1.

Sol.

Exercise 6.1

Find the rate of change of the area of a circle with respect
to its radius r when
(@) r =3 cm b) r =4 cm.

Let z denote the area of a circle of variable radius r.
We know that z (area of circle) = nr?

By Note 1 above, rate of change of area z w.r.t. radius r

dz .
iy n(2r) = 2nr (@)

(a) When r = 3 ecm (given), .. From (i), % = 2n(3) = 61 sq. cm
r

(b) When r = 4 cm (given), .. From (i), % = 2n(4) = 8m sq. cm.
r

. The volume of a cube is increasing at the rate of 8 cm?%/sec.

How fast is the surface area increasing when the length of
an edge is 12 cm?



Sol.

Sol.

Let x cm be the edge of a cube (for example, a room whose
length, breadth and height are equal) at time ¢.
Given: Rate of Increase of volume of cube = 8 cm?/sec.

= %(x.x.x) ie., 4 x3 is positive and = 8

dt
(8 cm®/sec = rate of Increase w.r.t. time)
d dx 8
= ’—x =8 = — = —
Y dt 3x? ®
Let z denote the surface area of the cube. .. 2z = 6x>

(Area of four walls + Area of floor + Area of ceiling)
Rate of change of surface area of cube

=éi=62m2=4§ﬁ@j=1%(31] [By ()]

dt dt dt 3x>
= 4(§) - 32 mZsec.
X X
. . dz 32 8
Putting x = 12 cm (given), — = 22 = = cm?%/sec
uttimg x stV dt 12 '

. dz . - v . :
Since — is positive, therefore, surface area is increasing at the

dt

rate of g cm?/sec.

. The radius of a circle is increasing uniformely at the rate of

3 cm per second. Find the rate at which the area of the
circle is increasing when the radius is 10 cm.

Let x cm denote the radius of a circle at time ¢.

Given: Rate of increase of radius of circle = 3 cm/sec.

= % is positive and = 3 cm/sec (@)
Let z denote the area of the circle.
z = ma’.
Rate of change of area of circle = az = 1'51352
dt dt
—n2x® _on3) By ()]
T dt Y

= 6mx.

Putting x = 10 cm (given), % = 6m(10) = 60 cm?/sec

dz
Since at is positive, therefore area of circle is increasing at the

rate of 601 cm?/sec.

. An edge of a variable cube is increasing at the rate of 3 cm

per second. How fast is the volume of the cube increasing
when the edge is 10 cm long?



Sol.

Sol.

Sol.

Let x cm be the edge of variable cube at time ¢.
Given: Rate of increase of edge x is 3 cm/sec.

d
d—f is positive and = 3 cm/sec ..(0)

Let z denote the volume of the cube.

z=x3

Rate of change of volume of cube

= % = %x?’ Y ) [By ()]
dZ 2 3
or —= = 9x® cm”/sec.
dt

Putting x = 10 cm (given), % =9(10)% = 9(100) = 900 cm?/sec.

Since —— is positive, therefore volume of the cube is increasing

dt
at the rate of 900 cm®/sec.

A stone is dropped into a quite lake and waves move in
circles at the rate of 5 cm/sec. At the instant when radius of
the circular wave is 8 cm, how fast is the enclosed area
increasing?

Let x ecm be radius of circular wave at time ¢.

Given: Waves move in circles at the rate of

5 cm/sec.

= Radius x of circular wave increases at the

rate of 5 cm/sec.

= % is positive and = 5 cm/sec. (@)
Let z denote the enclosed area of the circular wave at time ¢.
z = .
Rate of change of area = daz = 1'Lix2 = n.Zxd—x
dt dt dt

2mx(5) [By (i)] = 10mx

Putting x = 8 ¢cm (given), % = 10m(8) = 801 cm?/sec.

Since I positive, therefore area of circular wave is increasing

at the rate of 80n cm?%/sec.

The radius of a circle is increasing at the rate of
0.7 cm/s. What is the rate of increase of its circumference?
Let x be the radius of the circle at time ¢.

Given: Rate of increase of radius of circle = 0.7 cm/sec.

= dx is positive and = 0.7 cm/sec. (D)

dt



Let z denote the circumference of the circle at time ¢.
z = 2nx  (Formula)
Rate of change of circumference of circle

dz d dx .
= — = —(2 =2n—= = 2m(0.7 B

i 7 (2mx) I - 7(0.7) By @)
= 1.47 cm/sec.

7. The length x of a rectangle is decreasing at the rate
of 5 cm/minute and the width y is increasing at the rate
of 4 cm/minute. When x = 8 cm and y = 6 cm, find the rates
of change of (a) the perimeter, and (b) the area of the

rectangle.
Sol. Given: Rate of decrease of length x of rectangle is 5 cm/minute.
X

= % is negative and = — 5 cm/minute (D)
Given: Rate of increase of width y of rectangle |¥ y
is 4 cm/minute.

dy . i, . 2. X
= 2 is positive and = 4 cm/minute  ...(i7)

(a) Let z denote the perimeter of rectangle.
z=x+y+x+y=2x+ 2
dz dx dy
== _9—= 922
e ~“dt T g
Putting values from (i) and (i7),
d,
d—j = 2=5)+24) = - 10 + 8 = — 2 is negative.
Perimeter z of the rectangle is decreasing at the rate
of 2 cm/sec.
(Even when x = 8 cm and y = 6 cm).
(b) Let z denote the area of rectangle.
z = xy
de_ dy . ds
dt = ar T
Putting x = 8 em and y = 6 cm (given) and putting values of

| By Product Rule

% and % from (7) and (i7),
dz . .
i 8(4) + 6(— 5) = 32 — 30 = 2 is positive.

Area z of the rectangle is increasing at the rate of
2 sq cm/minute even when x = 8 ¢cm and y = 6 cm.

8. A balloon, which always remains spherical on inflation, is
being inflated by pumping in 900 cubic centimetres of gas
per second. Find the rate at which the radius of the balloon
increases when the radius is 15 cm.



Sol.

Sol.

10.

Sol.

Let x cm be the radius of the spherical balloon at time ¢.
Given: Rate at which the balloon is being inflated i.e., rate at
which the volume of the balloon is increasing = 900 cu. cm sec.

d (4—"x3) = 900

dr \ 3
an ix3=900 o An gpe dx = 900
3 di 3 dt
dx 900
an® £~ 900 @ _
= T dt = dt A2
900 900

dx
Putting x = 15 ven), - = )
utting x cm (given), — 4n(15)*  4m(225)

900 1 . "
= = — 1s positive.
900~ b

. Radius of balloon is increasing at the rate of 2 cm sec.
o

A balloon, which always remains spherical has a variable

radius. Find the rate at which its volume is increasing with

the radius when the later is 10 cm.

We know that the volume V of a balloon with radius x is
4 3

V= _"mx

. Rate of change of volume with respect to radius x is given by
dv d (4 3) 4 5 g
L. = S| = Snl 3 =4
dx dx ( 3 3 R 4 &

- When x = 10 cm, iiﬂ = 41(10)? = 400n
N

i.e., the volume is increasing at the rate of 4n(10)> = 400% cm®/cm.
A ladder 5 m long is leaning against a wall. The bottom of
the ladder is pulled along the ground, away from the wall,
at the rate of 2 cm/s. How fast is its height on the wall
decreasing when the foot of the ladder is 4 m away from
the wall? (Important)
Let AB be the ladder and C, the B

junction of wall and ground,
AB=5m F>\Wall
Let CA = x metres, CB = y metres.

We know that as the end A moves Vy ('70 d‘z

away from C, the end B moves 06\,;)
towards C.
[." Length of ladder can’t change] - X
l.e., as x increases, y decreases. c A Ground >
Now dx = 2 cm/s
dt

...(1) (given)



11.

Sol.

12.

Sol.

In AABC, by Pythagoras Theorem AC? + BC? = AB?

or 2 +y2=52=25 D)
Differentiating both sides w.r.t. ¢, we have
dx dy
2 — + 2y—= =0
Ya TV
or 2x(2) + 2y =0 or 2y% = — 4x
2
dy _ 2 (i)
dt y
When x = 4 (given), from (ii), 16 +y> =25 or > =9 or y =3
- From Gii), & -_2%4__8 s
dt 3 3

Note. The negative sign indicates that y decreases as ¢ increases.
A particle moves along the curve 6y = 2 + 2. Find the
points on the curve at which the y-coordinate is changing 8
times as fast as the x-coordinate.

Given: Equation of the curve is 6y = x® + 2 ..(0)
Let (x, y) be the required point on curve (7).

Given: y-coordinate is changing 8 times as fast as the x coordinate.

= Rate of change of y w.r.t. x is 8

dy ..
— = 8 .or
= I (>i1)

Differentiating both sides of (i) w.r.t. x, we have 6% = 3x?
X

Putting % = 8 from (ii), 48 = 3x? = x% = 43—8 =16 .. x=*4
X

When x = 4, from (i), 6y = 64 + 2 = 66 .. y=%=11

One required point is (4, 11).
When x = — 4, from (i) 6y = — 64 + 2 = — 62,

_-62 -31
Y= 76, Vs
; o -31
Second required point is | — 4, =5 )

-31
Required points on curve (i) are (4, 11) and (— 4, T) .

1
The radius of an air bubble is increasing at the rate of 2 cm/s.

At what rate is the volume of the bubble increasing when
the radius is 1 cm?

Let x cm be the radius of the air bubble at time ¢.

Given: Rate of increase of radius of air bubble (spherical as we

all know) = % cm/sec.



=

dx is positive and = 1 cm/sec.
dt 2

(D)

Let z denote the volume of the air bubble.

2= Am s
3
dz
dt
4n d 4 4n
-4 3_ =t
3 dt 3

. 3x2@

= Rate of change of volume of air bubble

— 2 1] N — 2
o = (2 [By (i)] = 2mx

Putting x = 1 cm (given), % = 2n(1)? = 21 which is positive.

.. Required rate of increase of volume of air bubble is 21 cm?/sec.

13.

A balloon, which always remains spherical, has a variable

3
diameter 2 (2x + 1). Find the rate of change of its volume

with respect to x.

Sol. Diameter of the balloon = g (2x + 1) (given)

.. Radius of balloon = %(diameter) = % ) g(2x +1) = %(Zx +1)

.. Volume of balloon (V)

% n (radius)®

.. Rate of change of volume w.r.t. x,

14. Sand is pouring from

a

3

4
4?“ (%(2x+1)) =gn- %(2x+ 1)3
9—”(2 1) it
16 X + Ccu. units
dv In d
— == 32 +1?. — (@2 +1
dx 16 3@x + 1) dx(x+)
27n

2
Te %+ 1?.2= %(235 + 12
pipe at the rate of 12 cm?s. The

falling sand forms a cone on the ground in such a way that
the height of the cone is always one-sixth of the radius of
the base. How fast is the height of the sand cone increasing

when the height is 4 cm?
Let the height and base radius of the sand-
cone formed at time ¢ sec be y cm and x cm

Sol.

1
respectively. Then y = gx (given) or x = 6y.

Volume of cone (V) = %Trx

Putting x = 6y,

— =36 my*
dy w

2

y

V= én(Gy)Z y = 12 my?

.(2)



It is given that sand is pouring from a pipe to form a sand-cone
at the rate of 12 cm®/sec.

av _ . av. dy _
dt dy dt
dy . dy 1
= 36m?x 2 =12 By () = = =
Y y dt  3my?
. dy 1
When y = 4 c¢m, (given); — = cm/sec.

dt 3n x 42 487
15. The total cost C(x) in rupees associated with the production
of x units of an item is given by
C(x) = 0.007x% - 0.003x> + 15x + 4000.
Find the marginal cost when 17 units are produced.
Sol. Marginal cost is defined as the rate of change of total cost with
respect to the number of units produced.
dC

~. Marginal cost (MC) = ——
dx

d
== (0.007x® — 0.003x% + 15x + 4000)

= 0.021x% — 0.006x + 15
.. When x = 17, MC = 0.021 x (17)* — 0.006 x (17) + 15
= 0.021(289) — 0.102 + 15
= 6.069 — 0.102 + 15 = 20.967
Hence, the required marginal cost = ¥ 20.97.
16. The total revenue in rupees received from the sale of x
units of a product is given by
R(x) = 132 + 26x + 15.
Find the marginal revenue when x = 7.
Sol. Marginal Revenue is defined as the rate of change of total revenue
with respect to the number of units sold.
dR

. Marginal revenue (MR) = —
dx

= i(13x2 + 26x + 15) = 26x + 26
dx

When x = 7, MR = 26 x 7 + 26 = 208
Hence, the required marginal revenue = ¥ 208.
Choose the correct answer in Exercises 17 and 18.
17. The rate of change of the area of a circle with respect to its
radius r at r = 6 cm is

(A) 10m (B) 12n (C) 8n D) 11x.
Sol. Let z denote the area of a circle of radius r.
2
z=Tr

d
Rate of change of area z w.r.t. radius r = dfz = 2nr
r



18.

Sol.

Putting r = 6 cm (given), % = 2n(6) = 12xn
r

Option (B) is the correct answer.
The total revenue in Rupees received from the sale of x
units of a product is given by R(x) = 3x% + 36x + 5. The
marginal revenue, when x = 15 is
(A) 116 (B) 96 (C) 90 D) 126
Given: Total revenue R(x) = 3x® + 36x + 5

Marginal revenue = ixR(x) = 6x + 36
Putting x = 15 (given), da;(x)) = 6(15) + 36
x
90 + 36 = 126

Option (D) is the correct answer.



Exercise 6.2

1.

Sol.

Sol.

Sol.

Show that the function given by f(x) = 3x + 17 is strictly
increasing on R.
Given: f(x) = 3x + 17
ffx) =3(1) +0=3>0 ie, +veforallxeR.

[ (x) is strictly increasing on R.
Show that the function given by f(x) = e** is strictly
increasing on R.
Given: f(x) = e*

f(x) = ez’cdi % = e*(2) = 26% > 0 ie, +veforallxe R.
X

[*.- We know that e is approximately equal to 2.718 and is
always positive]
[ (x) is strictly increasing on R.

Remark. ¢2 = i >0ande’=1>0.
(e?)

Show that the function given by f(x) = sin x is (a) strictly
increasing in (0, g) (b) strictly decreasing in (g,n)
(c) neither increasing nor decreasing in (0, 7).

Given: f(x) = sin x

f’(x) = cos x
(a) We know that f'(x) = cos x > 0 i.e., + ve in first quadrant i.e.,

in (O, Ej .
2

f(x) is strictly increasing in [0, g) .



Sol.

(b) We know that f’(x) = cos x < 0 i.e., — ve in second quadrant

. . [T[ n)
ie,in | —,T|.
’ 2
i
f(x) is strictly decreasing in (5, nj .

(c) Because f(x) = cos x > 0 i.e, +ve in (O, gj and f'(x)=cosx <0

l.e, —vein (E,n) and f’(E) = Ccos T_ 0
2 2 2

- f’(x) does not keep the same sign in the interval (0, n).
Hence f(x) is neither increasing nor decreasing in (0, m).
Find the intervals in which the function f given by
fx) = 2x% - 3x is
(a) strictly increasing (b) strictly decreasing.
Given: flx) = 2% — 3x
f'(x) = 4x — 3 (@)
Step I. Let us put f’(x) = 0 to find turning points i.e., points on
the given curve where tangent is parallel to x-axis.

From (i), 4x -3=0 ie, 4 =3
O
or ( 0.75). e 3

80O

This turnlng point divides the real line in two dlS_]Olnt sub-

\ 3 3
intervals | —eo,—| and | —,°°]|.
4 4

Step II.

Interval sign of f’(x) = 4x — 3| Nature of function f

(@)

(— oo, %j Take x = 0.5 (say) o [ is strictly decreasing l
then from () f'(x) < 0
(%, 00) Take x = 1 (say) . fis strictly increasing |

then from (i), f’(x) > 0

3
Thus, (a) f is strictly increasing in (Z’ oo) .

(b) f is strictly decreasing in (— oo, %) .

5. Find the intervals in which the function f given by

fx) =20 - 3x% - 36x + 7 is
(a) strictly increasing (b) strictly decreasing.



Sol. Given: f(x) = 2x® — 3x% — 36x + 7
f'(x) = 6x% — 6x — 36
Step I. Form factors of f’(x)
f'(x) = 6(x> —x — 6)
(Caution: Don’t omit 6. It can’t be cancelled only from R.H.S.)
or F/(x) = 6(x% — 3x + 2x — 6) = 6[x(x — 3) + 2(x — 3)]
= 6(x + 2)(x — 3) (@)
Step IL. Put f'(x) =0 = 6x + 2)(x-3) =0
But6 0 .. Eitherx+2=0 or x-3=0
le, x=-2,x=3. _Ooo 2 3 ?o
These turning points x = — 2 and x = 3 divide the real line into
three disjoint sub-intervals (— o, — 2), (— 2, 3) and (3, ).
Step III.
Interval sign of f’(x) Nature of function f
= 6(x + 2)(x - 3) ...(})
(— o0, —2) | Take x = — 3 (say). . fis strictly increasing T
Then from (i), in (= e, — 2)
@) =H) ) =)
=(+)ie, >0
(-2, 3) Take x = 2 (say). s fis strictly decreasing {
Then from (), in (=2, 3)
=6 GH -
=()ie, <0
(8, ) Take x = 4 (say). - fis strictly increasing T
Then from (i), in (3, )
/@) =H) ) (+)
=(+) e, >0
Thus, (a) f is strictly increasing in (- o, — 2) and (3, ).
(b) f is strictly decreasing in (— 2, 3).
6. Find the intervals in which the following functions are
strictly increasing or decreasing.
(@) x®> +2x -5 (b) 10 - 6x — 24”
(€) - 2% - 922 - 12x + 1 (d) 6 - 9x - &?
(e) (x + D3(x - 3)3.
Sol. (a) Given: f(x) = x> + 2x — 5

) =2x +2 =2x + 1) ..(0)
Step I. Put f'(x) = 0 = 2+1)=0
But 2 # 0. Therefore, x + 1 =0 ie, x=-1.



This turning point x = — 1
divides the real line into two
disjoint sub-intervals (— o, — 1)
and (— 1, o).

Step II.
Interval sign of f’(x) Nature of function f
=2x + 1) ...2)
(— oo, = 1) Take x = — 2 (say). f is strictly decreasing |
Then from (@),
f'x)=()ie, <0
(=1, o) Take x = 0 (say). f is strictly increasing T
Then from (),
f'(x) = (+) ie, >0

Thus, f is strictly increasing in (— 1, o) (i.e., x > — 1) and strictly
decreasing in (— e, — 1) (i.e.,, x < — 1).
(b) Given: f(x) = 10 — 6x — 2x2

f'(x) = -6 —4x = - 23 + 2x) ..(0)
Step I. Put f'(x) =0 = -23 +2x) =0
But — 2 # 0. Therefore, 3 + 2x = 0 ie, 2x=-3
. 3 o o]
ie., x=—§. b 3 ©
3 2
This turning point x = — 3 divides the real line into two
. 4 3 3
disjoint sub-intervals | — oo, — 5 and | — 5 oo |,
Step III.
Interval sign of f’(x) Nature of function f

=-23+ 2x) ..(d)

Take x = — 2 (say).

Then from (i),
fx) =0 )

=(+)ie, >0

f is strictly increasing T

Take x = — 1 (say).

Then from (i),
@) =0«
=(-)ie, <0

f is strictly decreasing

Thus, fis

3
strictly increasing in (— 0, = Ej (i.e., for x < — %) and




3
strictly decreasing in (— 9 °°) (i.e., for x > — g).

() Let flx)=—2¢>—-9? - 12x + 1
Fx) =—6x2—18c — 12 = — 6(x2 + 3x + 2)
Step I. Forming factors of f ’(x)
=— 6% +x+20+2) =—6xx+ 1)+ 2x + 1]

or f/(x) =—6x + 1)x + 2) (D)
Step II. f'(x) =0gives x =—1lorx =-2
The points x = — 2 and x = — 1 (arranged in ascending order)

divide the real line into 3 disjoint intervals, namely, (— o, — 2),
(= 2,-1) and (- 1, ).
Step III. Nature of f (x)

Interval sign of f’(x) Nature of function f
= - 6(x + Dx+2) (1)
(=00, —2) Take x = — 3 (say), o [ 1is strictly decreasing
Then from (i), in (e, —2) 4
fx)=(0=) =) )
=(-)ie, <0
(-2,-1) Take x = — 1.5 (say), o [ 1s strictly increasing
Then from (@), in(=2,-1)7T
)= ) )=+
te, >0
(=1, o0) Take x = 0 (say), = [ is strictly decreasing
then from (7) in (=1, o0)
fx) = GO+ = (=)
le., <0

o [ is strictly increasing in (-2, — 1) and strictly decreasing in
(—o0, —2) and (-1, o)

(d) Let f(x)=6-9x—x2 . [f'(x)=-9-2x.
f(x) is strictly increasing if f '(x) > 0, i.e,
if—9-2x>0

9
or —2x>9 or x < - 3

- f is strictly increasing T, in the interval (— 0, — 5) .

f(x) is strictly decreasing if f'(x) <0, ie, f—-9-2¢x<0

or -2x <9 or x>—§

o fis strictly decreasing | in the interval (— g, oo) .



