( 1+t2]dt_2tan t—2(t—tan t)
/2

— tan‘lt—lt+l tan™l t + ¢ =l [+ 1) tan~ ' ¢ — ¢]
2 2 2 2

1

1 _
From (l), I=2 |:§{(t2+1)tan 1t—t}:| — (2 tan—l 1— 1) _ (O _ 0)
0

T b8
=2><Z—1=~2-—1-
.[n x tan x dx
0 secx +tan x
xsinx
n  xtanx n COS X

Let I = -[0 A tan x = .[0 1 +sinx

COsSXx COosX

= j"w dx )
0 1+sinx

Using J.: fx) dx = joa fla-x) dx

n (1 — x) sin (7T — x) n (T —x)sin x ..
I= _ = = _—
0 1+sin(w-x) dx 0 l1+sinx dx (@)
Adding Eqns. (i) and (ii), we have

n x8in x+ msin x — x sin x
dx =I - dx
0 1+sinx

n xsinx+ (n—x)sin x
0 1+sinx

21 = |




J-rr T sin x .[“ sin x
= —_— T

0 1+sinx &

0 1+sinx

n (1+sinx)-1
o A= iy

. 1 dr
= 21=ﬁjo{1_m]dx —T['[dx_n_'.()l_'_Slnx

=T {x} - 2n ~[0 1+s1nx

[ .[0 fx)dx =2 J-g fx) dx, if f(2a — x) = f(x)}

TC
=TE(TE)—2H IEL _1'[2 _ZnJ. ..d‘L
0 . (TC ) 0 1+cosx
l+sin| = —x
2
T
hid dx T
_ .2 2 2 _ o [2gec2®
=7 - 2n ,[0 9 cos? ¥ -7 .[0 sec 5 dx
x /2
tan —
or 21=n®-n1 - =2 — 2m(1)
2 Jo
72 b n—-2
Dividing both sides by 2, I = — —n=xn|—--1| ==« .
2 2 2
33, [Mllx-1l+lx-21+lx-31] dw
4
Sol. Let I= [, (lx-1l1+lx-2l+lx-31)dx Q)

Putting each expression within modulus equal to 0, we have
x—1=0,x-2=0,x-3=0 e, x=1,x=2,x=3
Here 2 and 3 € (1, 4)

From (i), I'= [, (Iz-11+lx-21+Ix-31)dx
: j;(lx—1|+|x—2|+|x—3|> dx + j:(lx—1|+|x—2|+|x—3|)dx
i)
[ I:f(x)dxzfsf(x)dx+fj f(x)dx+j2f(x)dx Wherea<c<d<b}

Let I, = [ (x-1l+lx-21+1x-31) da

On this interval (1, 2) (for example taking x = 1.3; (x — 1) is
positive, (x — 2) is negative and (x — 3) is negative and hence
lx-1]=x-1),|x—-2]|=—-x&-2)and |[x — 3| = - (x — 3)).



34.

Sol.

Therefore I = [ (-1~ (x~2)- (x~3)) dx

= [P@-1-x+2-x43) dr= [ 4-2) d

= 4x—x—2 : :(8—2)_ 4_1
2 1 2

1,15
=6_4+2=2+2=2 ..(iiD)

Let T, = [ (lx-1l+lz-21+l2-31) dx

On this interval (2, 3) (for example taking x = 2.8; (x — 1) is
positive, (x — 2) is positive and (x — 3) is negative and hence

lx-1|=x-1,|x—2|=x-2and |[x -3 | =—-(x-3)
3 3
Therefore I, = [, (x~1+x-2-(x~3)dx = [, @x-3-x+3)dx
9N\ 3
; 2V 9 4 5 .
=I2xdx= 22=2—2=2 ...(iv)

4

Let Iy = [, (Ix=1l+1x-21+1x-31) dx

On this interval (3, 4), (for example taking x = 3.4; (x — 1) is

positive, (x — 2) is positive and (x — 3) is positive and hence
lx-1|]=x-1,|]x—-2|=x—-2and |[x -8 | =x—3))

4 4
Therefore I3 = Js (x-1+x-2+x-3) dx = Is Bx—6) dx

4
3x2 27

27-36 9) 9
0 - 2 = - 2] =79 ..(v)

Putting values of I, I, I3 from (iii), ({v) and (v) in (i),
.55 9 19
=2t g*ta9 =9
Prove the following (Exercises 34 to 40):

3 dx 2 2
J. — =, +tlog_
1 x“(x+1) 3 3
J‘3 dx .[3 1 )
Let I= 1 xZ(x+1) = 1 xz(x+1) dx (l)
) 1 A B C B
Let integrand 2x+l) T = Tt 2 + ol ..(@0)

(Partial fractions)
Multiplying by L.C.M. = 2 (x + 1)
1=Ax(x +1) + Blx + 1) + Cx?



