1.

Sol.

Exercise 10.1

Represent graphically a displacement of 40 km, 30° east of
north.

Displacement 40 km, 30° East of North.

%
= Displacement vector QA (say)
N . 307
such that |[OA| = 40 (given)
and vector OA makes an angle
30° with North in East-North

quadrant.
Note. 0° South of West = A
vector in South-West quadrant s

making an angle of o° with West.

Check the following measures as scalars and vectors:
(i) 10 kg (ii) 2 meters north-west  (iii) 40°
(iv) 40 Watt  (v) 10" !'° coulomb (vi)* 20 m/sec?.

Sol. (i) 10 kg is a measure of mass and therefore a scalar.

Sol.

("." 10 kg has no direction, it is magnitude only).

(i1) 2 meters North-West is a measure of velocity (i.e., has
magnitude and direction both) and hence is a vector.

(i1i) 40° is a measure of angle 7.e.; is magnitude only and,
therefore, a scalar.

(iv) 40 Watt is a measure of power (i.e., 40 watt has no
direction) and, therefore;-a scalar.

(v) 10719 coulomb is & measure of electric charge (i.e., is
magnitude only) and, therefore, a scalar.

(vi) 20 m/sec? is a measure of acceleration i.e., is a measure of
rate of change of velocity and hence is a vector.

Classify the following as scalar and vector quantities:
(i) time period (ii) distance (iii) force
(iv) velocity (v) work done.
() Time-scalar (i) Distance-scalar (iit) Force-vector
(iv) Velocity-vector (v) Work done-scalar. -
a

In the adjoining figure, (a square),
identify the following vectors.
(i) Coinitial

(ii) Equal d b
(iii) Collinear but not equal.
- 3 =
Sol. ) o and d have same initial point and, ¢

therefore, coinitial vectors.



(i1)

(G1)

N
b and d have same direction and same magnitude. Therefore,

- -
b and d are equal vectors.

@ and ¢ have parallel supports, so that they are collinear.
Since they have opposite directions, they are not equal.

Hence o and ¢ are collinear but not equal.

5. Answer the following as true or false.

(@)

(ii)
(iii)
(iv)
Sol. (@)
)

(ii1)

(@v)

—> - .

a and - a are collinear.

Two collinear vectors are always equal in magnitude.
Two vectors having same magnitude are collinear.
Two collinear vectors having the same magnitude are
equal.

True.

False. ('.‘E) and 2? are collinear vectors but | 2? | =2 7 D
False.

Colil= Ifl =1but ; and JA are vectors along x-axis
(OX) and y-axis (OY) respectively.)
False.

(*.* Vectors ? and — E) (= (=.1) E) = mE)) are collinear

vectors and | E) == E)l but we know that E) # — E)
because their directions are opposite).

%
Note: Two vectors @ and b are said to be equal if

- N
@ 1@l =1b1(Gi) @ and~b have same (like) direction.



Exercise 10.2

1. Compute the magnitude of the following vectors:

E)=§+f+?€,?=2§—7.;—3?c,
2oLli, 1 1
NE} NE V3

Sol. Given: @ =i+ o4k

Therefore,l?|=\/x2+y + 22 \/m=
—
b=21—7]—3k

Therefore, I?I = \/m
T i iz%
"B tBET B



Sol.

Sol.

Sol.

Therefore, | ¢ | = \/(1]2 +(13]2 +(\_/})2
T

. Write two different vectors having same magnitude.

Sol.

- = A
Let =i + j +kand b =i + j — k.

- .. A o .
# b . (.. Coefficients of { and j are same in
— - . AL i
vectors ¢ and b but coefficients of 2 in o and b are
unequal as 1 # — 1).

Butl?l:wlx +y2+22 = 1+1+1
— -
and 16 | = J1+1+1 = /3 oo ld =151

Remark. In this way, we can construct an infinite number of
possible answers.

. Write two different vectors having same direction.

Let @ =i +2j +3k )
— A A A
and b =2(i +2j +3Fk) (i)
=29 [By (i)]
%

b =m? where m = 2 > 0.
— 4 . .
Vectors @ and & have the same direction.

8 \ — S — — —
But 6 #za . b =2a=lb|l=12l1al=2lal=zlal]
Remark. In this way, we can construct an infinite number of
possible answers.
A

A .
Find the values of x and y so that the vectors 2i +3J and
A

A .
xi +yJ are equal.
Given: 2i +3Jj =xi +vyJ.
Comparing coefficients of i and j on both sides, we have
x=2andy = 3.
Find the scalar and vector components of the vector with
initial point (2, 1) and terminal point (- 5, 7).