(e) Let f(x)=(x+ 1?° (x —3)?

then f/(x) = (x + 1) . 8(x — 3% + (x — 3)® . 3(x + 1)?
=3+ 12 @x-32@+1+x-3)
=3(x + 1? (x — 3% (2x — 2)
=6+ 1% x-3%*x-1

The factors (x + 1) and (x — 3)? are non-negative for all x.

o f(x) is strictly increasing if

f(x) > 0, ie., ifx-—1>0 or x>1
f(x) is strictly decreasing if f'(x) <0, ie, ifx—-1<0
or x < 1.

Thus, f is strictly increasing T in (1, =) and strictly decreasing
lin (= o, 1).

7. Show that y = log (1 + x) - 22+x , x > -1 is an increasing
x

function of x throughout its domain.

Sol. Given: y = log (1 + x) — 2%
2+ x
d d
dy 1 d (2+x)a(2x)—2xa(2+x)
- = — 1 +x) -
dx 1+x dx 2+ x)?
1 |@+x2-2| 1 - (4+2x-20)
T l+x 2+ x)? T 1l+x (2 + x)?
L o9 _ 14 @rot-4d+w
dx  1+x  ©2+x?  A+x)2+x)?
_4A+x’+4x-4-4x x? ©
T 1+0@+22 A+ 22+x)?

Domain of the given function is given to be x > — 1
= x+1>0 Also(2+x)?>0andx®>>0

From (7), gz > 0 for all x in the domain (x > — 1).
X

The given function is an increasing function of x (in its
domain namely x > — 1).

Note 1. For an increasing function % = f’(x) 2 0 and for a
x

strictly increasing function % =f'(x) > 0.
x
Note 2. For a decreasing function Z—y = f’(x) £ 0 and for a
x

strictly decreasing function 3—3’ =f'(x) < 0.
X



8. Find the value of x for which y = (x(x - 2))? is an increasing
function.
Sol. Given: y (= f(x)) = (x(x — 2)).

d
Step I. Find % and form factors of R.H.S. of value of é .
x

dy _ 5o L _
ol 2x(x — 2) ax [x(x — 2)]
.. i n _ n-1 i
[- T (f)™ = n(f(x) T f(x)}
= dy = 2x(x — 2) [xi (x-2)+(x-2) d x} (Product Rule)
dx dx dx
=2x(x —2) [x + x — 2] = 2x(x — 2)(2x — 2)
or B - g~ - 1) N0
dx

dy

Step II. Put de = 0.

. From (7)) 4x(x — 2)x — 1) =0

But 4 #0 .. Eitherx=0 or x—2=0 or x—-1=0

= x=0, x=2,x=1 O ° > . O
—o0 0 1 2 0

These three turning points x = 0, x = 1, x = 2 (arranged in their

ascending order divide the real line into three sub-intervals (- oo,

0], [0, 11, [1, 2], [2, ).

Step IIT

Interval sign of ﬂ Nature of y = f(x)

= dx(x - 2)(x - 1) ...(Q)

(= o, 0] Take x = — 1 (say). s f(x) is decreasing |
Then from (),
dy _ o\
B =(-) (=) )
=(=)(or=0
at x = 0)ie, <0

1
[0, 1] Take x = 5 (say). s f(x) is increasing T

Then from (@),
DO
ol +) =) =)

=(+) (or = 0 at
x=0,x=1)
te, >0

[1, 2] Take x = 1.5 (say). s f(x) is decreasing |
Then from (@),
Do




T = r=0at | ]
x=1x=2)
te, <0
[2, ) Take x = 3 (say). f(x) is increasing T
Then from (),
D@
= (4) (or = 0 at
x =2)
e, >0

Sol.

Therefore, f(x) is an increasing function in the intervals [0, 1]
(i.e., 0 <x <1) and [2, =) (i.e., x = 2).
Remark. (We have included the turning points in the sub-
intervals because we are to discuss for increasing function and

not for strictly increasing function. See Notes 1 and 2 at the end
of solution of Q. No. 7).

Prove that y = _4sin6 - 0 is an increasing function of 0
(2 + cos 0)
in [0, E} .
2
Here y = 4sin O 4
(2 + cos 0)
Q _ (2+co0s0).4 cos 0 -4 sin0(-sin0) 1
do (2 + cos 0)2
~ 8cos0+4cos”0+4sin® 0 2
(2 + cos 0)?
2 Ry, - O 2
3 8 cos 0 + 4 (cos” 0 + sin S) (2 + cos 0) (Taking L.C.M.)
(2 + cos 0)
_ 8cos0+4-(2+c0s0)®  (8cosO+4)—(4+4cosO+ cos’ 0)
(2 + cos 0)? (2 + cos 0)?
o Y _ 4cos0-cos®0  cosO(4-cos0) o
de (2 + cos 0)2 (2 + cos 0)?

Since 0 < 6 < E,

we have Q0 < cos 6 < 1 and, therefore, 4 — cos 6 > 0. Also
(2 + cos 02> 0

From (7)

Hence, y is an increasing function of 6 in [0, g}



10. Prove that the logarithmic function is strictly increasing on
(0, ).
Sol. Given: f(x) = log x

[(x) = 1 > 0 for all x in (0, ) [ x€ (0, = x>0]
x

f(x) is strictly increasing on (0, ).

11. Prove that the function f given by f(x) = 2 - x + 1 is
neither strictly increasing nor strictly decreasing on (- 1, 1).
Sol. Given: f(x)=x>—-x+1
f/x) =2x -1
f(x) is strictly increasing if f'(x) > 0 ie., if2x—-1>0

le, if 2x>1 or x > 3

f(x) is strictly decreasing if

. . . 1
f'x) <0ie, if 2 -1<0 ie, x< >

1
o f(x) is strictly increasing for x > % i.e., on the interval [5, 1)
[*.- The given interval is (— 1, 1)]

. . ; 159 .
and f(x) is strictly decreasing for x < 3 i.e., on the interval

1
[— 1, 5) . ['." The given interval is (- 1, 1)]

- [(x) is neither strictly increasing nor strictly decreasing on the
interval (— 1, 1).

12. Which of the following functions are strictly decreasing on

o3

(A) cos x (B) cos 2x (C) cos 3x (D) tan x.
Sol. (A) Let flx) =cosx then f’(x) =- sin x

0<x< g in [0, g) , therefore sin x > 0
[Because sin x is positive in both first and second quadrants]

— _—sinx<0 . f'x)=—sinx<0 on (o,g)

= f(x) is strictly decreasing on (0, g) .
(B) Let f(x) = cos 2x then [’(x)=- 2 sin 2x

0<x<g,.'. O0<2x<m

= sin 2x >0 = —2sin 2x < 0



L fx)=—2sin2x <0 on(O,

N3

= f(x) is strictly decreasing on (0, g) .

(C) Let f(x) = cos 3x then f’(x) =— 3 sin 3x
0<x<Z, . 0<3x<3® 210
2 2
. b
Now for 0 < 3x < 7, [z.e.,0<x<§j sin 3x > 0

(*." sin 0 is positive in first two quadrants)
= fx)=-3sin3x<0=f"(x) <0

= f(x) is strictly decreasing on (0, gj

and for mT<3x < 3?11, sin 3x < 0

[Because sin 6 is negative in third quadrant]
L fx)=-3sin3x>0=f"(x) >0

= f(x) is strictly increasing on (g, g]
f (x) is neither strictly increasing nor strictly decreasing on

o3

(D) Let f(x)=tanx then f’(x)=sec?x >0
= f(x) is strictly increasing on (0, g) .

Hence, only the functions in options (A) and (B) are strictly
decreasing.
13. On which of the following intervals is the function f given
by f(x) = #'% + sin x — 1 is strictly decreasing?

T

A 0,1 (B) (gn) (©) (o, 2) (D) None of these.

Sol. Given: f(x) = ' + sin x — 1
f'(x) = 100 x* + cos x (@)
Let us test option (A) (0, 1)
On (0, 1); x > 0 and hence 100 x*° > 0
For cos x; interval (0, 1) = (0, 1 radian)
= (0, 57° nearly) (.- m radians = 180°
180°

= 1 radian =

1807 7 90° x 7 630°
= 22 = 1800 X — = x =
7 22 11 11

= 57° nearly)



14.

Sol.

= «x is in first quadrant and hence cos x is positive.

From (i), f’(x) = 100x®® + cos x > 0 and hence f(x) is
strictly increasing on (0, 1).

Option (A) is not the correct option.

Let us test option (B) (g, n)

For 100x%, x € (g, nj

7)) 22 11 22
= X € 9 5 7 = (7,7) = (15, 31)

= x>1 = x> 1 and hence 100x* > 100.

For cos «, (g,n) = Second quadrant and hence cos x is

negative and has value between — 1 and 0.
(- —=1<cosB<1)

From (i), f’(x) = 100x* + cos x > 100 — 1 =99 > 0
f(x) is strictly increasing on (g, n) .
Option (B) is not the correct option.

Let us test option (C) (O, gj

On (O, gj i.e., (0, 1.5) both terms 100x* and cos x are positive

and hence from (i), f’(x) = 100x%° + cos x is positive.
[ (x) is strictly increasing on (0, g) also.

Option (C) is also not the correct option.
Option (D) is the correct answer.
Find the least value of a such that the function f given
by f(x) = > + ax + 1 strictly increasing on (1, 2).
Here f(x)=x*>+ax + 1 (@)
Differentiating (i) w.r.t. x, f'(x) = 2x + a ..(@0)
Because f(x) is strictly increasing on (1, 2) (given),
S f(x) =2x +a >0 for all x in (1, 2) ...(1i1)
Nowon (1, 2), 1 <x < 2
Multiplying by 2, 2 < 2x < 4 for all x in (1, 2).
Adding a to all sides
2+a<2x+a<4+aforall xin (1, 2)
or 2+a<f’'(x) <4+ aforall xin (1, 2) [By ()]
~. Minimum value of f "(x) is 2 + a and maximum value of



15.

Sol.

16.

Sol.

f(x)is 4 + a. ...(Iv)
But from (zi7), f "(x) > 0 for all x in (1, 2)

L~ 2+a>0and4 +a>0 [By (v)]
“a>-2anda>-4
a>—2 ['"a >-2 = a > -4 automatically]

.. Least value of a is — 2.
Let I be any interval disjoint from [- 1, 1]. Prove that the

function f given by f(x) = x + 1 is strictly increasing on I.
x

1 o . . o
Given: f(x) =x + — =x + x* % _1 : o

x

1 x?-1
[@=1+C1n?=1- 75 = =
-1(x+1
Forming factors, f'(x) = (967(23“') G
x

Given: I is an interval disjoint from [- 1, 1].
ie, I'=(=00,00)—[-1 1] = (=00, = 1) U (1, )
For every x € I, eitherx <—1 or x> 1

For x < — 1 (For example, x = — 2 (say)),

from (@), f'(x) = w =(+) ie, >0
(+)
For x > 1 (For example, x = 2 (say)),
from (), f'(x) = (+()+()+ ) _(4) ie, >0
f/(x) >0 forallx e I .. f(x)is strictly increasing on I.

Prove that the function f given by f(x) = log sin x is strictly
increasing on [0, gj and strictly decreasing on (g, nj .
Given: f(x) = log sin x

1 d .
. — sinx = —
sinx dx sin x

(cos x) = cot x (1)

fx) =
On the interval [O,gj i.e., in first quadrant, from (i),
f'(x) =cotx >0

f(x) is strictly increasing on (0, g) .

On the interval (g, n) i.e., in second quadrant, from (i), f'(x) =

cotx < 0.

f(x) is strictly decreasing on (g, Tc) .



17.

Sol.

18.

Sol.

19.

Sol.

Prove that the function f given by f (x) = log cos x is strictly
decreasing on (0, g) and strictly increasing on (g, nj .
Given: f(x) = log cos x

1 i (cos x) =
cos x dx -

o fl) =

(— sin x) = — tan x (D)

We know that on the interval (O, gj i.e., in first quadrant,

tan x is positive and hence from (i), f’(x) = —tan x is negative
e, < 0.

f(x) is strictly decreasing on (O, gj .

o
We know that on the interval (E,ﬁj i.e., in second quadrant;

tan x is negative and hence from (i),
f’(x) = — tan x is positive i.e., > 0.

f(x) is strictly increasing on (g, n) >

Prove that the function given by f(x) = 2% - 3x2 + 3x
- 100 is increasing in R.
Given: f(x) = x® — 3x® + 3x — 100.
Then fl(x) =3x> —6x +3=3x>-2x + 1)
=3k —-12%>0 for all x in R
o f(x) is increasing on R.
The interval in which y = x* ¢ is increasing is

(A) (= oo, o) B) (-2, 0 (C) (2, ) (D) (0, 2).
Given: y (= f(x) = a2 e *
dy

o = xZ%e’x + e’x%f =x2e*(=1)+e % (2)

=—x2e ¥+ 2 e

dy _ x(2-x)
dx - ex
Out of the intervals mentioned in the options (A), (B), (C) and (D),
% > 0 for all x in interval (0, 2) of option (D).
x
y (= f(x)) is strictly increasing and hence increasing in interval
(0, 2) of option D.
Note. For a subjective solution of this question, proceed as in
solution of Q. No. 6 (a), (b), (c).

Remark. Increasing (decreasing) function or monotonically increasing

Y=zxe*(—x+2)

or

(or monotonically decreasing) function have the same meaning.



Exercise 6.3

1.

Sol.

Sol.

Sol.

Sol.

Find the slope of the tangent to the curve y = 3x* - 4x

at x = 4.

Given: Equation of the curve is y = 3x* — 4x (D)
Slope of the tangent to the curve y = f(x) at the point (x, y)

= Value of % at the point (x, y)
x

=3(4x%) -4 = 1247 — 4
Slope of the tangent at (point) x = 4 to curve (i) is

12042 —4 =12 x 64 — 4 = 768 — 4 = 764.
Find the slope of the tangent to the curve y = d _; , X #2
at x = 10. #
Given: Equation of the curve is y = ;_; .(0)

dy _ (x—2)%(x—l)—(x—l)%(x—2)

dx (x — 2)°
or Q _ (x-2)-(x-1 _ x—2-x+1 h -1 @)
dx (x — 2) T x=-22 (x-2?

Putting x = 10 (given) in (i7), slope of the tangent to the given
curve (1), at x = 10 (= value of 3—3) at x = 10)
X
_ -1 -1 -1
10-2?% (8 64~
Find the slope of the tangent to the curve y = x® - x + 1 at
the point whose x-coordinate is 2.

Given: Equation of the curve is y = 2% —x + 1 (D)
dy 2
—— =3x" -1
dx

Slope of the tangent to curve (i) at x = 2 (given)

=Valueof% (atx=2)=322-1=34)-1
X

=12 -1=11.
Find the slope of the tangent to the curve y = x> — 3x + 2 at
the point whose x-coordinate is 3.

Given: Equation of the curve is y = x® — 3x + 2 (D)
D 323
x

Slope of the tangent of curve (i) at x = 3 (given)

dy 9
=Va1ueof$(atx=3)=3.3—3=3.9—3
=27 — 3 = 24.



5. Find the slope of the normal to the curve
x=acos®0,y=asin®0 at 0= g

Sol. Given: Equations of the curve are
x=acos® 0,y =aqasin®0

@ = ai (cos 0)° and & = ai (sin 0)°
do do do do
= a.3 (cos 0) d (cos 0) and
do
= a.3 (sin 6)? i sin 0
- de
d
or @ =—38a cos? O sin 6 and & = 3a sin® O cos 6
do do
dy dy/do 3asin?0cos® —sinb
C A = = = — tan 0
de  dx/d0  _3gcos®6sin®  cos@
Slope of the tangent at 6 = T (given) = value of Q at 0= e
4 dx 4
b1
= — tan Z =—1.

Slope of the normal (at 0= Z—] = negative reciprocal of slope

Pt S 1
of tangent = 1. T .
6. Find the slope of the normal to the curve
x=1-asin®,y=>cos>0 at 0 = T,
Sol. Given: Equations of the curve are
x=1-—asin 06,y =>5bcos®0
% =0-acos 6 and % =b% (cos 0)?
dx dy

d
- =—acos® and 70 b.2 (cos 0) P cos 0

= — 2b cos 0 sin 0
dy _ dy/do _ —2bcosOsin® _ 2b

= = — sin O
dx dx/d6 —acosB a
Slope of the tangent (at 6 = g (given))
= value of dy (at 0= E)
dx 2
=2 T2 2

a 2 a



Sol.

Sol.

Sol.

= 26 (= m say)
a

Slope of the normal (at 0= E) - -1__ e
2 m 2b

. Find the points at which the tangent to the curve

y = &% - 322 - 9x + 7 is parallel to the x-axis.

Equation of curve is y = 2® — 3% — 9x + 7 (D)
@ 3x% — 6x — 9 = Slope of tangent at (x, y)
x
Since the tangent is parallel to the x-axis, ;i—y =0
x

= 3x? —6x-9=0or x*-2x-3=0

or (@-3)x+1)=0 Lo x=3,-1
When x = 3, from (i), y=27-27-27+7=-20
When x = -1, from (i), y=-1-3+9+ 7 =12
.. The required points are (3, — 20) and (- 1, 12).

. Find a point on the curve y = (x - 2)% at which the tangent

is parallel to the chord joining the points (2, 0) and (4, 4).

Let A(2, 0) and B(4, 4) be the given points.
4-0 Yo =N
Sl f chord AB = =2 vom=S—
ope of chor 1o { P
Equation of curve is y = (x — 2)?
d
. Slope of tangent at (x, y) = ?y = 2(x - 2).
x

If the tangent is parallel to the chord AB, then

slope of tangent = slope of chord

= 2c-2)=2 =22x-4=2 =52x=6 =>x=3

o y=0B-22%=1

Hence, the required point is (3, 1).

Find the point on the curve y = #® - 11x + 5 at which the
tangent is y = x - 11.

Equation of curve is y=x>-1lx + 5 (D)
Equation of tangent is y =x — 11
or x—y—-11=0 .(10)
d
From (), L3211
dx
= Slope of tangent at (x, y) is 3x? — 11.
s - -1
But slope of tangent from (ii) is Ta = — =1
3¢ —11=1 or 8x2=12 or x® =4 . x=+2
From (i), when x =2, y=8-22+5=-9

when x=—2 y=—-8+22+5=19
- We get two points (2, — 9) and (- 2, 19). Of these, (- 2, 19)



10.

Sol.

11.

Sol.

does not satisfy eqn. (i) while (2, — 9) does. Hence, the required
point is (2, — 9).
Find the equation of all lines having slope - 1 that are

tangents to the curve y =

1
,x# 1
1 X

1
x-1
-1
(x - 1)?
= Slope of the tangent to the given curve at any point (x, y).
But the slope is given to be — 1

=@x-1" ()

Given: Equation of the curve is y =

dy

d
=~ (_ _1)y2 — _ _
dx CD&-1 dx -1 =

S M R
(x-1)
= x-1%2=1 = x-1=21 = x=1=+1
= x=1+1=2 or x=1-1=0
Putti 2 in () 1 L
utting x = 21n (1), y = o-1 -1

One point of contact is (2, 1).
Equation of one required tangent is y — 1 =—1(x — 2)
[y =y = mlx —xy)]
e, y—-1l=—-x+2 or x+y—-3=0

The other point of contact is (0, — 1).
Equation of the other tangent is
y—(=1)==-1x-0) or y+1=-x
or x+y+1=0
Equations of required tangents are
x+y—-3=0 and x+y+1=0.
Find the equations of all lines having slope 2 which are

tangents to the curve y = % , x # 3.
x —

1
Equation of curve is y = ~_3 = (x — 3)71
Differentiating w.r.t. x, we get

dy _ . _ayp2_ 1
T =1 x-3)"°*= x_37

= Slope of tangent to the given curve at any point (x, y)

But the slope is given to be 2.
) -1

L (x-3)?
which is not possible since (x — 3)? > 0.

=2 or2tx-3%=-1 or (x—3)2=—%<0



12.

Sol.

13.

Sol.

Hence, there is no tangent to the given curve having slope 2.