35.

Sol.

= 1=Ax?>+ Ax + Bx + B + Cx?

Comparing coefficients of x2, x and constant terms on both sides,

we have

x% A+C=0
x: A+B=0
Constants: B=1

Let us solve (iii), (iv), (v) for A, B, C.

Putting B = 1 from (v) in (lv), A+ 1=00orA=-1
Putting A = - 11in (iii), -1+ C =0 = C=1
Putting values of A, B, C in (i7),

1 _-1t.1 1
2(x+1)  x 2 x+1
3 dx
. F ), I = ——
rom (), J.l x2(x T

=— 1; x+j 2 dx+J‘1x+1 dx

— (log| x +I x? de + log\x+1\)
3

-1
X
=—(log3|—log|1)+[_1] +(log |4 |—-log |2
1

3
1
——10g3+0—(xj + log 4 — log 2
1

1
=—log 3 - (3—1j + log 22 — log 2

1-3
=—log3—(3]+210g2—10g2

2 2
—log3+§+log2=§+log2—log3

2 A0Na
—3+Og3.

j;xexdx=1

J.l xe®
0
In
Applying Product Rule of definite Integration

(II.IIdx:(I.[IIdx)Z—J'j (jx(I)JIIdx)dxj
- [xele ~[i1em dx

0

. (i)
..(v)
..(v)

1
=e—0—j;e" dx=e—[ex]0 =e—(e—-¢e) =e—e+e’=1



36. _[_11 217 costx dx =0

1
Sol. Let = | &' cos*x dx D)

Here the integrand f (x) = x!7 cos? x
f=x) = (= 0" cos* (- x)
=—x"costx = - f(x)
f(x) is an odd function of x.

1
From (1), I = J.f1 2 costx gy = 0

[ If f(x) is an odd function of x, then [* f(x) dx = 0]
k]
37. [2 sin®vdx= ;

n T
Sol. .[g sin®x dx = J()? i(S sin x — sin 3x) dx

[ sin3A =3sin A —4sin®A = sin®A = i (8 sin A —sin 3A)}

n/2 n/2

- 1 3(-cos x) - _ o8 g4 _ L —3cosx+lcos3x

4 3 0 4 3 0
- 1 —3cosE+1cos% - —3c0s0+1cos0

4 2 3 2 3
— 1 —3><0+1><0+3><1—1><1 o l 3—1

4 3 3 4 3

1.8 _ 2
= S

[ cos 3?“ =cos 270° = cos (180° + 90°) = — cos 90° = 0}

T
38. jgztan3xdx=1-1og2

n n
Sol. LetI = J.OZ 2tan’®x dx = ng tan x . tan® x dx

Replacing tan? x by (sec? x — 1) in the integrand,

L E 2
T=2 (4 tanx(sec?x—1)dx = 2 jg(tanxsec x —tan x) dx
0

T ™
9 J.(‘)l tan x sec? x dx — L‘)l tan x dx} .0

¥
Let I, = JE tan x sec’x dx



dt

Put tan x = £. Therefore sec? x = - sec x dx = dt

To change the limits of Integration
When x =0, =tanx =tan 0 = 0

T
When x = 1

21
1 v 1 1
Ilzfotdtz 20=2_0=2

Putting this value of I, in (@),

1 n/4 T

- _ -1_ I ~-1 0
2 {2 (log ‘sec x‘)o } =1-2 [og sec -~ log sec )

1-2(og v2 —log 1) =1-2 (log 22 - 0)

T
t=tan1=1

I

1
1-2 (210g2) =1 - log 2.

39. .[; sin~lx dx = g -1

Sol. Put x = sin 0. Differentiating both sides dx = cos 6 d6
To change the limits of Integration
When x = 0,0 =0,

i
When x = 1, sin 6 = 1 and therefore 6 = 9

1. n
.[o sin"'x dx = IQ 0cosO do
0_JgP11

Integrating by parts
/2

n/2
[Gsine} _ P 1.sin0do = (n—O]Jr [cose}
0 a 2 0

L cosn—coso T 0-1 T 1
gt 2 =5 +0-D=75-1

1
40. Evaluate J J e? 3 dx as a limit of a sum.