%
Let AB be the vector with initial point A(2, 1) and terminal
point B(— 5, 7).

= P.V. (Position Vector) of point A is (2, 1) = 22 + Jj and P.V.

of point Bis (=5, 7) = — 51 + 7] .



ﬁ
AB = P\V. of point B — P.V. of point A
=(=5i +7j)-©Q2i +J) =-5i +7] -2i — J
—> A A
= AB =-7i +6.
%
By definition, scalar components of the vectors AB are

A A —>
coefficients of i and j in AB i.e., — 7 and 6 and vector

—> A A
components of the vector AB are — 7i and 6 .
6. Find the sum of the vectors:

- A A A = A A A
a =i -2J +k,b =-2i +4] +5k
- A A A
and ¢ =1 -6J -T7k.
. - _ 7 g A 2 A
Sol. Given: ¢ =1 —2J + k, b =—-2i +4j] +5k
and ?:2—6j—72c.
% A A A A A
Adding @ + b +¢ =0i —4j —k ==4j &k,

7. Find the unit vector in the direction of the vector

% A /‘\ A
a =i+J +2k.
Sol. We know that a unit vector in the direction of the vector

B AT A A

- a2 a i+j+2k
a =i +J] +2k1sa = — = =
|;| J1+1+4

Aoibji2k 1 A8 2 s
Lt 3N .

G T ENEE
.

8. Find the unit vector in the direction of the vector PQ

where P and Q are the points (1, 2, 3) and (4, 5, 6)
respectively.
Sol. Because points P and Q are P(1, 2, 3) and Q(4, 5, 6) (given),
— A N A
therefore, position vector of point P = OP =1; +2Jj + 3k

— A A A
and position vector of point Q = 0Q =4i +5J + 6k
where O is the origin.

_)
PQ = Position vector of point @ — Position vector of point P
— — I 2 A
=0Q —OP =3i +3J +3k
%
Therefore, a unit vector in the direction of vector PQ

PQ _ 3i+3j+3k
PQ | J9+9+9=27=9x3




_3Gajk) _Gajek _1a 15 14
33 V3 3 V3 NEI
- Ah A Y A AN
9. For given vectors @ =2i - j +2k and b =-i + j -k;
%
find the unit vector in the direction of @ + b
. — A A A - A Lo
Sol. Given: Vectors o =2i —J +2J and b =-1 +J -k
N A N A n A

T A :
a +b =21 —J +2k -1 +J -k =i +0J +F

17+ 6 1= JP+02+2 = 3

H
A unit vector in the direction of E) + b 1is

- -

a+b _§+Of+IAa_i+k 1 - 1 5

R Y

A A A
10. Find a vector in the direction of vector 5i - j + 2k
which has magnitude 8 units.
Sol. Let @ =5i — j +2k.

A vector in the direction of veetor @ .which has magnitude 8
units

- A A A
a0, 801 -7+

lal - J25+1+4

8 % A A 40 8 o 16 2

= —— Bin— j +2E= — i - — + — k.
730 J 30 NERRNED

A /_\ A A /‘\ A
11. Show that the vectors 2i -3jJ +4k and-4i +6J -8k
are collinear.

84 =8

N A A A
Sol. Let " =21 —3] +4kFk (D)
- A N A 2 N
and b =—-41 +6J] -8k e >
A N A N
=—-221 -3J +4k)=-2a [By ()]
%
= b =—2E> =m? where m = -2 < 0
— —
Vectors @ and b are collinear (unlike because m = — 2 < 0).

A A
12. Find the direction cosines of the vector i + 2 JA +3Fk.

- A 2 A
Sol. The given vectoris (a )= 1 +2] + 3k



13.

Sol.

14.

Sol.

_1+25+3k 1 2 A

= —— 1 + — +
J14 J14 14
We know that direction cosines of a vector < are coefficients of
C N 1 2 3
1, J, 1nal.e.,4\/ﬁ,\/ﬁ,\/ﬂ.
Find the direction cosines of the vector joining the points
A, 2, - 3) and B(- 1, - 2, 1) directed from A to B.
Given: Points A(1, 2, — 3) and B(- 1, — 2, 1).
A > B
1,2,-3) -1,-2,1)

g“
>
>

A A A

ﬁ A A A
= P.V. (Position Vector, OA) of point A is A(1, 2, — 3) =i +2j —3k
and PV.ofpoint Bis B(-1,-2,1)=—1i —-2j + k.