Find the equations of all lines having slope 0 which are
tangents to the curve
1
Y ¥ ax+s’
1
Equation of curve is y = —————— (D)
x?—2x+3
Differentiating w.r.t. x, we have
d
D e g3y o2+ 32 (2 - 2)
dx dx
_ -2(x -1
(x® - 2x + 3)*
= Slope of tangent to the given curve at any point (x, y)
But the slope (of tangent) is given to be 0
%:O - _-2x-1)=0
(x* —2x+3)
= x—1=0 = x Ml
Puttin, 1 in (i), we have s L
utting x = 1 in (1), w \Y = — = =
g Y@ 15283 2
1
Thus the point on the curve at which tangent has slope 0 is (1, E) .
. : 1
~. Equation of tangent is y — 3 =0(kx-1)
1 1
ory— — =0 ory=—.
YT LE
X2 »?
Find the points on the curvem 9 + 16 = 1 at which the
tangents are
(i) parallel to x-axis (ii) parallel to y-axis.
22 y?
Given: Equation of the curve is ry + 6 - 1 (1)
Differentiating both sides of eqn. (i) w.r.t. x, we have
2736 + Ziy Q =0 = ziy @ = — 27.’;(
9 16 dx 16 dx 9
dy dy - 32x —16x ..
18y — = - 32 — = =
7 Y YT dx T 18y 9y (@)
(i) If tangent is parallel to x-axis, = Slope of tangent = 0
d -1
DB _0 = From (i), 2% 0 16x=0
dx
0
- - 0
= T



2
Putting x = 0 in (@), i}—6 =1 or y®=16. Therefore, y = * 4.

The points on curve (i) where tangents are parallel to x-
axis are (0, + 4).
(ii) If the tangent is parallel to y-axis

= Slope of the tangent = £ = = ny =+ oo
x
= ﬂ =0
dy
.. 9y 0
From (i7), =0 = 9 =0 = y=—=0
—16x 9

2
Putting y = 0 in (i), % =1 or =9

x=1%3.
Hence the points on the curve at which the tangent are
parallel to y-axis are (£ 3, 0).
14. Find the equations of the tangent and normal to the given
curves at the indicated points:
@) y =x*-6x% + 13x% - 10x + 5 at (0, 5).
(@) y = x* - 62% + 13x% - 10x + 5 at (1, 3).
@Gii) y =% at (1, 1).
(iv) y = x> at (0, 0).

% T
(v)x=cost,y=s1ntatt-z.

Sol. (i) Given: Equation of the curve is
y =xt—6x% + 13x2 - 10x + 5 (D)
% = 4x® — 184 + 26x — 10 Tangent
G

= Slope of the
tangent at point (x, y)
Slope of tangent at (0, 5) Normal P(0, 5)

= Value of L14] at (0, 5)
dx

(Putting « = 0)
= 4(0)® — 18(0)% + 26(0) — 10

= — 10 (= m say)
Slope of the normal at (0, 5)
-1 -1 1
~m -10 10
Equation of the tangent at (0, 5) is
y—5=-10 (x - 0) Iy =y = mx —xq)

e, y—5=—-—10x or 10x+y =5
and equation of the normal at (0, 5) is

1
—5=—(x-0
y 10(x )



= 10y -50=x ie, —x+ 10y -50=0

or x — 10y + 50 = 0.
(i) Given: Equation of the curve is
y =xt—6x% + 13x2 — 10x + 5 (D)
dy

= 403 — 18x2 + 26x — 10
dx

= Slope of the tangent at the point (x, y)
Slope of the tangent at (1, 3) = Value of % at (1, 3).
X

(Putting x = 1) = 4(1)®> — 18(1)% + 26(1) — 10
=4-18+26-10=30-28=2(=m

say)
-1 -1
Slope of the normal at (1, 3) = — = —
m 2
Equation of the tangent at (1, 3) isy — 3 = 2(x — 1)
= y—3=2x-2 = y=2x+1
and equation of the normal at (1, 3)isy — 3 = %(x -1
= 2y -3)=-x-1) = 2y—-6=—-x+1
= x+2y-T7=0.
(Zit1) Given: Equation of the curve is
y=a° (D)
% = 3x? = Slope of the tangent at the point (x, y).
x
Slope of the tangent at (1, 1) = Value of % at (1, 1).
x
(Putting x = 1) = 3.12 = 3 = m(say)

Slope of the normal at (1, 1) = -1 _-1
m

3
. Equation of the tangent at (1, 1)isy — 1 =3 - 1)
= y-1=3x-3 = y=3x-2

and equation of the normal at (1, 1) isy — 1 = _?(x— 1)
= 3y-3=-x+1 = x+3y—-4=0.

(iv) Given: Equation of the curve is rY
y = a2 (@)
dy
2 _o
dx o
= Slope of the S > X

tangent at  (x, y)
Slope of the tangent at (0, 0)

= Value of ﬂ at (0, 0)
dx

(Putting x = 0) = 2 x 0 = 0 (= m say)



. Tangent at (0, 0) to curve (i) is (y — 0) = 0 (x — 0) or
y = 0i.e. x-axis and hence normal at (0, 0) to curve (i) is y-axis.
(v) Given: Equations of the curve are
x=cost, y=sint

@z—sintand d—y=cost
dt dt

dy dy/dt cost

— = = = - tt
dx _ dx/dt ~ —sint

Slope of the tangent at (x, y)

T . dy T
Slope of the tangent at t = — is value of -~ at¢t = —
4 dx 4

=—cotg =—1 (= m say)
-1 -1
Slope of the normal at ¢ = T js e g
4 m -1

Point ¢ = g = Point (x, y) = (cos ¢, sin ¢)

oyl 3

1
Equati f the t 15 — ==-1|x-
quation of the tangent is y — \/— [ 2]

VN 40 .. SR X N I I

- W YRTRTR

2 242
or x+y=+2 { ﬁ 5 =\/§:|
and equation of the normal at 3’ J2) 18
y—i—l(x—i) or y—i—x—i
V2 V2 V2 V2

or BN 4

15. Find the equation of the tangent line to the curve
y = 22 - 2x + 7 which is
(a) parallel to the line 2x -y + 9 =0
(b) perpendicular to the line 5y — 15x = 13.

Sol. Given: Equation of the curve is y = x> — 2x + 7 (D)
Slope of the tangent = % =2x — 2 .(@0)
x

(a) Slope of the given line 2x —y + 9 = 0 is
— coeff. of x (—a] -9

_ == =9
coeff. of y -1

b



Slope of tangent parallel to this line is also = 2
(*.© Parallel lines have same slope)
= By @(i)),2x-2=2 = 2=2+2=4
4
2
Puttingx =2in(@),y=4-4+7=1717

Point of contact is (2, 7)

Equation of the tangent at (2, 7) is
y—T=2x-2) or y—-T7T=2x—-14
or y—2¢x—3=0.

(b) Slope of the given line
5y — 15x = 13 ie., - 15x + 5y = 13

is%:—[%}:?::(msay)

Slope of the required tangent

= x = =2

-1 A
perpendicular to this line = — = -1
m 3

= (By (ii)) 2x—2=_?1 = 6x—6=-1

= 6x=6-1=5 :>ng
. 5 25 5 Sy _
Putt = = . = — = — 7 15y =
utting x 5 in (1), y 30 3 + X
25-60+252  277-60 217
2 36 - 36 36
5 217
Point of tact is | =, —
oint of contact is (6 36)

. . 5 217) .
Equation of the required tangent at ( j is

6’ 36
217 -1 ( 5]
_ 248 2

36 3 6
:>3y—y=—x+f :>x+3y=£+§
12 6 12 6
. ©+ 3y = 217+10 =g
12 12

Cross-multiplying, 12x + 36y = 227.
16. Show that the tangents to the curve y = 7x® + 11 at the

points where x = 2 and x = - 2 are parallel.
Sol. Given: Equation of the given curve is y = 7x® + 11
dy

4 = 21x? = Slope of the tangent to the curve at (x, y)
x

Putting x = 2, slope of the tangent = 21(2)>=21x4 = 84



17.

Sol.

18.

Sol.

19.

Sol.

Putting x = — 2, slope of the tangent = 21(— 2)> =21 x 4 = 84

Since the slopes of the two tangents are equal (each = 84),
therefore, tangents at x = 2 and x = — 2 are parallel.

Find the points on the curve y = x® at which the slope of
the tangent is equal to the y-coordinate of the point.

Given: Equation of the curve is y = «° (D)
. % = 3x? = Slope of the tangent at the point (x, y) ..(@0)
x

Given: Slope of the tangent = y-coordinate of the point.
Putting values from (ii) and (i),
3?2=2 = 3?-2*=0 = x¥3B-x=0
Either x> =0 ie, x=0 or 3—-x=0 ie,x=3
Putting x =0 in (i), y =0 .. Point is (0, 0)
Putting x = 3 in (i), y = 3% = 27 .. Point is (3, 27)
The required points are (0, 0) and (3, 27).
For the curve y = 4x® - 2x%, find all the points at which the
tangent passes through the origin.
Equation of curve is
y = 4x° — 2x° (D)
Let the required point be P(x, y), the tangent at which passes
through the origin O(0, 0).

Differentiating both sides of eqn. (i) w.r.t. x, % = 12x% — 10x*
x

- Slope of the tangent OP at P(x, y)= 2 = 12:2 — 10x¢ = 2= 0
dx x-0
or LA 12x? — 10x* or y = 12x3 — 102°
x
Putting this value of y in eqn. (i), we have P(x.y)

12x% — 106 = 40® — 24° or 8x% — 8x° = 0
or 8 (1-x)=0
- Eitherx =0 or 1-x*>=0
je,x’=1 . x=+1
Putting x = 0 in (7), y=0
Putting x = 1 in (0), y=4-2=2
Putting x = — 1 in (0), y=—4+2=-2
Hence, the required points are (0, 0), (1,2) and (- 1, — 2).
Find the points on the curve x*> + y* - 2x - 3 = 0 at which
the tangents are parallel to the x-axis.
Equation of curve is 2 +y2—-2c-3=0 (D)
Differentiating w.r.t. x, we get

0O(0, 0)

dy dy
2 2y == -2=0 2y —
x+yd or 2y

X
Dividing by 2, y &y =1-x
dx

=2 - 2x



20.

Sol.

21.

Sol.

dy 1-x

dx y
Now the tangent is parallel to the x-axis if the slope of tangent

is zero

ie., @ =0 or
dx y

Putting x = 1 in (), we get 1 + > -2 -3 =10

or y2=4 . y=+2

Hence, the required points are (1, 2) and (1, — 2).

Find the equation of the normal at the point (am?, am?®) for

the curve ay® = x°.

=0 or x=1

Given: Equation of the curve is ay? = «® (D)
Differentiating both sides of (i) w.r.t. x,
d
ay2 = d—x?’ = aZyQ = 3x?
2
dy = 3x” = Slope of the tangent at the point (x, y)
dx 2ay
Slope of the tangent at the point (am?, am?)
3(am?)? 3a’m* 3m
(Putting x = am?, y = am?®) = = = N5ivg
& Y 2a.am® 2a’m? 2
Slope of the normal at the point (am?, am?) = — Sl
m

(Negative reciprocal)
Equation of the normal at (am?, am?) is

y —am?® = — N2 (x — am?)
3m
= 3m(y — am®) = — 2(x — am?)
= 3my — 3am* = — 2x + 2am?
or 2x + 3my — 2am? — 3am* = 0
or 2% + 3my — am? (2 + 3m?) = 0.

Find the equations of the normal to the curve
y = 2% + 2x + 6 which are parallel to the line x + 14y + 4 = 0.
Equation of curve is y = 2% + 2x + 6 (D)
Differentiating w.r.t. x, we get

Slope of tangent to the curve at (x, y) = % =32 +2
X

= Slope of normal to the curve at (x, y)
-1 ..
= 32419 .(i0)

Now the slope of given line x + 14y + 4 = 0 is — % Since the

normal is parallel to this line, the slope of normal is also — %

as parallel lines have equal slopes.



22.

Sol.

23.

Sol.

.. -1 1
- By (i), we have 3 190 4
or 3x> +2=14 or 3x?=12 or a2=4 - x=%2
Putting x = 2 in (7), y=8+4+6=18
Puttingx =-2in(i), y=-8-4+6=-6
.. The coordinates of the feet of normals (i.e., points of contact)
are (2, 18) and (- 2, — 6).
~. Equation of normal at (2, 18) is

1
-18=—- —(x -2
¥ 14( )

or 14y — 252 =—x + 2 or x+ 14y — 254 =0
and equation of normal at (— 2, — 6) is

y+6=—ﬁ(x+2)

or 14y + 84 = —x — 2 or x + 14y + 86 = 0.
Find the equation of the tangent and normal to the parabola
¥? = 4ax at the point (at?, 2at).
Given: Equation of the parabola is y? = 4ax ..(0)
Differentiating both sides of (i) w.r.t. x, we have
d d dy
fhadl = 4q — Qy —=
dx Y “ dx (x) A 8 dx
4 2 .
b P Slope of the tangent at the point (x, y)
dx 2y y
Slope of the tangent at the point (at?, 2at) is

2a 1

Putti = at?, y = 2at = A= =

(Putting x = at®, y at) ey ;
Slope of the normal = — ¢ (Negative reciprocal)

Equation of the tangent at the point (at?, 2at) is

= 4a

1
y — 2at = ;(x—atz) or ty — 2at® = x — at®

= ty = x + at?
Again equation of the normal at the point (at?, 2at) is
y —2at = — tlx —at?) or y—2at =—tx + at®
or tx +y = 2at + at’.
Prove that the curves x = y* and xy = k cut at right angles if
8k? = 1.
Equations of curves are x =y2 ..(i) and xy = k ..(@0)
To find the point(s) of intersection, we solve them simultaneously
for x and y.
Putting x = y? from eqn. (i) in eqn. (i),
we have y> .y =k or y =k - y=Fk"
Putting this value of y in (i), x = (BY3)? = 23
. The point of intersection is (2?3, £V3) = (x, y) (say) . (idD)



24.

Sol.

. d
Differentiating (i), w.r.t. x, 1= 2yl
x

d
or b = 1 =m (iv)
dx 5y 1
. . .. dy
Differentiating (ii) w.r.t. x, x i +y=0
dy y
or i m, ..(v)
Because the curves (i) and (ii) cut at right angles at their point of
intersection (x, y), therefore m;m, = — 1.

Putting values of m; and m, from (iv) and (v), we have

i(_l) =-1 or i=1
2y x 2x

or 2¢ = 1. But from Gii), x=£k*® . 2k =1
Cubing both sides, 8k2 = 1.
Find the equation of the tangent and normal to the
2 2
hyperbola x—z - Z—z =1 at the point (x,, y,).
a
2 52
Equation of hyperbola is — — ITZ = (D)
a
. 2%, 2y dy
Diffi i h - -5 .>— =0
ifferentiating w.r.t. x, we have b b2 dx
or L o, or ﬂ—lﬁ—x (i1)
2 dx a2 dx a’y
g . 2. . b2x0
Putting x = x, and y = y, in (i), slope of tangent at(x,y,)is ——
a Yo
4 . bzxo
Equation of tangent at (xj, y)) isy -y, = —5— @& —x,)
a Yo
2 > 2 YYo y02 XXo x02
or S — (ax, — x,°) or - - o = — ——5
Yo =Y o2 o %o B2 b2 o2 o2
Xy W _ % Yo
0 0 0 0
or — - T = — — ...(111)
a? b2 a? b2
2 o2
Since (x,, y,) lies on the hyperbola (i), .. =% - b702 =1
a
Putting this value in R.H.S. of equation (ii7), equation of tangent
at (x,, y,) becomes o _ Mo _ 1.

a? b2



25.

Sol.

b2x0

Now, slope of tangent at (x,, y,) is o2 Yo
. a2y0 . .
= Slope of normal at (x, y,) is — . (Negative reciprocal)
) X

Equation of normal at (x,, y,) is

2
Y-y 2 (x - xp)
b X0
or b%xo (v — yg) =— a®y, (@ — xo)
Dividing every term by a?b%cy,,
Y% __ (x;xo) or (x;xo) N (y;yo) -0
a"yo b"xg b*xg a Yo

Find the equation of the tangent to the curve y = /3x — 2
which is parallel to the line 4x - 2y + 5 = 0.

Given: Equation of the curve is y = /3x — 2 4D
dy d 1 d 1
= —(Bx-2==Bx-2" —Bx -2 = —— .3
dx dx(x ) 2(x ) dx(x ) 2./3x — 2
= Slope of the tangent at point (x, y) of curve (i) ..(@0)
Again slope of the given line 4x — 2y + 5 = 0 is —_?)g & _—; = 2 ..(i10)
Since required tangent is parallel to the given line, therefore
3
m = [Parallel lines have same slope]

Cross-multiplying, 4./8x-2 =3
Squaring both sides, 16(3x —2) =9 = 48x -32 =9

= 48 =32+9 =41 = ac=ﬂ
48
. 41 . . 41
Putting x = —— = 3| == |-
utting x = —2 in (@), y 3(48) 2
_oA_,  _ A1-32 9 3
~\16 - 6 \i6 4
41 3
Pt f t t = o’ a4
oint of contact is (x, y) (48 4j

41
Equation of the required tangent is y — % = 2(96 - ZS]

3 41 3 41 18 - 41
S>y—- —=2x- — = y=2x+ ——— = y=2x+
4 24 4 24 24




= 24y = 48x — 23 or — 48x + 24y = — 23
Dividing by — 1, 48x — 24y = 23.

Choose the correct answer in Exercise 26 and 27.

26.

Sol.

27.

Sol.

The slope of the normal to the curve y = 2x? + 3 sin x at
x=0is
1 -1
A) 3 B) 3 ©) -3 (D) 3 -
Given: Equation of the curve is y = 2x? + 3 sinx  ...(J)
% = 4x + 3 cos x = Slope of the tangent at the point (x, y)
X

Putting x = 0 (given), slope of the tangent (at x = 0)
= 4(0) + 3 cos 0 = 3 = m (say)
-1 -1

Slope of the normal at x = 0 is — = —
m 3

Option (D) is the correct answer.
The line y = x + 1 is a tangent to the curve y*> = 4x at the point
A 1,2 B) 2,1 ©) a, -2 D) (-1, 2).

Given: Equation of the curve is y? = 4x ...(J)
Differentiating both sides of (i) w.r.t. x,
4 2
Zyﬂ = 4 ﬂ =9 =
dx dx 2y y
= Slope of tangent to curve (i) at point(x, y) ..(11)

Again slope of the given (tangent) line y = x + 1
e, —x+y—-1=0 ie, x—y+1=0is

o :% 3 . i)
)
From (i) and (i), i 1 o)
| -.- Both are slopes of téle same line 0 X
y =

Puttingy =2 in (i), 4 =4x or x=1
Required point of contact is P(x, y) = (1, 2).
Option (A) is the correct answer.




Exercise 6.4

1.

Note. 1. Symbol for approximate value is ~.

2. Ax, a small increment (change) in the value of x, (positive or
negative) is ~ dx.

3. Similarly, Ay ~ dy.

Using differentials, find the approximate value of each of
the following up to 3 places of decimal.

(i) v25.3 (ii) V49.5 (m) V0.6
(iv) (0.009)13 (v) (0.999)V/10 (vi) (15)"

(vii) (26)3 (viii) (255)V4 (ix) (82)1/4



(x) (401)2 (xi) (0.0037)"2 (xii) (26.57)3
(xiii) (81.5)4 (xiv) (3.968)%?2 (xv) (32.15)'5,

Sol. (1) To find approximate value of v25.3.

Let y = NEEG) by looking at square root of 25.3
dy 1 e 1 dx ..
2 D12 = dy = ..(@)
dx 2 2x N
Changing x to x + Ax and y to y + Ay in (0),
y+Ay=x+Ax = /253 = \25+0.3 (i)

(25.3 has been written as 25 + 0.3 because we know the
square root of 25 as = 5)

Comparing ./x + Ax with /25+ 0.3, we have

x =25 and Ax = 0.3 ...(Iv)
From eqn. (iit), v25.3 =y + Ay ~y + dy ~ Jx o+ ﬂ
2/x
(From (i) and (i7))
Ax 0.3 )
~ x4 e ~ J25 + 2025 (From (iv))
0.3 0.3
~5+%—5+‘ﬁ—5+0.03
v25.3 ~ 5.03.
(i) To find approximate value of +49.5
Let y= x (@)
dy 1 dx .
' 4 dy = —
e N = dy NG (1)
Changing x to x + Ax and y to y + Ay in (0),
y+Ay = Jx+Ax =495 = \[49+0.5 ... (i)
Comparing +/x + Ax with /49 + 0.5,
x =49 and Ax = 0.5 ...(kv)
From eqn. (iii), V495 =y + Ay ~y + dy
~ Jx + ﬁ (From (i) and (i7))
dx Ax
0.5 .
49.5 ~ + [By (v)]
J49 J49 N/ y (v
=7+ 05 =7+ 05 =7 + 0.0357 = 7.0357
2(7) 14

(ii1) To find approximate value of /0.6
Let y=x D)



% = % = dy= % .(@0)
Changing x to x + Ax and y to y + Ay in (i),
y+dy = Jo+tax = V0.6 = J0.60
J0.64 - 0.04 (i) (. 0.64 — 0.60 = 0.04)
Comparing m with m ,

we have x = 0.64 and Ax = — 0.04 ...(lv)
From eqn. (iii), V0.6 =y + Ay ~y + dy

x dx (F (@) and (if))
~ * olx rom (i) and (il

Ax 0.04
~ X + —— ~ l 3 4 —
Wx 0.6 2.0.64

0.04 0.04 4 10
706 ~ 0.8 — =08- —- =08 - — 25
2(0.8) 1.6 100 3 16

=0.8 - 1 = 0.8 - 0.025 = 0.775.
40

(iv) To find approximate value of (0.009)"?