1 b
Sol. Step I. Comparing _[ 0 e? ™% dx with J.a f(x) dx, we have
a=0b=1f() =2~

~nh=b-a=1
Step II. Putting x = a,a + h,a + 2h, a + (n — 1) h in f(x), we
have

fla) = £(0) = e?
fla@a+h)=fh) =3
fla + 2h) = f(2h) = &2~ "
fla+m=1h) =Ff(n—-1)h) =2~ 3n-Dh



Step III. Putting these values in

b
[, F@® = lim hif @ +f@+h) +f(@+2h) +..

n—o

k>0 + f lat+ (n - Dh}],

1 9.
we have Io 273 gy = Hm Ale? + =3 4 26 4 4 g2 30—l

n—oo
h—0
= lim k-l +e ety 43D
h—0
n—oo

{The series within brackets is a G.P. series of n terms

(r"* -1
with @ = 1, r = ¢ ® and using S, of GP.=a ~ 7 :I
—3nh
_ 2 1. e -1 . (,-3h\n _ ~3nh
_e}}%h[m} P s N0, 4]
n— o
Step IV. Putting nh =1
-3
. -1
=e2 lim h . e
h—0 e*3h_1
Step V. Taking limits as 2~ — 0,
2 -2 4 i o fsk
=€ (& oR) Koo e 1% 3
1 . x
= (e 1 - ¢? -= < lim =1
= (e e)xlx(3) { ¥50 % _1 }
1 (s 1
3 e
dx .
41. Choose the correct answer: f e F 8 equal to
e’ +e
(A) tan~! (&) + ¢ B) tan" ! (e %) + ¢
(C)log (e*-e %) +¢ D) log (¢* +e ™) +¢
d.
Sol. LetI=J. < x_x =_[ 1 dx
e"+e x (lj
e
1 er
.[ 62x+1 J.ezx_‘_l
ex

[ ex.ex=ex+x=62x]



42.

Sol.

43.

Sol.

Put e’ = ¢. [ Forf f(e*) dx, put e* = t}
dt
Therefore &* = I Therefore e* dx = dt

=tan 't + ¢

t
From (), 1= [ -5~
=tan ! (e + ¢
Option (A) is the correct answer.
Choose the correct answer:

cos 2x .
'[ (sin x + cos x)? dx is equal to
(A)_71+c B) log |sinx + cosx | + ¢

sin x + cos x
1

(C)log|sinx-cosx|+¢c (D) (sin x + gER 8

cos 2x _[ cos? x — sin® x

LetI=J

- 2 dx -
(sin x + cos x) (sin x + cos x)?

(cos x + sin x)(cos x — sin x) J’ cos x — sin x

= J (sin x + cos x)(sin x + cos x) %= ) gink + cos x &

=log | sin x + cos x | + c[ f%dx:loglf(x)lw}
OR

Put denominator sin x + cos x = ¢.
Option (B) is the correct answer.
Choose the correct answer:

b
If f(a + b -x) = f(x), then Ja x f(x) dx is equal to

b (b b b
(A) a;— J‘a fb-x) dx B) a;— J.a fb+x) dx
- b b
©) bT“ [P f@) dx ® 57 [, f@ dx.
Given: f(a + b — x) = f(x) ..(0)
Let 1= [ xf@) d i)

Changing x to (@ + b — x) in the Integrand on Right side (ii).
I-= js (@+b-2) fla+tb-x) dx i)

[ By Property of definite integrals, I: f(x)dx = _[: fla+b-x) dx}



44.

Sol.

Putting f(a + b — x) = f(x) from (i) in integrand of (iii),
I= j: Fla+b-x) f(x)dx iv)

Adding (ii) and (iv), we have 2I = [ b [x £(x) + (a + b —x) f(x)] dx

2 = j: (x+a+b—x)f(x)dx=_[j (a+b) f(x)dx = (a+b)f: f(x) dx

a+b

b
Dividing by 2, I = [2] [ Feo dx

or _[: xflx)dx = (a;b] J.j f(x) dx

Option (D) is the correct answer.

The value of |, tan™'| —2X=1_| 45
e value of |, Tt 22 is
A 1 (B) 0 ©) -1 (D) %
_r! 1 2x -1 ol 1 x+x-1
Let I = .[0 tan (l-i-x—xZ] dx = .[0 tan [gl—x2+x] dx

ol x+(x-1) 1 4 _
= [y ten [wx—n]d Spriag 5 tan ™" (- 1) s

{ tan~? % =tan lx +tan! y}

1 1 _
= J. tan'x dx + 'f tan ' (x-1) dx
0 0
Changing x to (1 — x) in integrand of second integral

{ L‘)’ f(x) dx =j: fla-x) dx}
= I; tan 'x dx + .[; tan"l(l—x—l) dx

1 1 1 1
= _[0 tan x dx + .[0 tan™ (- x) dx= J.o tan 'x dx — .I.o tan~ ! x dx
[ tan ! (—x) = — tan~ ! «]
= 0.

Option (B) is the correct answer.
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