1
Let y = '3 (i) by looking at power (index) 5 of 0.009.
dy 1 . 1 dx Ax ..
. a — gx 2/3 = 3x2/3 = dy = ‘3—362? ~ W ...(ll)

Changing x to x + Ax and y to y + Ay in (i),
y + Ay = (x + A0)Y2 = (0.009)"3 = (0.008 + 0.00D)V3  ..(Gii)

0.009 has been written as 0.008 + 0.001 because we know
that the cube root of 0.008 i.e., (0.008)" = 0.2

Comparing (x + Ax)"? with (0.008 + 0.001)"3, we have
x = 0.008 and Ax = 0.001 ...(iv)

From eqn. (iii), (0.009)Y% =y + Ay
3 dx 1/3 Ax

~y+dy=aB 4 — ~aPB ——
3x2/3 3(x1/3)2
. 3y (0.001)
(From (l) and (ll)) ~ (0008)1/3 + W
(0.009)"® ~ 0.2 + 0’0012 -0+ 200
3(0.2) 3(0.04)
=02+ % [(0.008)¥3 = ((0.2)%3 = 0.2]

~ 0.2 + 0.0083 = 0.2083.



(v)

(v1)

(vii)

To find approximate value of (0.999)V1°

Let y = V10 (@)
dy _ ix_ea/w _ 1
dx ~ 10 1029710
dx Ax ..
= dy = 10710y 7 10(x10)9 - (id)
Changing x to x + Ax and y to y + Ay in (i),
y+ Ay = (x + A)Y10 = (0.999)V1° = (1 — 0.001)1° )
Comparing x = 1 and Ax = — 0.001 ...(lv)
From eqn. (iii), (0.999)Y10 =y + Ay ~ y + dy
Ax
1/10 :
~ X + W [FI‘OIH (l)
and (71)]
- (V10 _ 0.001 1 0.001
10(11/10)9 10
=1 - 0.0001 = 0.9999.
To find approximate value of (15)Y4
Let y =" (D)
dy 1 gy 1 g4 1
de ~ 47 T4t T gon
dx Ax ..
dy = 4(x1/4)3 ~ 4(x1/4)3 '"(”)
Changing x to x + Ax and y to ¥ + Ay in (i),
y+ Ay =+ A = 15" = (16 = D ...(ii)
Comparing, x = 16 and Ax = — 1 ...(Iv)
From eqn. (iii), 15" =y + Ay ~y + dy
= x4 e (From (i) and (ii))
1 .
~(aevt - — — (From (iv))
4((16)1/4)3
=2 = #3 ¢ (16)1/4 — (24)1/4 =2
4x2
apti g L o8-l 63 g6e7s
32 32 32
To find approximate value of (26)
Let y =« (1)
dy _ 1 95_ 1
dx 3 3x?/3
Ax
dy = & i)

3,2/3 - 3(x/3)2

Changing x to x + Ax and y to y + Ay in (i),
y+ Ay = (x + Ao)B = (26) = (27 — DV Gid)

Comparing, x = 27 and Ax = — 1 ...(Iv)



From (iii), (26)"® =y + Ay ~y + dy

Ax
sy 3 [From (iii) and (ii)]
1
SO (2§ L A — [From (iii)]
3((27)1/3)2
(26)1/3 ~3— 1 > [ (27)1/3 — (33)1/3 — 3]
33)
1 _
3.~ _81-1 80 9690
27 27 27
(viii) To find approximate value of (255)"4
Let y=x (D)
dy _ lx—3/4 _ 1
dx 4 4x3/4
dx Ax ..
dy = 1% T 4y (18
Changing x to x + Ax and y to y + Ay in (i),

y + Ay = (x + A4 = (255)V% = (256 — D4 (7))
Comparing, x = 256 and Ax = — 1 ...(Iv)
From (iii), (255)"* = y + Ay

Ax
1/4 ) ..
~x’* ¥ m (From () and (7))
- (256)1/4 _ 1 1

L T N
4((256)/4)° 4(4)°

S (256)1/4 - (44)1/4 = 4]
1 1024 -1 1023

- — = = ~ 3.9961.
256 256 256
(ix) To find approximate value of (82)V*
Let y = x4 (@)
dy _ 1 41
dx 4 4534
dx Ax ..
AT e 0
Changing x to x + Ax and y to y + Ay in (0),
y+ Ay =+ AV = (82) = (81 + DV ..(iid)
Comparing, x = 81 and Ax = 1 ...(Iv)
From (iii), 8D =y + Ay ~y + dy
Ax
/ . .
~ x4 PR [From (i) and (i7)]
- (81)1/4 + 1 1

=3+
48DV 4(3)°
g4 L _3824+1 325 4,590
108 108 108

(x) To find approximate value of (401)"? = /401




(az)

(xiz)

Let y=x"2= Jx (D)

dy Y
dx ~ 2x = 2Jx
Ax ..
K dy = 2\/— 2\/— (1)
Changing x to x + Ax and y to y + Ay in (i),
y+ Ay = (Jx+Ax = V401 = /400 +1 ..(TiD)
Comparing, x = 400 and Ax =1 ...(Iv)
From (iii), 401 =y + Ay ~y +dy
N [From (i) and (i1)]
2J/x
1 1 800 +1 801
+ —= =204+ — = = ~ 20.025.
400 2400 40 40 40
To find approximate value of (0.0037)"2 = ./0.0037
Let y = \/; @)
dy 1 dx Ax

& 1 dy = = G
N A N PR (@)

Changing x to x + Ax and y to y + Ay in (i),

y + Ay = Jx+Ax = 0.0037 = ,/0.0036 +0.0001 ...(Gid)
(.- 0.0037 - 0. 0036 = 0.0001)
Comparing with x + Ax, x = 0.0036 and Ax = 0.0001 ...(iv)
From (ii2), \/0.0037 =y + Ay ~y + dy
- Jx o+ % (From (i) and (i)
0.0001
= , A
v0.0036 * 5 75,0036
= e 001 [(0.06)* = 0.0036]
2(0.06)
~ 0.06 + 0-008 ~ 0.06 + 0.000833 ~ 0.060833.
To find approximate value of (26.57)V3
Let y =x (D)
dy _ lx—2/3 - 1
dx 3 3.x%/3
dx Ax ..
= dy = 320 3 .(@D)

Changing x to x + Ax and y to y + Ay in (7),
y+ Ay = (x + Ax)V3 = (26.57)13

= (27 — 0.43)¥3 .Gi) [ 27 — 26.57 = 0.43]
Comparing with x + Ax, x = 27 and Ax = — 0.43 ...(Iv)



(xiii)

(xiv)

From (iii), (26575 =y + Ay ~ V3 + &%

3(x1/3)2
(From (i) and (i1))
0.43 0.43
- (27)1/3 - .3
3(27)M3)? 3(3)
0.43
~ 83— ~ 3 —-0.0159 ~ 2.9841.
3 27 3 - 0.0159 98
To find approximate value of (81.5)"4
Let y = x4 (D)
dy _1 ~3/4 _ 1
&4 T
dy = % Ax i)

4(x3/4) -~ 4(x1/4)3

Changing x to x + Ax and y to y + Ay in (@),

y+ Ay = (x + A0V = (81.5)4 = (81 + 0.5)"4 (i)
Comparing with x + Ax we have x = 81
and Ax = 0.5 ..(iv)
From (iii), (81.5)Y4 =y + Ay ~y + dy
-V ﬁ@ (From (i) and (i)
~ (8% + 70'51’/ 5 ~ 3+ 0'53
4((81)Y*) 4(3)
~34+ 35 31000462 ~ 3.00462.
108

To find approximate value of (3.968)%2

Let y = x3/2 34 x2/2 + 12 _ xl + 12

=xl g2 = x\/; (D)

3
On looking at power (index) 3 of 3.968

dy _ 3 1 . _3 e 3 y
a_gx . dy_§x dx~§\/;Ax ..(@0)
Changing x to x + Ax and y to y + Ay in (i),
y+Ay = (x + A0)%2 = (3.968)%2 = (4 — 0.032)%2 (7))
Comparing with x + Ax, we have x = 4 and

Ax = — 0.032 - (@v)
From (iii), (3.968)*2 =y + Ay ~ y + dy

~x~x + g& Ax (From (i) and (7))

~ 44 + g J4 (= 0.032) [By (iv)]



~ 42) - 2(2)(0.032) ~ 8 — 3(0.032)

~ 8 —0.096 ~ 7.904.
(xv) To find approximate value of (32.15)"

Let y =" ..(0)
dy 1 —4/5 1 . dx Ax ..
P VA dy = 5235 " o) -+ (i)

Changing x to x + Ax and y to y + Ay in (i),

y+ Ay = (x + A0)Y? = (32.15)Y5 = (32 + 0.15)"° .(idd)

Comparing with x + Ax, we have x = 32 and Ax = 0.15
...(Ilv)
From (iii), (32.15)Y° =y + Ay ~ y + dy

5 ﬁ (From (i) and (ii))
0.15 1
~ (32" + 5@y "2t 50(2; (o (32 = (29 = 2)
~2+ 215 5 0001875 ~ 2.001875.

2. Find the approximate value of f(2.01) where
fx) = 4x® + 5x + 2.

Sol. Let y = fx) = 4% + bx + 2 (D)
% =f'(x) =8x + 5
dy = (8x + 5)dx ~ (8x + 5)Ax .(@D)
Changmg x tox + Ax and y to y + Ay in (7),
y+ Ay = fx + Ax) = £(2.01) = f(2 + 0.01) ...(ii0)
Comparing f(x + Ax) with f(2 + 0.01), we have
x =2 and Ax = 0.01 ...(lv)
From (izi), f(2.01) =y + Ay ~y + dy
~ (4x® + 5x + 2) + (8x + 5) Ax (From (i) and (i7))

Putting x = 2 and Ax = 0.01 from (iv),
~ (4(4) + 5(2) + 2) + (8(2) + 5) (0.01)
~ 28 + 21(0.01) ~ 28 + 0.21 ~ 28.21.
3. Find the approximate value of f(5.001) where
f) = 2% - 7x% + 15.

Sol. Let y=fx) =x>-72%+ 15 (D)
dy = f'(x) = 3a% — 14x
dx
dy = (3x? — 14x)dx ~ (3x% — 14x) Ax ..(@0)
Changmg xtox + Ax and y to y + Ay in (i),
y+ Ay = flx + Ax) = £(5.001) = £(5 + 0.001) ...(ii0)

Comparing f(x + Ax) with f(5 + 0.001), we have
x =5 and Ax = 0.001 ...(Iv)



Sol.

Sol.

From (iii), f(5.001) =y + Ay ~y + dy

~ (2% — 7% + 15) + (3% — 14w)Ax (From (i) and (ii))
Putting x = 5 and Ax = 0.001 from (iv), we have

~ (125 — 175 + 15) + (75 — 70) (0.001)

~ — 35 + 5(0.001) ~ — 35 + 0.005

~ — 34.995.
Find the approximate change in the volume of a cube of
side x metres caused by increasing the side by 1%.
We know that volume of a cube of side x metres is given by

V=« (D)
dv ..
ol 32 L)
Given: Increase in side = 1% of 1
: in side = = ——
0 X 100 X

(Positive sign is being taken because it is given that side of cube

is increasing)

ie., Av= X i)
100

We know that approximate change in volume V of cube

av
AV ~dV = ——dx

dx
av o [ % ..
~ EM ~ 3x 100 | From (ii) and (ii7)
&
S s
~ 100"

~ 0.03x% m®.
Find the approximate change in the surface area of a cube
of side x metres caused by decreasing the side by 1%.
We know that surface area of a cube of side x is given by S = 6x>

dsS
— =12
dx A
Decrease in side = — 1% of x = — 0.0lx  [Negative sign is being

taken because it is given that side of the cube is decreasing]
= Ax = — 0.01x
Approximate change in S = Approximate value of AS
ds
=dS = ( dxj dx
= (12x) (- 0.01x) [ dx = Ax]
= — 0.12x% m?
Hence, the approximate change in surface is — 0.12x> m2, i.e., the
surface decreases by approximately 0.12x? m?.
If the radius of a sphere is measured as 7 m with an error
of 0.02 m, then find the approximate error in calculating its
volume.



Sol.

Sol.

Sol.

Let r be the radius of the sphere and Ar be the error in
measuring the radius.
Then r = 7 m and Ar = 0.02 m.

4
Volume of a sphere of radius r is given by V = —nr?

3
dv 4
— = —m3r?
dr 31.E "
Approximate error in calculating the volume

= Approximate value of AV
av
=dV = (7j dr = (§n3r2) dr

dr
= 4n(7)? (0.02) [ dr ~ Ar]
= 3.92n m?® = 3.92 x 27—2 m?
=12.32 m®

Hence, the approximate error in calculating volume is 12.32 m®.
If the radius of a sphere is measured as 9 m with an error
of 0.03 m, then find the approximate error in calculating its
surface area.
Let x m be the radius of the sphere.

S, surface area of sphere = 4mx>

@ = 4m(2x) = 8mx
dx
dS = 8nx dx ~ 8mx Ax )
Given: x = 9 m and error Ax = 0.03 m L)

Putting x = 9 and Ax = 0.03 from (i7) in (2),
Error AS in surface area of sphere
~ dS = 81(9)(0.3) = 72(0.03)n = 2.16n m?.
(Note. Error can be positive or negative)
If f(x) = 3x% + 15x + 5, then the approximate value of

f(3.02) is
(A) 47.66 (B) 57.66 (C) 67.66 (D) 77.66.
Let y=fx) =32+ 15x+ 5 (D)
9Y - %) = 6x + 15
dx
dy = (6x + 15)dx ~ (6x + 15)Ax .(@D)
Changing x to x + Ax and y to y + Ay in (0),
y+ Ay =flx + Ax) = f(3.02) = f(3 + 0.02) ...(iiD)
Comparing f(x + Ax) with f(3 + 0.02), we have
x =3 and Ax = 0.02 ...(Iv)

From (iii), f(3.02) =y + Ay ~y + dy
~ (8% + 15x + 5) + (6x + 15)Ax (From (i) and (i7))
~ (3(9) + 15(3) + 5) + (6(3) + 15) (0.02)
= (72 + 5) + (33)(0.02)



9.

Sol.

~ 77 + 0.66 ~ 77.66
Option (D) is the correct answer.
The approximate change in the volume of a cube of side
x metres caused by increasing the side by 3% is
(A) 0.06 x* m® (B) 0.6 x> m® (C) 0.09 x* m® (D) 0.9 »* m®.

We know that volume of a cube of side x metres is given by
V = a3 (@)
av
— = 3x? (74
T X (@)
. L 3
Given: Increase in side of cube = 3% = 100 %

(Positive sign is being taken because it is given that side of cube
is increasing)

ie., A= X ...(Gid)
100

We know that approximate change in volume of cube

=AV ~ dV = ﬂdx
dx

3x
- 2 . e
Ix Ax ~ 3x (leO) | From (i) and (iii)

9
2 .3 3.3
100x 0.09x° m®.

Option (C) is the correct answer.



Exercise 6.5

1. Find the maximum and minimum values, if any, of the
following functions given by
@ f@®=2xr-12+3 (i) fx) = 92 + 12x + 2
(i) fx) =-(@-1D2+10 (v) g =2° + 1.
Sol. (i) Given: flx)=©2x—172+3

We know that for all x € R, (2x — 1)2> 0
= Adding 3 to both sides, 2x — 1> +3 >0+ 3
= fx) >3

The minimum value of f(x) is 3 and is obtained when
2c— 1 =0, [*.- Minimum value of (2x — 1) is 0] i.e.,

. There is no maximum value of f (x).

-, Maximum value of f(x) = (2x — 12 + 3 — o
as x — o and hence does not exist].
(i) Given: f(x) = 9% + 12x + 2
Making coefficient of x? unity,

= 9[x2+%+§} = 9[x2+4—x+g}



2
Add and subtract (% coeff. of x)
35) -
=|=x=| =12
2 3 3)’
s 4x (2)2 (2)2 2 ( 2)2 4 2
9|2+ =+ 2| —[Z| +2| z9||x+2| -=+2
3 3 3 9 3 9 9

2)? 2)?
or f(x)=9(x+§) _4+2=9(x+§) —2 )

22
We know that for all x € R, 9(x+ gj >0

o2
Adding — 2 to both sides, 9(x+ *) -2>-2

3
= Using (@), f(x) 2 - 2
Minimum value of f(x) is — 2 and is obtained when

x + g = 0 i.e.,, when x = — %
From (i), maximum value of f(x) — = as x —
(or as x — — ) and hence does not exist.
(i) Given: f(x) = — (x — 1)*> + 10 (D)
We know that for all x € R, (x — 1)2> 0
Multiplying by — 1, — (x — 1)2 < 0
Adding 10 to both sides, — (x — 1) + 10 < 10
= Using (@), f(x) £ 10
Maximum value of f(x) is 10 and is obtained when x — 1
=0 i.e., when x = 1.

From (i), minimum value of f(x) > — « as x — o
(or as x — — o) and hence does not exist.
(iv) Given: g(x) = x> + 1 (D)

As x = o, glx) > oo
As x > — oo, g(x) —> — o0
Maximum value of g(x) does not exist and also
minimum value of g(x) does not exist.
2. Find the maximum and minimum values, if any, of the
following functions given by

@ fx)=]x+2]|-1 (i) gx)=-|x+1|+3
(iii) h(x) = sin (2x) + 5 (iv) f(x) =| sin 4x + 3 |
) hx) =x+1,xe (-1, 1)

Sol. () Given: f(x) =|x+2]|-1 (1)

We know that forallx e R, [x + 2| >0
Adding — 1 to both sides, |x + 2 | -1>-1
= Using (), f(x) > -1



Minimum value of f(x) is — 1 and is obtained when
x+ 2=01ie, when x = — 2.

From (i), maximum value of f(x) — « as x — o

(or as x — — =) and hence does not exist.

(i1) Given: gx)=—-]lx+1]+3

We know that forallx e R, |x +1|2>20

Multiplying by — 1 to both sides

= —|x+1]<0

Adding 3 to both sides,

> —]x+1]+3<3 =gk <3

o The maximum value of g(x) is 3 and is obtained

when |x + 1| =0, i.e., whenx + 1 = 0 i.e., when x = — 1.
There is no minimum value of g (x). [Because minimum
value of g(x) = - |x + 1|+ 3 > — o as x > * « and
hence does not exist].

(it) Given: h(x) = sin (2x) + 5 ..(0)

We know that for all x € R, — 1 <sin 2x <1
Adding 5 to all sides, - 1 + 5 <sin 2x + 5 <1+ 5

= 4<h(x)<6 (By @)
Minimum value of A(x) is 4 and maximum value is 6.
(iv) Given: f(x) =| sin 4x + 3 |

We know that for all x € R, — 1 < sin 4x < 1
Adding 3 throughout,
2<sin4x +3<4 = 2<|sin4dx +3|<4

[ sin 4x + 3 > 2 and hence > 0, .. | sin 4x + 3 | = sin 4x + 3]
. The minimum value of f(x) is 2 and the maximum value
of f(x) is 4.

(v) Given: h(x) =x + 1,x e (-1, 1) (D)

Given: x € (-1,1) = —-1<x<1
Adding 1 to all sides, 1 —1<x+1<1+1

ie., 0 < h(x) [By )] < 2 .0
Neither minimum value nor maximum value of A(x)
exists.

(. Equality sign is absent at both ends of inequality (ii). We
know from (ii) that minimum value of A(x) is > 0 and maximum
value is < 2 but what exactly they are can’t be said).
. Find the local maxima and local minima, if any, of the
following functions. Find also the local maximum and the
local minimum values, as the case may be:

@) fx) = x? (ii) gx) = x° - 3x

(iii) h(x) = sin x + cos x, 0 < x < %

(iv) f(x) =sinx -cosx, 0 <x <2m
x 2

W fx)=2-6x>+9x +15 (vi) glv) = 2

,x>0.



Sol.

1
(vii) gv) = —3
X

@

(i)

(u11)

+2 (wiii) fx) =x1-x,x>0.

Given: f(x) = x? (@)
f'x) =2x and f"(x) =2
Putting f’(x) = 0 to get turning points, we have 2x =0
or x = 0 =0
2

(Turning point)
Let us apply second derivative test.
When x=0,f"(x) =2 (positive)

x = 0 is a point of local minima and local minimum

value = £(0) = 07 [From (i)]
=0

Therefore, local minima at x = 0 and local minimum value = 0.

Given: g(x) = x% — 3x (@)

g’(x) = 3x2> - 3 and g "(x) = 6x
Putting g’(x) = 0 to get turning points, we have
322-3=00r3x?-1)=0 or 3+ 1)x—-1)=0
But 3 # 0. Therefore, either x + 1 =0orx -1 =0

e, x=—-1 or x=1 (Turning points)
Let us apply second derivative test.

Atx=-1,g"(x) =6x=6(-1)=-6 (Negative)
. x = — 1 is a point of local maxima and local maximum

value = g(- 1) = (=12 -3=1) [From (G)]=-1+3=2.
At x=1,g"(x) = 6x = 6(1) = 6 (positive)
. x = 1 is a point of local minima and local minimum
value

=g1)=1-31)=1-3=-2
Therefore, Local maximum at x = — 1 and local maximum
value = 2. Local minimum at x = 1 and local minimum
value = — 2.

Given: h(x) =sin x + cos x (0 < x < g) (D)
h'(x) = cos x — sin x and A”(x) = — sin x — cos x

Putting A’'(x) = 0 to get turning points,

we have cos x —sinx =0 = —sinx = — cos x

sin x

Dividing by — cos «x, =1 or tanx =1
c

0S X

which is positive. Therefore, x can have values in both Ist
and IIIrd quadrants.
Here, x is only in Ist quadrant

[ 0<x< g (given)]



T
tan x = 1 = tan —

4

x = g (only turning point)
At x = g,h”(x)z—sinx—cosx
= —sin & —cos X —i—i
4 2 2

- — = — /2 is negative.

. X =g is a point of local maxima and local maximum value
T
= h[Z] =sin & +cos (From (1))
4 4

1 1 2
ETETEC"

.. Local maximum at x = g , and local maximum value = /2 .

(iv) Given: f(x) = sin x — cos x L3 (0<x < 2m)
f’(x) = cos x + sin x
and f”(x) = — sin x + cos x
Putting f’(x) = 0 to get turning points, we have
cosx +sinx=0 = sinx=-cosx v
/
Dividing by cos x, P - — 1
COS x
. . T —6 e
= tan x = — 1 is negative.
Therefore, x is in both second N s X
and fourth quadrants. (@)
n _
tanx = -1 =—tan — w0 =0
4
\Z
= tan (n —Ej or tan (Zn —E) Y
4 4
= tan x = tan 3—“ or tan 7—“
4 4
x = % and x = % (Turning points)
Let us apply second derivative test.
At x = S—n,f”(x)=—sinx+cosx=—sin 3n + cos 3n
4 4 4

 dn-nm dn-m . ( n) ( n]
= — Ssln + COS = — SIn m—— + COS m——
4 4 4 4



(v)

=—sin X —cos T = = - —
4 4 V2 V2
-2 (negative)

3n . . . .
x = e is a point of local maxima and local maximum value

=f(%] = sin % — cos % (From (7))
n (2] - (5-5) = § v
=gin [T——| —cos |mT——| =sin — +cos—
4 4 4 4
1 1 2
=7+7=7=\/§
V2 2 V2
n
At x = —
x 1’
f”(ac):—sinx+cosx=—sin?Tn+cos%T

) (8n—n) (Sn—n]
=—sin |~ + €os "

= — sin (2n—g) + cos (Zn—gj

. m b 1 1 2 .
=sin — +4c0s — = — + — = — = +2 (Positive)
4 4 2 V2 V2

i . ; .. ..
o — Y is a point of local minima and local minimum value

m . n n .
=f(4j_s1n 1 s (From (i)

m
sin (2R—E) — cos (271—*) =—sin & —cos T
4 4 4 4

W1
22 2

=- 2.
3n

Therefore, Local maxima at x = o and local maximum value
= 42 . Local minima at x = '%T and local minimum value = —+/2 .
Given: f(x) =x%—6x% + 9x + 15 (D)

frx)=382-12x+9 and f”(x) = 6x — 12
Putting f ’(x) = 0 to get turning points, we have
3% - 12x +9=0
Dividing by 3,22 —4x +3 =0

or 2-x-3x+3=0 or x-Dx-3)=0



(1)

(vit)

o Eitherx =1 =00rx-3=0
Le., x =1 or x = 3. (Turning points)
Let us apply second derivative test.
When x = 1, f "(x) = 6x — 12
=6-12=-6 (negative)

o x = 1 1is a point of local maxima and local maximum value
=f)=1P°-61°+91)+15=1-6+9+15=19
When x = 3 f7(x) =6x —12 = 6(3) — 12 = 6 (positive)
. x = 3 is a point of local minima and local minimum value

=£(3) = (3)® - 6(3)% + 93) + 15

=27 -54 +27 + 15 = 15
Therefore, Local maxima at x = 1 and local maximum value = 19.
Local minima at x = 3 and local minimum value = 15.

Given: g (x) = Xy g, x>0

2 x
g,(x)_l_g_x2—4 (a4 2(x-2) o

2 x? 2x2 2x2

For turning points, putting g '(x) = 0

N (x + 2)(x — 2) -0
2x?

Sx+2)x-2=0 =>2x=-2,2

But x > 0 (given) .. x = — 2 is rejected.

Hence x = 2 is the only turning point.
Let us apply first derivative test
When x is slightly < 2, let x = 1.9

From (), g'(1.9) = 1.9+ 2)(1.;) -2) _ (+ ve) (- ve) e
2(1.9) (+ ve)
When x is slightly > 2, let x = 2.1
(21+2)21-2) (+ve)(+ve) _
2(2.1)* (+ve)
Thus, g’(x) changes sign from negative to positive as x increases
through 2.
x = 2 is a point of local minima and local minimum value

2 2

g’'21) = + ve

= g(2) = 5 + 5 =1+1=2.
Note. Second derivative test, g "(x)
d 1 2 4 4 1
e R ) "2)====>0
dx (2 xz) 2 g 8§ 2
= g (x) has local minimum value at x = 2 and local minimum
2 2

alue=g@2) ==+ = =1+1=2.
value = g 2 5

Given: h(x) = =%+ 27! @)

x2+



B = (- D62 + 272 (20) = — —2%

(x? + 2)
and W) = — | 272720 2" + 2) 2
(% + 2)*
-2+ ) [ +2-4aP) - 22-3x)
(x? +2)* («® +2)°
Putting A'(x) = 0 to get turning points, we have
—2x
— =0 —2x =0 =— =0
(xz N 2)2 = X = X —9

Let us apply second derivative test.
— 99— 352 o9 ~
Atx=0, W= 22230 EESD _ 4
(x* +2) 0+2) 8

_71 (Negative)

.. x = 0 is a point of local maxima and local maximum
value

= h(0) = OTIZ = % (From (1))
Therefore, Local maxima at x = 0 and local maximum value
1

=3

(viti) Given: f(x) =xJ1-x,x <1

AE 1 B Gy RE Y ~
f(x)—x2(1 x) dx(l X))+ Jl-x .1

1
x)=x. —F/—— (-1 Ji-x .1
f'x) =x 2\/m( )+ J1-x

S TR v Atk g ok N0

21 -« 21 -« 21-x 7
For turning points, putting / "(x) = 0
2 -3x 2
= =0 52-3x=0 .. x=7
21 -« 3

Let us apply first derivative test.

2
When «x is slightly < 3 let x = 0.6

2-30.6 _2-18 _ 02 |
21-06 204 204

When «x is slightly > %, let x = 0.7

From (), f’(0.6) =

. 2-3.07 2-21 -01
F , 07) = —/———~ = —— = —— 0
rom @0, f1OD = ST T 208~ 2403



Sol.

(@)

(iii)

Thus, f’(x) changes sign from positive to negative as x

increases through % .

X o= g is a point of local maxima and local maximum

value

2 2 2 2 1 2.3
= — = _ = — 1—7 = — —_ = —,
f(3j Tyl 3 37337 9

Note. Apply second derivative test.
Differentiating both sides of (i) w.r.t. x,

1
J1-x.(-3)-(2- . -1

’7, _1
[ =g 1-x
(ij(—?,)—o
(21 WL o el
3) 2 1 PN 2
3

- f(x) has local maximum value at x = g

. Prove that the following functions do not have maxima

or minima:

i) fx) =€ (ii) gx) = log x
@iii) h(x) = 2% + 2% + x + 1.
(i) Given: f(x) =¢€*

f'x) =e"
Putting f'(x) = 0 to get turning points, we have ¢* = 0. But
this gives no real value of x. [ e* > 0 for all real x]

No turning point.
Hence f(x) does not have maxima or minima.
Given: g(x) = log x

, 1
g = =
x
Putting g’(x) = 0 to get turning points, we have
ul =0 = 1=0.
x

But this is impossible.
No turning point.
Hence f(x) does not have maxima or minima.
h) =23 +ax2+x+ 1
h'(x) =3x% + 2x + 1
Putting 4 “(x) = 0, we have 3x® + 2x + 1 = 0

-2+f4-12 -2x/-8
- 6

6

X =



5.

Sol.

—2+242i -1+ 42
6 3

These values of x are imaginary.

.. h (x) does not have maxima or minima.
Find the absolute maximum value and the absolute
minimum value of the following functions in the given
intervals:

i) fix) =43 x e [-2,2]

(ii) f(x) = sin x + cos x, x € [0, m]

1 9
(i) fix) =4x - —a%, x € [—2, *}

2 2
Gv) f@ =x-1%+3,x€ [-3,1]
(i) Given: f(x) = x%, x € [- 2, 2] (D)
f(x) = 3«2

Putting f’(x) = 0 to get turning points, we have

=0 = x*=0 = x=0¢€ [-2,2]
To find absolute maximum and absolute minimum
value of the function, we are to find values of f(x) at
(a) turning point(s) and (b) at end points of the given
closed interval [- 2, 2].
Putting x = 0 in (2), £(0) = 0
Putting x = — 2 in (i), f(- 2) = (- 2)° = - 8
Putting x = 2 in (), £(2) = (2)? = 8
Out of these three values of f(x); absolute minimum
value = — 8 and absolute maximum value is 8.
Remark. Absolute maximum and absolute minimum values
of f(x) are also called maximum and minimum values of f(x).

(i1) Given: f(x) = sin x + cos x, x € [0, 7] (1)
f’(x) = cos x — sin x

Putting f'(x) = 0 to get turning points, we have
cosx —sinx =0 = - sinx = — cos x.
Dividing by — cos x, tan x = 1 is positive.

x is in I and III quadrants.
But x € [0, n] (given) can’t be in third quadrant.

x is in Ist quadrant.

T
Therefore, tan x = 1 = tan 1
T
x = —
4

Now let us find values of f(x) at turning point x = g
and at end points x = 0 and x = n of given closed
interval [0, 7].

Putting «x = g in (1), f[g) = sin g + cos g



(ii7)

(iv)

1 1 2
=§+ﬁ=ﬁ=\/§

Putting x =0 1in (@), f(0) = sin 0 + cos O

=0+1=1
Putting x=min (i), f(n) = sin mw + cos @
=0-1=-1

[ sin m = sin 180° = sin (180° — 0°) = sin 0° = 0
and cos m = cos 180° = cos (180° — 0°) = — cos 0° = — 1]

.. Absolute minimum value = - 1 and absolute maximum
value = /2.

. 1, 9 .
Given: f(x) = 4x — Ex ,X € |—2 5 (D)

f'x) =4 - %(2x)=4—x.

Putting f’(x) = 0 to find turning points,

we have 4 —x =0

. . 9

e, —x=—4 ile, x=4c¢ —2,5

Now let us find values of f(x) at turning point x = 4 and at

end points x = — 2 and x = g of the given closed interval

=
2 .
Putting x = 4 in (i), f(4) = 16 — %(16) =16-8=38

Putting x =—21in (@), f(=2) =4(- 2) —%(4) =-8-2=-10

2
P 9 . .4 9 9 1(9
Putting x = — in @), f|=| = 4| = _,(,j
utting x 21 lf(z) (2) 23
_ g 81 _144-81 _63
8 8 8
Absolute minimum value is — 10 and absolute maximum
value is 8.

Given: f(x) = (x — 1) + 3, x € [~ 3, 1] (D)

f’(x)=2(x—l)i(x—1)+0=2(x—1)
dx

Putting f’(x) = 0 to find turning points,
we have 2(x — 1) = 0

= x—1=g=0 = x=1¢€¢ [-3, 1]

Now let us find values of f(x) at turning point
x =1 and at the end point x = - 3 of the given closed



6.

Sol.

Sol.

interval [- 3, 1] ("." the other end point x = 1 has already
come out to be a turning point)

Putting x = — 3 in (i), f(= 3) = (=3 - 1)2 + 3
=(-4%2+3=16+3=19
Puttingx =1in (), f(1) =1 -12?+3=0+3=3

. Absolute minimum value is 3 and absolute maximum
value is 19.
Note. To find absolute maximum or absolute minimum
value of a function f(x) when only one turning point comes
out to be there and no closed interval is given, then we get
only one value of f(x) at such points and out of one value of
f(x) we can’t make a decision about maximum value or
minimum value. In such problems, we have to depend upon
local minimum value and local maximum value.
Find the maximum profit that a company can make, if the
profit function is given by
p() = 41 + 24x - 184>
Given: Profit function is p(x) = 41 + 24x — 18x2 ..(@)
p'x) =24 —36x and p”(x) = - 36
(The logic of finding p”(x) is given in the note above)
Putting p’(x) = 0 to get turning points, we have
24 —36x =0 = —36x=-24
24 2

= x = —
36 3

At x = g, p’(x) = — 36 (Negative)

p(x) has a local maximum value and hence maximum value

2
(iR = =
at x 3
4 2 . .
Putting x = 3 in (7),
4 2 4
Maximum profit = 41 + 24 3 - 18 9 =41 + 16 — 8 = 49

Remark. The original statement in N.C.E.R.T. book
p(x) = 41 — 24x — 18x? is wrong, because with this p(x), turning

. 2 . . .
point comes out to be x = — 3 which being the number of units

produced or sold can’t be negative.

. Find both the maximum value and the minimum value of

3x* — 8x% + 1242 — 48x + 25 on the interval [0, 3].

Let f(x) = 3x* — 8x% + 12x® — 48x + 25 on [0, 3] (@)
f/(x) = 12¢% — 24x? + 24x — 48

Putting f’(x) = 0 to find turning points, we have
122 — 2452 + 24x — 48 = 0

Dividing every term by 12, x® — 2 + 2x —4 =0



Sol.

or ’(x-2)+2x-2)=0 or (x-2) 2 +2) =0
Either x -2 =0 or x2+2=0
= x =2 = 2=-2

N
These values of x are imaginary
and hence rejected.
Turning point x = 2 € [0, 3].
Now let us find values of f(x) at turning point x = 2 and end
points x = 0 and x = 3 of closed interval [0, 3].
Putting x = 2 in (i), f(2) = 3(16)—8(8) + 12(4) — 48(2) + 25
=48 — 64 + 48 — 96 + 25 = — 39
0in (i), f(0) =25
3in (@), f(3) = 3(81)—8(27) + 12(9) —48(3) + 25
= 243 — 216 + 108 — 144 + 25
=27 - 36 + 25 = 16.
. Minimum (absolute) value is — 39 (at x = 2) and maximum
(absolute) value is 25 (at x = 0).

Putting x
Putting x

. At what points on the interval [0, 2n] does the function

sin 2x attain its maximum value?
Let f(x) = sin 2x, then f'(x) = 2 cos 2x
For maxima or minima, f’(x) = 0

= cos 2x =0 .. 2x=(2n+1)g or x=(2n+1)g
T3 BT ¢ o, 2m
4 4 4 4

Now let us find values of f(x) at these turning points.
Now f(x) = sin 2x

Putting n=0,1,2, 3;x =

{f(2n+1)§} = sin (2n + 1) g= sin (nn+g) = (- 1) sin g
[ sin (nm + a) = (— 1)" sin o n € I]
= (=D
Putting n = 0, 1, 2, 3,

T 3n
f(z)=(_1)0=1, f(Z)=(_1)1=_1

5m n
f(f)=(—1)2=1, f(z)=(—1)3=—1

Also let us find f(x) at the end-points x = 0 and x = 2% of
[0, 2m].
f(0)=sin0=0,f2n) =sin4n =0 [." sin nt = 0 where n € I]

. . 5
o f(x) attains its maximum value 1 at x = T andx = Zn

5
Hence, the required points are [g, 1] and (Zn’ 1] .



9.
Sol.

10.

Sol.

What is the maximum value of the function sin x + cos x?
Let f(x) = sin x + cos x (D)
f’(x) = cos x — sin x
Putting f’(x) = 0 to find turning points, we have
cosx —sinx=0 = —sinx=-cosx

Dividing by — cos x, Smx g = tanx =1 = tan z
c

0S X
X =nm+ g where n € Z (turning points)

(. If tan 6 = tan o, then 6 = nm + o where n € Z)

Putting x = nm + g in (),

f(nn+£) = sin (nn+Ej + cos (nn+5)
4 4 4

= (- 1)" sin g + (= 1)" cos g
[ sin(nm+a) =(—1)" sin o and cos (nm + o) = (— 1)" cos o]
=(—1)"i+(—1)"i=2(—1)"i (o t+t=20)

J2 J2 J2
= (-1 2

If n is even; then (— 1)” = 1 and then f(nn + g) =2

If n is odd, then (- 1)* = — 1; and thenf(nn + g) =— 2

Maximum value of f(x) is V2.

Note. Minimum value of f(x) is — V2.
Find the maximum value of 2x® - 24x + 107 in the interval

[1, 3]. Find the maximum value of the same function in
-3, -1l

Let fx) = 2% — 24x + 107 (D)
fx) = 6x% — 24
Let us put f” (x) = 0 to find turning points.
ie. 6x* —24 =0 = 6x%=24
Dividing by 6, x> = 24 = x=12
x =— 2 and x = 2 are two turning points. ..(@0)

(a) Let us find maximum value of f(x) given by (i) in the
interval [1, 3].
From (i7), turning point x = — 2 ¢ [1, 3].
So let us find values of f(x) at turning point x = 2 and at end
points x = 1 and x = 3 of closed interval [1, 3].
Putting x = 2 in (1), f(2) = 2(8) — 24(2) + 107
=16 —48 + 107 = 123 - 48 = 75
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Sol.

12.

Sol.

Putting x = 1in (i), f(1) = 2 — 24 + 107 = 109 — 24 = 85
Putting x= 3 in (@), f(3) = 2(27) — 24(3) + 107
=54 —-72+ 107 = 161 — 72 = 89
.. Maximum value of f(x) given by () in [1, 3] is 89 (at x = 3).
(b) Let us find maximum value of f(x) given by (i) in the
interval [- 3, — 1].
From (ii), turning point x = 2 ¢ [- 3, — 1]
So let us find values of f(x) at turning point x = — 2 and at
end points x = — 3 and x = — 1 of closed interval [- 3, — 1]
Putting x=-21in (i), (- 2) =2(- 8) — 24(- 2) + 107
=-16 + 48 + 107 = 139
Putting x=-31in (i), f(- 3) =2(- 27) — 24(- 3) + 107
=—54 + 72 + 107 = 125
Putting x=-1in (), f(-1) =2(-1) — 24(- 1) + 107
=—2+ 24 + 107 = 129
Maximum value of f(x) is 139 (at x = — 2).
It is given that at x = 1, the function x* - 62x> + ax + 9
attains its maximum value, on the interval [0, 2]. Find the
value of a.

Let f(x) =x*—62x>+ax + 9
fx) = 46 — 124x + a (D)
Because f(x) attains its maximum value at x = 1 in the
interval [0, 2], therefore, f (1) = 0.
Puttingx =1in (@), f'(1) =4 -124 + a =0
ora — 120 = 0 or a = 120.
Find the maximum and minimum value of x + sin 2x on
[0, 2xt].
Let f(x) = x + sin 2x ..(0)
[(x) =1+ 2 cos 2x
Putting f’(x) = 0 to find turning points, we have
1+2cos2x=0 = 2cos2x=-1

-1 n ( n)
= cos 2x = —— = — cos — =cos [m——=| = cos =
2 3 3

2
2x = 2nm £ ?n where n € Z

[ If cos 6 = cos a, then 6 = 2nm £ o where n € Z]
Dividing by 2, x = nm + g where n € Z

Bu‘cx:—E ¢ [0, 2n] .. x=

T
Forn=0x=1% —.
or n X 3 3

wla

Forn=1,x=n4% T =T + T and w — 2

3 3 3

. 4 2

ie., ?n and ?n and both belong to [0, 27]



Forn=2,x=2ni§.Butx=2n+ g > 21 and hence ¢ [0, 2n]
x=2m— % = on
3 3

It can be easily observed that for all other n € Z,
X =nmt g ¢ [0, 2m].

The only turning points of f(x) given by (i) which belong to
given closed interval [0, 2n] are

T 2n 4mn  5n;

3 b 3 b 3 ) ?

Now let us find values of f(x) at these four turning points
and at the end points x = 0 and x = 27 of [0, 27].

Putti . (nj n . 2n
utt1ngx=3 in (@), f 3] =3 +sin

22
E=l=§=1.05andﬁ=@=0.866=o.87
21 2 2

3 3
= sin2—n—sin3n_n—sin n—E —sing—ﬁ
and | - 3 3 3 3 2
21
Putting x = 2?“ in (@), f (?j = %E + sin 4?“
= 21 — g = 2.10 — 0.87 = 1.23 nearly
. 4n . 3n+m . ( n) . -3
-+ sin — =sin =sin|nt+=|=-sin—==
3 3 3 3 2
4
Putting x = 4?“ in (7), f(?n] = 4?“ + sin %[
4
= ?n + ? = 4(1.05) + 0.87 = 4.20 + 0.87 = 5.07
. 8t . (6m+2m) . o2n) . 2n 3
wosin—=sin| ————|=sin| 21+ —|=sin —= —
3 3 3 3 2

5
Putting x = %E in (@), f(gnj



= 5(1.05) — 0.87 = 5.25 — 0.87 = 4.38 nearly

. 10n . 6m+4n an) . 4n -3
S SIn —— = S1n —Sl’l 27'E+7 =sm —=—-—
3 3 3 3 2

Putting x = 0in (7)), f(0) =0 +sin 0 =0
Putting x = 2nin (0), f(2n) = 27 + sin 4n = 2n + 0 = 21
= 2(3.14) = 6.28 nearly (.© sin nm = 0 for every integer n)
Maximum value = 27 (at x = 2n)
and minimum value = 0 (at x = 0).
13. Find two numbers whose sum is 24 and whose product is
as large as possible.
Sol. Let the two numbers be x and y.
Their sum = 24 (given) = x +y =24

=24 —x (D)
Let z denote their product i.e., product of x and y
ie., z =xy

Putting y = 24 — x from (7),
z =x(24 — x) = 24x — x?

Now z is a function of x only.
dz d*z

5—24—236 and ﬁ=_2

d,
Putting f =0 to find turning points, we have
x

24 — 2x =0 i.e, — 2x =— 24. Therefore, x = 12.

d%z

At x = 12, — =2 (negative)
dx

x = 12 is a point of (local) maxima.
(See Note at the end of solution of Q. No. 5)
z is maximum at x = 12.
Putting x = 12 in (1), y =24 — 12 = 12
The two required numbers are 12 and 12.
14. Find two positive numbers x and y such that x + y = 60 and
xy® is maximum.
Sol. Here x + y =60, x >0,y >0 ...(71) (Given condition)
Let P = xy® ...(771) (To be maximised)
To express P in terms of one independent variable, (here better y,
because power of y is larger in the value of P), we have from (i)

x =60 -y,
Putting x = 60 — y in (ii), P = (60 — y)y® = 60y — y*
ap = 180y2 — 493 = 4y% (45 — y) (u11)
&

1]
[en]

P
For max. or min., Putting 7y

= 4245 -y)=0 =y=0,45
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Sol.

Rejecting y = 0 because y >0 ..y =45

When y is slightly < 45, from (iii), d7y = (+ ve)(+ ve) = + ve
When y is slightly > 45, from (i), oy = (+ ve)(— ve) = — ve
y
dpP . .
Thus, o changes sign from + ve to — ve as y increases through 45.
y

~. P is maximum when y = 45.

Hence, xy3 is maximum when x = 60 — 45 = 15

and y = 45.

Find two positive numbers x and y such that their sum is 35
and the product x%*y® is a maximum.

Given: x + y =35 = y=35-x (D)
Let z =42 y°

Putting y = 35 — x from (i), z = «% (35 — x)°

Now z is a function of x alone.

 _ 22,5385 -—x)*(=1) + (35 — x)° 2«
dx
or = _ 285 — x)* [- 5x + (385 — x) 2]
dx
or % =x(35 —x)* (= 5x + 70 — 2x) = x(35 — x)* (70 — Tx)
X
or  _ 7x (35 — x)* (10 — x) ()
dx

. d . f
Putting d—z = 0 to find turning points, we have
X

7x(35 — x)* (10 —x) = 0
But 7#0 .. Eitherx=0 or 35 —-x=0 or 10-x=0
e, x=0 or x=35 or x =10.
Now x = 0 is rejected because x is positive number (given).
Also, x = 35 is rejected because for x = 35, from (7)
y = 35 — 35 = 0; but y is given to be positive.
x = 10 is the only admissible turning point.

2

Let us apply first derivative test because finding % is
X

tedious as you and we think so.
We know that (35 — x)* is never negative because index 4 is even.
When x is slightly < 10 (say x = 9.8); from (1),
dz (CORCONCOERCY)
dx
When «x is slightly > 10 (say x = 10.1); from (i7),
dz

T EW®E =0
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Sol.

17.

Sol.

d. . . . .
el changes sign from (+) to (-) as x increases while passing

dx
through 10.

x = 10 gives a point of (local) maxima.
(See Note at the end of solution of Q. No. 5)
i.e., z is maximum when x = 10.
Putting x = 10 in (i), y = 35 — 10 = 25.

The two required numbers are 10 and 25.
Find two positive numbers whose sum is 16 and sum of
whose cubes is minimum.
Let the two positive numbers be x and y.
Given: x + y =16 = y =16 -« (D)
Let z denote the sum of their cubes i.e., z = x% + y°.
Putting y = 16 — x from (i), z = x° + (16 — x)°
= z =22+ (16)® — x* — 48x (16 — x)

[ (a—b)=a®=b>— 3abla — b)]

= z = (16)3 — 768x + 484>
Now 2z is a function of x alone.
2
9 _ 768 + 96x and 2 = 96
dx dx
Putting % = 0 to find turning points, we have
x
- 768 +96x =0 = 96x =768 = «x = % =8
d?z

Atx =8 — =96 (+)
dx?

o x = 8 is a point of (local minima.
(See Note at the end of solution of Q. No. 5)

z is minimum when x = 8.
Putting x =8 in (i), y =16 -8 =8

The required numbers are 8 and 8. X
A square piece of tin of side 18 cm
is to be made into a box without
top, by cutting a square from each X 18 —2x X
corner and folding up the flaps to
form the box. What should be the
side of the square to be cut off so
that the volume of the box is the
maximum possible?
Given: Each side of square piece of x
tin is 18 cm. X
Let x cm be the side of each of the four squares cut off from each
corner.
Then dimensions of the open box formed by folding the flaps after
cutting off squares are (18 — 2x), (18 — 2x), x cm.

X X X X

X
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Sol.

Let z denote the volume of the open box.

. z = length x breadth x height = (18 — 2x)(18 — 2x)x
or z = (18 — 20)% x = (324 + 4x% — T2x)x
or z = 4% — T2x% + 324x
2
dz 1222 — 144x + 324 and %2 —924x 144
dx dx?®

0 to find turning points, we have

12x% — 144x + 324 = 0
Dividing by 12, x* — 12x + 27 = 0
= 2-9%-3x+27=0 = 2x-9-3x-9 =0

Putting %
X

= x-9xXx-3)=0
Either x—9=0 or x-—3=0
ie., x=9 or x =3

But x = 9 is rejected because for x = 9,
length of box = 18 — 2x = 18 — 18 = 0 which is clearly impossible.
. x = 3 is the only turning point.

2
At x = 3, % = 24x — 144 = 72 — 144 = — 72 (Negative)

X

z is maximum at x = 3.

i.e., side of (each) square to be cut off from each corner for
maximum volume is 3 cm.
Remark. The reader is suggested to take a paper sheet in square
shape and cut off four equal squares from four corners and fold
the flaps to form a box for himself or herself.
A rectangular sheet of tin 45 cm by 24 cm is to be made
into a box without top, by cutting off a square from each
corner and folding up the flaps. What should be the side of
the square to be cut off so that the volume of the box is
maximum?
Dimensions of the rectangular sheet of tin are 45 cm and 24 cm.
Let the side of the square cut off from each corner be x cm.
Therefore, dimensions of the box are 45 — 2x, 24 — 2x and x cm.

T T
1 X i

x

Xg—ve

45— 2x X

—_——- /2*
i 45-2x 2

x

1 X
1

The volume V of the box in cubic cm is given by
V = (45 — 2x)(24 — 2x)(x) [product of three dimensions]
= x (1080 — 138x + 4x%) = 1080x — 138x* + 4a?
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Sol.

dv dv

—— = 1080 — 276x + 12x? and —5 = — 276 + 24x
dx dx
For max. or min. put v =0
dx
= 1080 — 276x + 12x2 = 0,
Dividing by 12, x> — 23x + 90 = 0
= (x-5) (x—18) =0 . x=25,18

But x = 18 is impossible because otherwise the dimension
24 — 2x = 24 — 36 = — 12 is negative. .. x =5

d*V
dx?

= V is maximum when x = 5

Hence, the box with maximum volume is obtained by cutting off

equal squares of side 5 cm.

Show that of all the rectangles

inscribed in a given fixed
circle, the square has the S R

} =—-276 + 120 = - 156 < 0
x=5

maximum area. a
Let PQRS be the rectangle
inscribed in a given circle with
centre O and radius a. (0] y
Let x and y be the length and 4
breadth of the rectangle e >
0and y > 0) g
= X Q

In right angled triangle PQR, By
Pythagoras Theorem,
PQ? 3 QR2 PR?
or «® + y2= (2a)? (given condition)

or y2=4a® —x%> .y = J4a® - x2 N0
Let A denote the area of the rectangle.
A=uy ...(71) (A is to be maximised)

To express A in terms of one 1ndependent variable, putting the
value of y from (i) in (ii), we have

A= x«l4a2 - x?

Let z = A? = x%(4a® — x?) = 4a%? — x* .. (i)
Let us maximise z (= A?)
From (ii7), @ = 8a’x — 4x°

dx

2

and 42 a2 1922

dx

dz

For max. or min.; put — =0
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Sol.

© 8% —4x> =0 or 4x(2a®-x») =0
But x being side of rectangle cannot be zero.
w202 -x2=0 or x% = 2a?

x=x/§.a Cox>0)

At x

/ d’z 2 2 2 2
2(1, d2=80—12(2a)=8a—24a
x
= — 16a? is negative.

2 (= A?) is maximum when x = V2 a.
Putting x = +/2 a in (i), y = \/4a® - 2a® = 242 =J2 .a

Lx=y = J2a - A is maximum when x =y = V2 a.

Hence, the area of the inscribed rectangle is maximum when it is
a square.

Show that the right circular cylinder of given surface and
maximum volume is such that its height is equal to the
diameter of the base.

Let x be the radius of the circular base and y [*~-_____| D
be the height of closed right circular cylinder. X
Total surface area of cylinder is given

(x>0,y>0) y

= It is constant = S (say)

-. Curved surface area + area of two ends = S

= 2mxy + 2mx® = S (Given condition) S <

Dividing every term by 27
[To get a simpler relation in independent variables x and y]

xy+x2=§ = k (say)
2n

.2

xy =k —x’ory= k-

(D)

x
Let z denote the volume of cylinder

. z = maly ..(i0)
[Here z is to be maximised]. Putting the value of y from (i) in (i)
[to express z in terms of one independent variable x]

2
z = m? [k x] or z=mx (b —a2)=mn(kx —x°

x
dz 9 d’z
e =7 (k — 3x%) and I =7 (- 6x) = — 6mx
. dz 9
For max. or min. put — =0 .. w((k —3x°) =0

dx
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Sol.

k k
Butﬂ:;éO.'.k—3x2=00r3x2=korx2=§ SoX= 3
k d%z \/E . .
At x = 3 ﬁ——an——Gn 3lsnegat1ve
z is max. at «x = 3 .W@n)
- p-k 22
Putting X = \/g in (i), y = 73 - ?
3 3
k 3 \/—}
9 % -
=2 ﬁ { J
k
or y =2 3 = 2x [By (iii)]

i.e., Height = Diameter

Hence, the volume of cylinder is maximum when its height is
equal to the diameter of its base.

Remark 1. Right circular cylinder = Closed right circular
cylinder.

Remark 2. Total surface area of open cylinder = 2mxy + mx2.

Of all the closed cylindrical cans (right circular), of a given
volume of 100 cubic centimetres, find the dimensions of the
can which has the minimum surface area?

Let x cm be the radius and y cm be the height of closed cylinder.
Given: Volume of closed cylinder = 100 cu cm

= m% =100 o

_ S S ) [ —
X

Let z denote the surface area of cylinder.

z = 2mxy +  2mx? y

{ l

(Curved surface area) (Area of two ends)

or z = 2n(xy + x%)

Putting y = 100 — X

— from (1),
X

100 100 _
2n (x-ﬁ+x2)=2n(@+x2]=2n (796 1+x2j
X X T

Now 2z is a function of x alone.

@ _ 2n(— mx’2 + 2x)
dx m

z



2
and ﬂ = 2n(@x’3 + 2)
dx? T

Putting % = 0 to find turning points, we have
X

2n(‘120 +2x) = 0. But 21 # 0

X
- -1
120+2x=0 = 20=—2x
X b1e
Cross-multiplying, 2mx® = 100
3 100 50
= = = —
2n i
503
(%)
b1
1/3 2
At x=(@) ,d—j_Qn(gig+2)
s dx X
=2n 2(;?) +2| =204 + 2) = 127 (positive)
A
)
50 1/3
*. z is minimum (local) when radius x = (7) cm (7))
i

(See Note at the end of solution of Q. No. 5)

100
( 50)2/ 3
Tl 2=
m
5
pres 1-2/3 1/3
= Height y=2. —F>= =2 (@] = 2(5—0) cm.
50 m m
)
Remark. y = 2x (By (ii))

22. A wire of length 28 m is to be cut into two pieces. One of
the pieces is to be made into a square and the other into a
circle. What should be the length of the two pieces so that
the combined area of the square and the circle is minimum?

Sol. Let x metres be the side of the square and y metres, the radius
of the circle.

Length of wire = Perimeter of square + Circumference of circle
= 4x + 2my

1/3
Putting x = (—) in (@), y =
m

o




4x 2my

X
According to the question, 4x + 2my = 28 (Given condition)

14 - 2x (@)

Dividing by 2, 2 +my =14 .y =
T

Area of square = x? sq. m. Area of circle = my? sq. m
Let A denote their combined area, then
A=+ my? [Here A is to be minimised]
Putting the value of y from eqn. (i),
[To express A in terms of one independent variable x]

2 2
_ AT —
A=x2+n(Mj =x2+n(( x)] =x2+7t.i2(7—x)2
T b b
or A=x2+é(7—x)2
i
2
%=2x—§(7—x)andadA=2+§
dx n dx? T
For max. or min., % =0 .. 2x—§ 7T-x)=0
dx b

2% = 8 (7 - x)
b1
or 2mx = 56 — 8 or (27w + 8)x = 56

o 56 56 28
T 2m+8  2m+4)  m+4’

2

Also M =2+ 8 is +ve.
dx? (L
. .. 28 ..
o A is minimum when «x = . .1
n+4

Hence, the wire should be cut at a distance 4x = m from

T+
one end.
Note 1. Length of circle = 2my.
Putting the value of y from (i),
= 28 — 4x ..(ii0)
Putting the value of x from (i),
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Sol.

112 28n

n+4  m+4
.. The length of two parts (square and circle) are respectively

Length of circle = 28 —

112 m and 28n m
n+4 n+4
Note 2. Side of square = x = 28
n+4
14-2 14~ 2( 284)
From (i), Radius of circle =y = X Tt
m m
_14n+56-56  14n 14
nn+4)  mn+d) w+4d’
. . 28
Therefore, diameter of circle =
n+4

~. Side of square = Diameter of circle.
Prove that the volume of the largest cone that can be
inscribed in a sphere of radius

8 A
R is 7 of the volume of the
sphere. R
Let O be the centre and R be the
(@)

radius of the given sphere.
Let BM = x and AM = y be the R
radius and height of any cone
inscribed in the given sphere.
In right angled triangle OMB, B
By Pythagoras Theorem,

OM? + BM? = OB?
4 -RP+x*=R%2 [ OM=AM-0OA=y-R]
= »¥+R2-2Ry+x22=R? = x2+»’-2Ry =0
= x?>=2Ry —»? ()
Let z denote the volume of any cone inscribed in the given sphere.

2
z= —Tx
3 Yy
Putting the value of x? from (i),
5= g@Ry — )y = g(2Ry2 — % i)
Now z is a function of y alone.
dz T d%z T
— = —(4Ry - 3y?) and —5 = = (4R - 6y)
dy 3 7% PR Y

Putting % = 0 to find turning points, we have §(4Ry -3 =0
y
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Sol.

But g # 0. Therefore 4Ry — 3y =0 = — 3y? = — 4Ry
Dividing both sides by — y # 0,

3y =4R = y= R
3
4R d%z T n
At =, — = —(4R-6y) = —(4R - 8R)
YT T3 =3
- g(— aR) = - B (Negative)
. . 4R
z is maximum at y = —— ...(111)

Putting y = % from (izi) in (i), we have

% = 2R 4R_(4R)2_8R2_16R2
ST s 3) 3 9
3-2 Z
= 8R? (l_gj = 8R? (—) = x2=£
3 9 9 9

Maximum volume z of the cone

2
=lnx2y=1n.48R R o Wy
3 3 9 3 27 3

= %(Volume of the sphere).

Show that the right circular cone of least curved surface

and given volume has an altitude equal to 2 time the
radius of the base.
Let x be the base radius and y be the height of cone.

Given Volume = Volume of the cone is constant

and = V (say)
%any = V (Given condition)
X%y = 3V =k (say) ...(1)
T

Let S denote the curved surface of the
cone

LS =mx x%+ y2 (formula S = nrl)
(S is to be minimised here) /-

X
Let z =S%=n%2 (a® +»?) (D) w

Putting x% = k from (i) in (i) to get z as a function of single

independent variable y.
[Here, we are getting z as a simpler function

of y as compared to z as a function of x]
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Sol.

or z=n’k (ky 2 +y)

dz 2 272
gy =™k -2y 7 +1] and % = %k [6k y 4] = 67;4’“
For max. or min., put % =0
dy
m’k (—2];+1] =0 But 7% #0
y
- 2—? +1=0 or 2—’5 =1
Y Yy
y3 =2k o y = (2k)V3
2 2,2
Aty = @2k % = % which is positive.
y
z is least when y = (2k)3 .(Tin)
. k k )
From (i), x>2= = = — = _ [Using (ii1)]
y (2k)1/3
2k CLR
2
= = = 2 B
or x 220 9 9 [By (zi1)]
or y2 = 2x? SN — V2 x

z or S is least when height = J2 (radius of base).
Show that the semi-vertical angle of the cone of the

maximum volume and of given slant height is tan™ J2.
Let x be the base radius, y the height, [ the given slant height
and 0, the semi-vertical angle of cone. (x >0,y > 0)

In AAMB,

By Pythagoras Theorem, x> + y2 = [2

a2 =12 —y? (D)
Let V denote the volume of cone, then

V= % nxy (@) [V s to
be maximised here]

Putting x? = [2 — ¥2 from (i) in (i), to
express V as a function of single
independent variable y.

1

V=2 n(®-y?
3n( Y)Yy

or V = g @y -y GUE

av WB
Y

7=712_32

dy 3( )



26.

Sol.

2
IV 6y = omy

and 73/2 3

For max. or min. put ﬂ =0
y

T 9 i
i _ — B had
3 (I — 3y*) =0 But 3 #0

2-32=0 or 3y?=1[ or y2= —

l
_ y>0
v (o y>0

2
At y= % , (;7‘27 =-2my = — ZTT: which is negative.

l

~. Vis maximum at y = —.

NE]

. L . .

Putting y = — in eqn. (i), x° = — =
G 3

c= 2 %

MB
In right led AAMB, tan 6= —— =
n right angle an

x
y l
Semi-vertical angle 0 = tan™ 12
Show that semi-vertical angle of right circular cone of
. ) ..o (1
given surface area and maximum volume is sin —.

Let x be the radius of base of cone and y be its height. (Total)

surface area of cone is given. (@)
nrl + 7r? = Given Surface area
l l
(Curved (Area of base)

Surface area)

= myx’+y? +mw? =S (say)

Dividing both sides by m,

S
xx®+y? 4% = ~ = k (say)
A B
= xxZ+y? =k — a2 W

Squaring both sides, we have x*x? + y?) = (k — x2)?
or at + %% = B2 + xt — 2kx®




= x%? + 2kx? = k2 = xXy® + 2k) = k2

k2
2 _ .
= x? = 2k @)
Let z denote the volume of the cone.
1_ >
z = -mx
3 y
Putting the value of 2 from (i),
U SRR SV SRS
3" y2iok” T3 Yok
dy ~ 3 dy v?+2k
dz 1 (2 +2k).1-y.2y ,
or d7y =3 k2 TS (By quotient rule)
dz 1 _,, (2k-y")

d7y 3 b 2 1 287 (7))

Putting % = 0 to find turning points, we have
y

nk? (2k — y?)

———" =0 k2 (28 —y?) =0

3(y2 + 2k S N
But k20 . 28—-3y>=0 = y>=2k

y =% J2k
Rejecting negative sign because height y of cone can’t be negative.

y = /2k 1is the only turning point.

Let us apply first derivative test.
2
(because finding % looks to be tedious)
X
. .. nk?
Now in R.H.S. of (ii), —— >0 clearly.
3(y* + 2k)

When y is slightly < /2F ; then y? < 2k
= 0<2k-y> = 2k-y>>0,

therefore from (i), % >0 e, (positive)

When y is slightly >./2% , then y2 > 2 = 0> 2k —y?

= 2k —y?< 0; therefore from (i) % < 0 i.e, (negative)
y

% changes sign from (+) to () as y increases through /2%
y

Volume z is maximum at y = 2k



k2 Bk
. . 2 _ - = -
Y2k in O = o = Ty
oo [E_ AR
N4 2
Let o be the semi-vertical angle of the cone.
In right angled AOMB,

MB _ x

simo= — = ———
OB /xz+yz

Putting y

GoE
Putting values of x and y, sin . = ——2__ = 2 _ .2 _1
1/k+ 2k 9k S—k 3

4 4 2

o = sin! 1
3

Choose the correct answer in the Exercises 27 to 29.

217.

Sol.

The point on the curve x? = 2y which is nearest to the point
0, 5) is

A) 22, 9) B) 2V2,0 (©) (0,0 (D) (2 2.

Equation of the curve (upward parabola here) is

X2 =2 ..(@) Y
The given point is A(0, 5). A
Let P(x, y) be any point on curve (7). ©,5) Px. 2)
Distance z = AP
X € S X
= Jx-02+(y-57
| Distance formula
Let Z=2>=x>+(y—b)
Putting «2 = 2y from (i), \4
Z=2y+(@y—52 =2 +y%+25-10
or Z=y>-8y +25
dZ d*Z
— =2y -8 and —5 =2
dy s 2
. dZ . .
Putting pe. = 0 to get turning point(s), we have
y
@ =0 te, 2y-8=0=22y=8=y=4
dy
d*Z
At =4, —5 =21is (+ ve)
Yy dy2

- Z(= 2z?) is minimum and hence z is minimum at y = 4.
Puttingy =41in (i), 22=8 . x=1 J8 =1 242.

22 ,4) and (- 2.2 , 4) are two points on curve (i) which are
nearest to the given point (0, 5).
Option (A) is correct answer.



.. 1-x+x2 .,
28. For all real values of x, the minimum value of —— is
l+x+x

1
A4) o ®B)1 ©) 3 D) 3-

1- 2
Sol. Given: Let f(x) = ~— % )

1+x+x2

(1+x+x2)%(1—x+x2)—(1—x+x2)%(1+x+x2)

£

A+ x+ x2)?
C MHx+a®) (1420 - (1-x+2%) 1+ 2x)
- 1+ x+ x2)?
, —1+2c-x+2% -2+ 2% —1- 2+ x + 27 — &% — 2°

or f'(x) = 5

A+x+x%)
_ 2 _ a2
or i) = 2+ 2x 21 - x*)

A+x+x2?  A+x+a2)?
Let us put f'(x) = 0 to get turning points.
2
Therefore L_xzé =0 = —-21-x)=0
1+x+x*)
But — 2 # 0. Therefore, 1 —x*>=0 or —x>=-1
=1 = x==%1
x =—1and x = 1 are two turning points.
Let us find values of f(x) at these two turning points only
because no closed interval is given to be domain of f(x).

1+1+1

Putti =—=1in @ W~ _3
utting x in @), f(=1 1-1+1
1-1+1 1
Putti =1in (@ 1) = = =
utting x in (@), (1) 17171 3

Therefore, minimum value of f(x) is %

Option (D) is the correct answer.
Note. Maximum value of f(x) for the above question is 3.
29. The maximum value of [x(x - 1) + 1]1Y3, 0 <x <1 is

13 1 1
(A) [gj B) 2 o1 (D) 3
Sol. Let f(x) = (x(x — D+ DB =2 —x + D3, 0<x<1 ..(0)
S P o3 d o
f(x)—3(x x+ 1) dx(x x + 1)
or ) = (2x -1)

3(x% — x + 1)%/3



Putting f’(x) = 0 to get turning points, we have
2x -1

e -0
3(x% — x + 1)%/?

Cross-multiplying 2x -1 =0 = 2x=1 = x = é

1
This turning point x = 3 belongs to the given closed interval
0<x<1ie, [0 1]
Now let us find values of f(x) at the turning point x = 1 and

end points x = 0 and x = 1 of given closed interval [0, 1].

1 .
Putting x = 5 in (2),

1 1 1 1/3 1—2+4\3 (313
f(5)=(1‘5+1) =(T ) (ﬂ =

Putting x = 0 in (@), £(0) = (DY =1

Putting x = 1in (), f(1) =1 -1+ DB = (DB =1
Maximum value of f(x) is 1.
Option (C) is the correct answer.

/3
Note. Minimum value of f(x) for the above question is (Z) .



MISCELLANEOUS EXERCISE

1. Using differentials, find the approximate value of each of
the following:

174 »
(a) (a} b) (33)7'°.

1/4
Sol. (a) To find approximate value of ( 3 1) .

Let y =« ()
dy 1 ow-r_ 1 _au 1
dc = 4" LY T 4t
dx Ax ..
VST T Ay -
Changing x to x + Ax and y to y + Ay in (1),
17 1/4 (16 1 )1/4
3 1/4 - - = - + m
y+ Ay = (x + Ax) (81) 31 81 ...(111)
1/4
Comparing (ﬁ + ﬁ) with (x + Ax)"* we have
1
x = 16 and Ax = — ...(lv)

81 81



1/4
x1/4 ~ (16)1/4 B (2)4 B g
“l81) |3 ~ 3

1/4 Ax
From (i17), (ﬁ) =y +Ay ~y +dy ~x

+ A2V

(V)

[From (i) and (i7)]

MY 9
Now putting values from (iv) and (v), (—) ~ 3 +

81

1
9 =
~ 2y 81 2 + = x 27
3 4 8 3 81 32
X
27
2 1 64 +1 65
~ = — = = 0.677
3796 96 9
1
(b) To find approximate value of (33) °
1
Let y=x0
6
& q “a 1
R
o 5x5
—dx - Ax
g s 1
5x5  5(xP)°

Changing x to x + Ax and .y to y + Ay in (1),
_1 21 1
y+Ay = (x+Ax) 5 =(33) 5 = (32+1) °
Comparing x = 32 and Ax = 1
1 1 1 1

P =@)F =@ =2"=

1
From (iii), (33) > =y + Ay ~y + dy
1

1
81

(3

(@)

(D)

..(ur)

..(Iv)

(V)

P [From (i) and (ii)]
5(x5)°
N i lues from (iv) and (v) (33 5L L
ow putting values from (iv) and (v) (33) 5 ~ 3~ 52F
1 1 1 1 160 -1 159
2 564 2 320 320 320

~ 0.4968 ~ 0.497



2.

Sol.

Sol.

Show that the function given by f(x) = log x has
x

maximum at x = e.

log x
Here f(x) = e x> 0 ..(@)

1

x.——logx.1 1-logx ..

s fx) = xiz = T (73

X

of 1
-=1-a-1 .2
,, * ( x (1-logx). 2x —x —2x + 2x log x
and f "(x) = 1 = 1
x x

2xlogx-3x x(2logx-3) 2logx-3

- : - - = 3 ...(111)
x x x
For local max. or local min., put f"(x) = 0

1-1
R og x

2 =0
x
= 1l-logx=0 =logx=1=loge=x=c¢
21 - 2-3
Now from (iii), f "(e) = 2 3 \ =_i3 <0.
e e e

= x = e is a point of local maxima and hence f(x) has a
maximum (value) at x = e.

The two equal sides of an isosceles triangle with fixed base
b are decreasing at the rate of 3 cm per second. How fast is
the area decreasing when the two equal sides are equal to
the base?

Let BC = b be the fixed base and AB = AC = x be the two equal
sides of the isosceles triangle ABC. A
Given: % - _ 3 cnvs D)

dt

[Negative sign because of decreasing]
Draw AM 1 BC, then M is mid-point of BC
(. AB = AC (given))

BM:CM:%Z)

Area of AABC is (A) = % BC x AM

B b/2 M b/2 C
1
‘ — Base x Height

NS Do

Jiw
sl W



Sol.

dar _ d (b 2__2)
dt ~ dt (4 b
_b d [1.2 12 dx :
= X dx (4/4x% = b% ) x i [By Chain Rule]
b 8x . .
= = X ———== x (— 3) [Using ()]
4 2 [ax® - b?
d o= _ W
& -4
or a ___ 3bx cm?/s
dt 4x? - p?

When the two equal_ sides are equal to the base (given) i.e.,

when x = b,

dA 3bxb

3b%

We have on putting x = b, — = — =g

dt 42 - b?
=— J3b cm%s

J3b

dA . 4
Hence, the area is decreasing ( Els negatlve] at the rate

of /35 cm¥s.

Find the equation of the normal to the curve y? = 4x at the
point (1, 2).
Equation of the curve (parabola) is
y? = dx (@)
DiffeRntiafine bothlsides of () wiidx, zy% -4
x
dy _ 4 _ 2 AY
dx 2y y
Slope of the tangent to the
curve at the point P(1, 2) to curve P(1,2)
2
(i)is(x:l,y:Z)isizl. 5 X
Slope of the normal to the curve at (1, 2)
is -1 y?=4x
m
-1 -1
= — = — ]_ —_—
1 m
Equation of the normal to the curve (i) at (1, 2) is
y—-2=-1@-1) or y-2=-x+1

or x+y=3.

Show that the normal at any point 6 to the curve
x=acos0+a0bsinB y=asin 0 - abd cos 0

is at a constant distance from the origin.



Sol. The parametric equations of the curve are
x=acosO+a0sinh,y=asinb—abcosb

or x=a (cos ® + 0 sin 0), y =a (sin 6 — 6 cos 0)
% =a[-sin 6+ 6 cos 6+ sin 6] =a 0 cos O
and % =a [cos O — (— 0 sin 6 + cos 0)]
=a[cos O +0sinO—cosB] =a0sinbd
= &y M=%ine=tane

dx _ dx/do aBcoso

= slope of tangent at any point (x, y) i.e., point 6.
L =—cot:9=—cf)Se
tan 0 sin O
~. Equation of normal at any point 6 i.e., at (x, y)
= (a (cos 0 + 0 sin 0), a (sin 6 — 0 cos 0)) is
cos 0

sin
or ysinO—asin®0+a6cos O sin B
=—xcos 0 +acos?0+absin6 cos 0
or x cos O +y sin 0 = @ (sin® 0 + cos? 0)
or xcosO+ysinO=aorxcos+ysinb-—a=0
.. Distance of normal from origin (0, 0)

= Slope of normal at any point 6 = —

[x —a (cos O + 0 sin 0)]

y —a (sin0®—0cos 0) =—

0+0-al lax; + by; + ¢l

K \/cos2 0+sin?0 Ja? +b?

=a which is a constant.
6. Find the intervals in which the function f given by

4sinx-2x-xcosx , . . . .. .
fx) = is (i) increasing (ii) decreasing.
2 +cos x

Sol. Given: f(x) = SInx - 20— xC0Sx

2+ cos x
4sinx-x(2+cosx)  4sinx B x(2 + cos x)
| 2+ cos x " 2+cosx 2+ cos x
. flo) = 4 sin x _
2+cosx
d . . d
(2+cosx)—(4sinx)—4sinx — (2+ cos x)
f) = d & -1
(2 + cos x)
or () = (2+cosx)(4cosx)—4sinx(-sinx) 1

(2 + cos x)?

(2 + cos x)? T (2 + cos x)? -

8 cos x + 4 cos® x + 4 sin® x 1 8cosx+4



[ 4 cos® x + 4 sin® x = 4(cos? x + sin? x) = 4]

8cos x + 4 — (2 + cos x)?

= W= (2 + cos x)?
B 8cosx+4-4-cos®x—4cosx
B (2 + cos x)?
— 2 J—
- Fx) = 4 cos x cos2 X _ oS % (4 — cos x)2 )
(2 + cos x) (2 + cos x)

Now 4 —cos x > 0 for all real x because we know that — 1<cos x <1 always.
Also (2 + cos x)? being a square of a real number is > 0.
.~ (@) f(x) is increasing if f'(x) > 0

e, if cos x 20 (From (7))

i.e., if x lies in Ist and 4th quadrants.

b1 3n
i.e., f(x) is increasing for 0 < x < By and 4 <x<2m.

(1) f(x) is decreasing if f’(x) < 0
ie., ifcosx <0 (From (7))
i.e., if x lies in IInd and III quadrants

3m
f(x) is decreasing for g i = R

7. Find the intervals in which the function f given by
1
fx) =2+ —,x#0is
x
(i) increasing (ii) decreasing.

Sol. (i) Given: f(x) = 23 + % , N0
x

= flo) =a® + 573

1
flx) = 322 — 3x* = 3(962 —F)

-1 3
Step I. Forming factors = 3 | = @ - 1%
x x

frx) = %(xz - D@2 +x%. 1+ 19
x
[ a®-0%=(a-0b)@®+ab + b?)]

or f'(x) = % aG*+x2+ D@+ Dx-1 (D)
x

(Note. For forming factors, we could also use

a? — b% = (@ — b(a + b) but a® — b® is much better here)

Step II. Let us find turning points by putting f'(x) = 0



4, .2 _

From (i), 3(x™ +x” + 11(x+1)(x 1D -0
x

Cross-multiplying, 3(x* + 22 + D)(x + 1)x — 1) = 0

But 3(x* + x + 1) is positive for all real x

(as both terms of x have even powers and all terms are

positive) and hence # 0.

Eitherx + 1 =0 orx-—1=0

ie., x=—-—1 or x=1.
O * . O
—© -1 1 0
These two turning points x = — 1 and x = 1 divide the whole

real line into three sub-intervals (— e, — 1], [~ 1, 1] and [1, ).

Sxt +x2+1)

In R.H.S. of (1), ———— is positive for all real x # 0.
x
Step III.
sign of f’(x)
Values of x Nature of f (x)
_ 3(x*+x2+1)
e
x+ 1Dx-1)
(= oo, — 1] For example, at x = — 2,
le,x<-1 flx=H) ) @) =(H) Increasing T
orOatx=-1
[- 1, 1] i.e., For example, at x = %,
-1<x<1 [x =) (+) () Decreasing |
= (=) or 0 both at
x=-1,1
[1, =) For example, at x = 2,
e, x>1 flx =) (+) (+) Increasing T
=(+HorOatx=1

Sol.

f(x) is (i) an increasing function for x < — 1 and for x > 1
and (ii) decreasing function for — 1 < x < 1.
Find the maximum area of an isosceles triangle inscribed in
2 2
x
the ellipse — + % = 1 with its vertex at one end of the
a

major axis.
2 2

Equation of the ellipse is % + Z—Q =1 @)
a



We also know that the extremities of the major axis of the ellipse
are A(a, 0) and A’'(- a, 0) (= OA = a, OA’ = a)

YA
P(a cos,0 b sin 0)
_\
M A(a, 0)
A'(-a, 0) Ole > X
acos 0
Major axis
Q(a cos,0 — b sin6)

Comparing eqn. (i) with
cos? 0 + sin®? 0 = 1,

x .
we have ~ = cos 0 and 2 = sin 0
a

b
x=acos®andy=> sin 6
Any point on the ellipse is P(a cos 6, b sin 0)

Draw PM L on x-axis and produce it to meet the ellipse in the
point Q.
.. OM=acos6and PM=5bsin 6 (By def. of coordinates of a point)

PM = QM [*.- The ellipse (i) is symmetrical about

major axis (here x-axis)]

.. M is the mid-point of PQ.
.. AAPQ is isosceles.
Let z denote the area of isosceles triangle AAPQ inscribed in the

ellipse with one vertex A coinciding with an extremity of major
axis.

=

Base x Height = % PQ . AM

. 2PM . AM = PM (OA - OM)

Putting values of OA, OM and PM
=bsin 06 (@ —a cos 0) = ba sin 0 (1 — cos 0)
= ab (sin 0 — sin 0 cos 0).

M|~ D

or z = %b (2 sin 6 — 2 sin 0 cos 0) = % (2 sin 6 — sin 20) ...(1)
Differentiating (i) w.r.t. 0,

d b

£ = % (2 cos O — 2 cos 20) = ab (cos 6 — cos 20)
Again differentiating w.r.t. 0,

d?z

W =ab (- sin 0 + 2 sin 20)



Sol.

Putting % = 0, we have ab (cos 6 — cos 20) = 0

But ab # 0 .. cos 6 — cos 20 = 0
or cos 0 = cos 20 = cos (360° — 20)

Either 6 = 20 or 6 = 360° — 20
ie, 6=0 or 30 =2360° ..0=120°
0 = 0 is impossible because otherwise the point P (a cos 0, b sin 0)
= (a cos 0, b sin 0) = (a, 0) will coincide with the point A.

0 = 120°

d?z . .

At 6 =120°, — = ab (- sin 120° + 2 sin 240°)

de?
=ab l:—\/zg—%z/g} =ab (— 3\2/5) = Negative

z 1s maximum at 0 = 120°
Putting 6 = 120° in (1),

Maximum Area = %b [2 sin 120° — sin 240°]

2 |2 2|7 2 | 2 R

2
A tank with rectangular base and rectangular sides, open at
the top is to be constructed so that its depth is 2 m and
volume is 8 m3. If building of tank costs ¥ 70 per sq. metre
for the base and T 45 per square metre for sides. What is
the cost of least expensive tank?

Given: A tank with rectangular base and rectangular sides, open
at the top.

(The reader is suggested to visualize this tank as a room with
four rectangular walls, floor but no ceiling).

Given: Depth of tank = 2 m

Let x m be the length and y m be the breadth of the base of
tank.

Volume of tank (= [bh) = x.y.2 = 8 m® (given)

8 4 .

ye=go = (@)
Now cost of building the base of the tank at the given rate of
370 per square metre is ¥ 70xy .(@0)

Again cost of building the four sides (walls) of the tank at the
rate of ¥ 45 per square metre.

=45(x.2 + x.2 + y.2 + y.2) = 45(4x + 4y)

=% (180x + 180y) ..(@iD)
Let z denote the total cost of building the tank.
Adding (i) and (ii7), z = 70xy + 180x + 180y



4 4 4
Putting y = — from (i), z = 70x.— + 180x + 180.—
x x x
720
or z = 280 + 180x + ~ ...(lv)
dz 720 d’z 1440
£=0+180—?and$= x3
d(1 d o -1
vo—| = |=—x " =(-1x“=— and
[ dx(xj dx D x?
d(1 d _, 3 -2
— | S |l==—x"=-20"=—+
dx (ij dx 3 }
Putting % = 0 to find turning points, we have
X
180 — g =0 = 180 = 220 = 180x% = 720
x x
9 720 . . g 4
x° = 180 = 4 = x =2 (. xbeinglength can’t be negative)
d’z 1440 1440
tx I 3 3 80 (+ ve)

z is minimum at x = 2
Putting x = 2 in (fv), minimum cost
z = 280 + 180(2) + % = 280 + 360 + 360
= 280 + 720 = ¥ 1000.

10. The sum of the perimeter of a circle and square is k, where
k is some constant. Prove that the sum of their areas is
least when the side of square is double the radius of the
circle.

Sol. Let x be the radius of the circle and y be the side of the square.
Given: Perimeter (circumference) of circle + perimeter of square = &

= 2mx +4y =k %
= 4y = k — 2mx
y y
= e, 42“" D)
y
Let z denote the sum of areas of circle and square.
: z = 2 + 52 [Area of square = (side)?]

Putting the value of y from (i),

2, (k- 2m0)? 16mx” + k2 + 4n?x? — 4kmx
16 16

or z= % [(16n + 4n®x? — dkmx + k%]

Z2 =TXx

2 1
% = % [(16m + 4m%)2x — 4km) and % = 1 (167 + 47%)2



11.

Sol.

d
Putting dfi = 0 to find turning points, we have

1
16 [(16m + 4n?)2x — 4kn] = 0

= (16m + 41*)2x — 4kn = 0 x 16 = 0
= 41(4 + m)2x = 4kn
4kn k
= = =
4n(4 + )2 2(4 + 1)
2
At x = k , az = i(161t+47t2)2 is + ve.
24 + 1) dx? 16
z is minimum when x = ﬁ ..(@0)

Putting this value of x in (i),

1 k 1 Tk
I P RSP
Y 4{ ”2(4+n)} 4[k 4+n}

_ 1[k(4+n)—nk} _ 4k+ k- Tk

T4 4+m 44 + )
or )= 4k _ ko 3 k
44+7m) 441 2(4 + m)
= y=2 (By (1))

z (sum of areas) is minimum (least) when side (y) of the
square is double the radius (x) of the circle.
A window is in the form of a rectangle surmounted by a
semicircular opening. The total perimeter of the window is
10 m. Find the dimensions of the window to admit
maximum light through the whole opening.
Let x metres be the radius of the semi-circular opening of the
window. Therefore one side of rectangle part of window is 2x. Let
y metres be the other side of the rectangle.
.. Perimeter of window = Semi-circular
arc AB + Length (AD + DC + BC)

= 10 m (given)
= é(2nx)+y+2x+y= 10 N — /B\
= T+ 2c+ 2y =10 x ‘0 x
= 2y =10 — mx — 2x
10— (m+2)x @)
= Y= @)y, y

(It may be noted that length (side) AB
can’t be a part of the window because
if it so, then light after passing
through the semi-circle will not enter
the rectangle part) v




Let z sq. m be the area of the window.

For maximum light to be admitted through the window, area z of
window should be maximum.

z = Area of window = Area of semi-circle + Area of rectangle

- %(mﬂ) + (20)

Putting the value of y from (i),

10— (n + 2
L 2x{ﬂ} - %[mﬁ + 20x — 2 + 2]

zZ= §TUC + 9

1., 2 2 1 2 2
or z= —[mx +20x—27£x—4x]=§[—7tx—4x + 20x]
Now z is a function of x alone.

dz 1

T _5[—27Ix—8x+20]

d? -
and T;=%(—2n—8)=72(n+4)=—(n+4)
Putting % =0 to find turning points, we have

x
M -0 > —2mr—8c+20=0
20 10
-2 4) = — 20 = =
= x(m + 4) = x 2+ 4) Bor 4
2
At x = n1+04 , % = — (1 + 4) is negative.
. g 10
z 1s maximum at x = .
mT+4

M 10 - (n+ 2)%
Putting x = in (@), y = — =

n+4 2

3 10(rt + 4) — 10(%t + 2) _ 10m+40-10m - 20
2n + 4) - 2 + 4)
20 10

= = m
2Am + 4) n+4
For maximum light to be admitted through window,
dimensions of the window are:

Length of rectangle = 2x = 20
n+4
. 10
Width of rectangle =y = m
n+4
10

Radius of semi-circle = x =
n+4



12.

Sol.

A point on the hypotenuse of a C
triangle is at distance a and b from
the sides of the triangle.

Show that the minimum length of
the hypotenuse is (a?® + b?3)%2,

Let P be a point on the hypotenuse P M
AC of a right triangle ABC such that
PL (L AB) = @ and PM (L BC) = b.
Let #ZBAC = «MPC = 6,

AP : s |
then in right-angled AALP, PL =cosect X 3 5
AP = PL cosec 6 = a cosec 0
d in right ldAPMCE— 0
and in right-angle s P T See
PC = PM sec 6 = b sec 0.
Let AC = z, then
i
z=AP+PC=acosec6+bsec6,0<9<—2— ..(0)
(. 0 is an angle of right-angled triangle)
% = — a cosec O cot 6 + b sec 6 tan 6

. .. dz
For maxima or minima, put — = 0

do

= —a cosec O cot O + b sec 6 tan 6 = 0
bsin®  acosH
cos? 0 sin? 0
-3
= b sin® 0 =qa cos® 6 = sm39=g
cos” 0 b
NG
= tan®6 == - tan O = (gj ()
d?z 9
Now, dT%Z— =—a [cosec 6 (— cosec” O) + cot O (— cosec O cot 0)]

+ b [sec 0 sec? 0 + tan 6 sec 6 tan 6]
= a (cosec® 0 + cosec 0 cot® 0) + b (sec® O + sec O tan? 0)
Since a >0, >0 and all ¢-ratios of 6 are positive (". 0 < 6 < /2)
2
d—z >0
do

1/3
= 2z is least when tan 0 = (%j

b2/3 + a2/3

T
= se026=1+tan26=1+(fj =

b b2/3



13.

Sol.

(a2/3 + b2/3)1/2
= sec= —M ———
b1/3

2/3
Also cosec’0=1 +cot?2 0 =1 + (E] [By ()] = ——7—
a

(a2/3 + b2/3)1/2

= cosec 0 = L173

Putting these values of sec 6 and cosec 6 in (i),
Minimum length of hypotenuse z
= a cosec O + b sec 0
(a2/3 + b2/3)1/2 (a2/3 + b2/3)1/2 P
=a. o173 +b. b3
= (@2 + BYB)2 (23 4 p23) — (423 4 p2B)32.
Note. Since 0 is a positive acute angle, we 03
may draw a right triangle OMP as 4 Ny
shown in the figure, then v

OP [a2/3 + b2/3

sec O = oM = pi73

[2/3 | 72/3
op a”"+b o 113 M

cosec 0 = PM = TE

Find the points at which the function f given by
fx=(x-2)* @+ 1)° has
(i) local maxima
(ii) local minima
(iii) point of inflexion.
Given: f(x) = (x — 2)* (x + 1)® (D)

fx) =@ - 2)%* i(x + 12+ i(x— 2% (x + 1)°
dx dx

=(—-2%3x + 1)% + 4x - 2° (x + 1°
Forming factors = (x — 2)% (x + 1)? [3(x — 2) + 4(x + 1)]
= f/x) = @—2)8 @+ 12 (7x—2)
[ 8x—6+4x+4="Tc—2] ..(Gi)
Putting f’(x) = 0 to get turning points, we have
x-—22@x+12(Tx-2)=0
Either x = 2=0 or x+1=0 or 7x-2=0

= x=2, orx=-1, or x= =

Let us apply First derivative Test
(as we and you think that finding f”(x) is tedious)

Clearly the factor (x + 1) in the value of f’(x) being square of a
real number is never negative.



14.

Sol.

At x =2
When «x is slightly < 2, (say x = 1.9); from (i7)
fr) = (= (+) (+) = () () (+) = (5)
When x is slightly > 2, (say x = 2.1), from (i7)
F@) =P (+) (+) = (+)
[’(x) changes sign from (-) to (+) as x increases through 2.
x = 2 gives a point of local minima.
At x =-1
When x is slightly < — 1, (say x = — 1 — 0.1 =-1.1), from (ii)
f@) =P EH =60 =
When «x is slightly > -1 (sayx=-1+ 0.1 =-10.9),
from (i) f'x) = (- (+) (5) = (+)
[’(x) does not change sign as x increases through — 1.
x = — 1 gives a point of inflexion.

2
Atx—?

When «x is slightly < %, (say x = %) from (i7)
fla=EPE) @ =60 @ =)

When «x is slightly > %, (say x = %) from (i7)
fr@) =P (+) (+) = (=)

f’(x) changes sign from (+) to (-) as x increases through %

2. . .
7 gives a point of local maxima.

Find the absolute maximum and minimum values of the
function f given by

f(x) = cos® x + sin x, x € [0, @l.
Given: f(x) = cos® x + sin x, x € [0, @] )

f'(x) = 2 cos x da (cos x) + cos x
dx

=— 2 cos x sin X + cos x
=cosx (—2sinx + 1)
Let us put f'(x) = 0 to get turning points.
cosx (—2sinx+1)=0
Either cosx =0 or —2sinx+1=0

. . . . 1
le, X = or —2sinx=-1 1ie, smx=§.

T

2
. 1. , .

Now sin x = B is positive and hence x lies in Ist quadrant and

second quadrant.



15.

Sol.

: _1_.£d.(n_§]_.5j
Slnx_5_81n6 and sin ) =sin &
x=£andx=5—n
6 6
Turning points are x = g,x= % and x = 5%Ee[o,n]

Let us find values of f(x) at these turning points.

From (1), fE =COSZE+SinE=0+1=
2 2 2
2
f(E)—cos2E+sin£— ﬁ +1—§+1—§
6) 6 6 | 2 2 4 2 4
2
f[@)—cos2—+sin (=B +1_ 3RS
6) o2 2 gt il
5m 6n-m ( n) T -3
* C0S — =C08S ——— =C0S |T——|=—-¢C0S —=——
6 6 6 6 2

Now let us find values of f(x) at the end points x = 0 and
x = 7 of closed interval [0, 7]
From (i), f(0) =cos?0 +sin0=1+0=1
and f@=cos®>n+sinm=(=12%2+0=1
[ cos m = cos 180° = cos (180° —0) =—-cos 0 = -1,
and sin © = sin 180° = sin (180° — 0) = sin 0 = 0]

Therefore absolute maximum is 2 and absolute minimum

is 1.

Show that the altitude of the right circular cone of

maximum volume that can be inscribed in a sphere of
A . 4r

radius r is —.

Let x be the radius of base of

cone and y be the height of the r

cone inscribed in a sphere of

radius r. Q
OD=AD-AO=y-r r

In right-angled AOBD,
OD? + BD? = OB?

B
(By Pythagoras Theorem) wc
(y-r?+a2=r2

or v2+r2—2ry + 4% =12
or %2 = 2ry — y? (1)
Let V denote the volume of the cone.
1 1 .
= gnxzy = gm @y - ¥y [By ()]



16.

Sol.

or V= g @ry? — ¥

Diff. w.rt. y, % = g (4ry — 3y%)

and ‘f;’ - g (4r — 6y)

Put % =0 . g (4ry — 3y%) = 0

or n?y (4r —3y) =0

Butngy;to 4r—3y=00ry=g

2
ar GV _ T 4o g = <" g
3 dy 3 3

. . 4r
V is maximum at y = 3

Let f be a function defined on [a, b] such that
f’'(x) > 0, for all x € (a, b). Then prove that f is an
increasing function on (a, b).
Let I denote the interval (a, b).
Given: 7 (x) > 0 for all x in an interval I.
Let x;, x, € I with x; < x,.
Since derivability implies continuity, therefore f(x) is continuous
in the closed interval [x;, x,] and derivable in the open interval
(o),
By Lagrange’s Mean Value Theorem, we have
f(xg) = f(xy)
X9 — X1
= flx,) — flx)) = (x, — x,) f'(c) where x, < ¢ < x,

—_ 7
= f (c), where x; < ¢ < x,

(D)
Now X < Xy = x,-x,>0
Also f’(x) > 0 for all x in I (given) = f’(c) > 0.
From (1), flxg) = fx) >0 or f(x,) <flxy)
Thus, for every pair of points x,, x, € I, x; < x,
= fley) < flxy)
Hence, f(x) is strictly increasing in I.
Remark. Geometrically. Let the graph of a strictly
increasing function y = f(x) be represented by curve AB. The
tangent at any point P on the curve makes an acute angle v

with the x-axis, (where O<y< g) .



17.

Sol.

YA YA

XV

o[T X o|T
0<y< g = tan y > 0 i.e., slope of the tangent is > 0

= f’(x) > 0.
Remark. Graph of a strictly increasing function is a rising
graph i.e., graph moves up as x moves to the right.

Show that the height of the cylinder of maximum volume

2
that can be inscribed in a sphere of radius R is TI?,E . Also

find the maximum volume.
Let x be the base radius and y
be the height of the cylinder

inscribed in a sphere having - - £ -
centre O and radius R. /2
x>0,y>0) 'S
In right-angled AOAM, By .0 y
Pythagoras Theorem, AM? +
M? = OA? R
(0) (0) 3 yi2
ie,  x%+ (%j = R? A i ek Y LR
9 A
2 = R2 Yy
4 .
..(0)
Let V denote the volume of right circular cylinder,
. V = mx?y ..(11)
Putting the value of x? from (i) in (i),
2
y 1
vhey (Rz - 4] y=m [Rzy - Zys) (i)
dv 2 3 2]
=t _ RZ_=2
dy = T ( 43’ S
d d2V (_é ) 3ny
an dyz =T 23’ = - D)
av s 3 2]
—_— _ . R - = —
Put dy = 0 LT ( 4y =0
2 3 92 2_ 3 o
But n#0 .'.R—Zy=00rR:Zy



18.

Sol.

4R? 2
or yzz? y:% oy >0)
2R d%*v 3n
At = 7’ —_— = —_——
3n (2R
=— — |—=| =-1nR
2 (Jﬁ) TRAB

which is negative.

. V is maximum at

Putting y = 2R

NE]

Maximum volume of cylinder = ©t l:R

in eqn. (i),

» 2R_1 4R? 2R
B 13 B
2R [ 1) 2nR® 2 4nR®
= 1 r - = —F= Y. — o™ .
V3 3 V3 3 343
Show that the height of the cylinder of greatest volume

which can be inscribed in a right circular cone of height A
and having semi-vertical angle o is one-third that of the

= nR?

cone and the greatest volume of cylinder is %nh3tan2a.

Let r be the radius of the
given right circular cone of
given height A.

Let the radius of the inscribed
cylinder be x and its height be y.
In similar triangles APQ and
ARC, we have

PQ _ AP
RC AR
x h-y

Le., = =

r h
[ AP =AR - PR =h — y]
Cross multiplying, hx = rh — ry
ry_rh hx = h(r — x)

...(7) (given condition)

y=—=(r-x

Let z denote the volume of the cylinder
z = mx%y ..(it) [Here z is to be maximised]
Puttlng the value y from (i) in (u)

z = m2 ﬁ (r —x) = — (- ...(111)
r r
dz mh d?z mh
il (2rx — 3x?), Pl (2r — 6x)



dz
For max. or min. put — =10

dx
@ 2rx —3x%) =0 or @ x(2r—-3x) =0
r r

But x#0, . 2r —3x =0 or 3x=2r0rx=2—3r

d2
At x=%,d7§=@(2r—&
X 3

which is negative.

. . 2r
s 2z 18 maximum at x = ?

2
Putting x 2r in i),y = ﬁ (r——r) = é .
3 r 3

Putting x = % in eqn. (i),

. . nho|, 4% 8%
Maximum volume of cylinder = - 9 o7

mh g é_i) 2(12_8)
=Tr[9 27) =™ | "oy

] =@ (= 2r) = — 2nh
r

i h2 i h (h 2
=27nr=27n(tanoc)

< In AARC,R—C:tanoci.e., L:tanoc s r=htana
AR h

y ud nh? tan? o.
27

Choose the correct answer in the

Exercises from 19 to 24:
19.

Sol.

A cylindrical tank of radius 10
m is being filled with wheat
at the rate of 314 cubic metre
per hour. Then the depth of
the wheat is increasing at the

rate of

(A) 1 m/h (B) 0.1 m/h

(C) 11 m/h (D) 0.5 m/h.
Let y m be the depth of the
wheat in the cylindrical tank of

radius 10 m at time ¢.

V = Volume of wheat in < 10m ;

cylindrical tank at time ¢
= n(10)? y
= 100my cu. m

ym

(D)



Given: rate of increase (. wheat in being filled in the tank) of

volume of wheat = % = 314 cu. m/hr.

- % (100my) (By (i)) = 314

= 1007 ] =314
dt

22
Using 7t = - = 3.14 nearly,

= 100(3.14) % =314 = 314y = 314
t

= y = % =1 m/h
314
Option (A) is the correct answer.
20. The slope of the tangent to the curve x =#>+ 3¢ -8,

y = 2t% - 2¢ - 5 at the point (2, - 1) is

A 2 B & o & oy 23
(A) 7 B) 7 ©) 6 D) 7
Sol. Equations of the curve are
x=t>+3t-8 @) and y =22 -2t -5 ..(i)
dx dy
5_2t+3 and dt_4t_2

Slope of the tangent to the given curve at point (x, y)

dy dy/dt 4¢ -2
= Ve (s

At the given point (2, — 1), x =2 and y=-1

..(uir)

Putting x = 2 in (7), and y =—11in (i),
2=t>+3t-8 and —1=2t2-2t-5
= 2+3t-10=0 and 22-2t-4=0
= ?+5t-2t—10=0 Dividingby 2,2 -t—-2=10
= tt+5-20+5 =0 = 2-2+t-2=0
= t+5)@t-2=0 = tt-2D+¢t-2=0
= t-2)Et+1=0
= t=-5t=2 = t=2,t=-1

. Common value of ¢ in the two sets of values of tist =2.

i.e., At the given point (2, — 1), ¢ = 2.

Putting ¢t = 2 in (iii), slope of the tangent to the given curve at
42)-2 6

22+3 7

Option (B) is the correct answer.

the given point (2, — 1) =



21.

Sol.

22.

Sol.

The line y = mx + 1 is a tangent to the curve y? = 4x if the

value of m is

1
A1 (B) 2 ©) 3 D) 3.

Equation of the curve is y% = 4x
Differentiating both sides of (i),

(@)

AY
w.r.t. x, A
4 2 *
oD gy 1B 22 =%
dx dx 2y y )
Slope of the tangent to the curve
. . dy _ 2 o)
(@) at any point (x, y) = == =
y P Yy dx y
. (ﬂ _j 2 _
“N\ a2 y - m
[ liney =mx +1 L)

> X

is given to be a tangent to curve (i) and its slope is clearly m.]

2
my=2 = y= —

m
Let us eliminate x and y from (i), (i) and (ii7).

2
Putting y = — from (ii7) in (1), 4 =mx + 1
m m
2 2—-m 2-m
mex=—-1="—— X N~o—
m m m
Putting values of x and y from (iv) and (iii) in (2),
4 42 -m)
m?  m?
Dividing both sides by —, 1=2<m - m =1
m

Option (A) is the correct answer.

...(Ti1)

..(1v)

The normal at the point (1, 1) on the curve 2y + 2% = 3 is

A)x+y=0 B)x-y=0
C)x+y+1=0 Mx-y=1.
Equation of the given curve is 2y + x? = 3
Differentiating both sides of (i) w.r.t. x,

dy dy
22 19 =0 2 —_29
T + 2x = T X

Dividing by 2, & =-x
dx
Slope of the tangent at the given point (1, 1)

= value of b at (1, 1)
dx

=—x=—1(=m)
-1 -1

Slope of the normal= — = — =1
m -1

Equation of the normal at (1, 1) is
y—1=1x-1) or y—-1=x-1

()



23.

Sol.

24.

Sol.

or -x+y=0 or x—y=0
Option (B) is the correct answer.
The normal to the curve x? = 4y passing through (1, 2) is

A)x+y=3 B)x-y=3
OCx+y=1 M x-y=1.
Equation of curve is
x? = 4y (0D = 4y
Let the normal to curve (i) at P (x, y) pass
through the point A(1, 2). (Given) A
Differentiating (i) w.r.t. x, we have .9
ox =4 2 P(xy)
dx
dy x
or de 2
2 3
- Slope of normal at (x, y) = - — =- — ..(@@0)
dy x
-9 -
Again slope of normal (PA) = 24 .. (i) J2= N
x—-1 xz - xl

From (if) and (iii), equating the two values of slope of Normal, we
have

“w R w
x x-1
Cross-multiplying — 2x + 2 = xy — 2x
or xy = 2 = 2
x
Putting y = 2 in (@), 2% = 8 or x> =8 =23
x x
= .'.y:g =z =1 . Point P(2, 1)
x 2
N .. -2 -2
At point P(2, 1), from (ii) slope of the normal = — = > =-1
x
~. Equation of normal isy — 1 = — 1(x — 2)
or y—1=-x+2
or x+y=3.

Option (A) is the correct answer.
The points on the curve 9y*> = x3, where the normal to the
curve make equal intercepts with axes are

+8 —§ +§ (1-4 E)
A) (4,_§j (B) (4, 3) (©) (4,-8] @) (=4].

Equation of the curve is
9y2 =53 (D)
Differentiating both sides of (i), w.r.t. x,



2 2
ﬂ:?)xz and so Q:‘?’i:x—
dx dx 18y 6y

Slope of the tangent to curve (i) at any point (x, y)

18y

2
= value of 247 -
dx 6y
. . -6y
Slope of normal = negative reciprocal = —~ ==+ 1
x

(. We know that slopes of lines making equal
intercepts on the axes are = 1)
= —6y =1t

2
Taking positive sign, — 6y =x> or y=— &

(1)

Let us solve (i) and (i) for x and y.

P tt _ x2 f () . () 9 L _€3

umgy_—grom ii)in (), 9 . 55 =«
4

= %:x?’ = at = 448

Dividing both sides by x3 (x # 0 because in none of the four
options given, x = 0)
x = 4.

Putting x = 4 ingf ™ 2 % - %

One required point is (4, - g)
2
Taking negative sign, — 6y = — x> = y = i)

6
Now solving (iii) and (i) for x and y as above (we solved (i) and

8
(i), the required point is (4, gj )

8
Required points are (4, * gj .

Option (A) is the correct answer.
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