%
Vector AB (directed from A to B)
P.V. of point B — P.V. of point A

A A A A N A
i -2 + k(i +2) —3%k)
A A

N . A A A A A A

=—1-2] +k -1 -2] +3k=-2] —4] + 4k
%

AB = |AB | = =22+ (42442 = [4+16+16 =6

N
%

A unit vector along AB = ;A_)B—
[ABI

~2i-4j+4k = 2504 45 14 24 24

= 2L RITRR 4 NS = —k=—j-= k.

6 6" 67 "% 3 ' 37 %3
_)

We know that Direction Cosines of the vector AB are the

. ANTA . 2> . -1 -2 2
coefficients of i, j, & in a unit vector along AB i.e, ?, ?, g

A A A
Show that the vector i + J + k is equally inclined to the
axes OX, OY and OZ.

Z
A A A
Let @ = i +J] + k.
Let us find angle 0; (say) between P
% A

vector ¢ and OX (= i)

A o x >X
("." i represents OX in vector form) i

2 /
cos 0y = — Y

lallil



15.

Sol.

(§+f+IAe).(§+0f+OIAe)

= cosel: A A A A A A
li+j+kIIi+0j+0FI
1
= cos 0; = 1D + 1(0) + 1(0) = i = 61=cos’1 —-=
JI+1+1,1+0+0 V3

3
A 1
Similarly, angle 0, between vectors @ and Jj (0Y) is cos! ﬁ

and angle 65 between vectors @ and IAe (0Z) is also cos™ ! 7B

61 = 62 = 63.

~.Vectors @ = ; + ]A + lAe is equally inclined to OX, OY and

OZ

Find the position vector of a point R which divides the
line joining two points P and Q whose position vectors are
A A A A A A

i +2j - k and-1i + j + k respectively, in the ratio 2 : 1
(i) internally (ii) externally.

. . I A A
PV.ofpoint Pis @ =, +2j - &
- p A A
and P.V. of point Qis b == + j + k&

(i) Therefore P.V. of point R dividing PQ.internally (i.e., R lies
within the segment PQ) in the ratio 2 »»1.(=m : n) (= PR : QR)

- - 2:1=m:n
. mb+na - N
¥ Tmen P(a) R Q(b)
2(—i+f+};)+§+2j—k 2042 +2k+1+25 -k
N 2+1 N 3

_—§+4f+lAe_—_14 4~ 1

= f Y 1+ 3 J t g k.

(i1) P.V. of point R dividing PQ externally (i.e., R lies outside PQ
and to the right of point Q because ratio 2 : 1 = 1 > 1as PR is

2 times PQ i.e., — ==

PR 2) is n_{b—rfa
QR 1

m-n .- — °
AN roA P(a) Q(h) R
2-i+j+R-(+2j-k)
- 2-1
=—2i +2J +2k -1 —2] +k =—37 + k.

Remark. In the above question 15(ii), had R been dividing PQ
externally in the ratio 1 : 2; then R will lie to the left of point P
PR 1

and — = —.

QR 2



16.

Sol.

17.

Sol.

Find the position vector of the mid-point of the vector
joining the points P(2, 3, 4) and Q(4, 1, - 2).
Given: Point P is (2, 3, 4) and Q is (4, 1, — 2).

— PV of point P(2, 3, 4)is @ =2i +3J + 4k

- A A A
and PV. of point Q(4, 1, - 2)is b =4i + J —2k.
- -

PV. of mid-point R of PQ is %8

[By Formula of Internal division]

2i+3j+4k+4i+j-2k 6i+dj+2k _ _n 4 2
_ 1+3j+ 2+ i+ =6L+42]+2k _3i 427 + k.
Show that the points A, B and C with position vectors,

- A Y 45 Fo_ebt 4% =>_ 4 2 =3
a =3i-4j-4k, b=2i- j+ kand ¢ =i-3j-5k,
respectively form the vertices of a right-angled triangle.

S A A A
Given: PV. of points A, B, C respectively are ?(: OA )=3i--4j 4F,
- - ALA s - o £23° AV
b (=0B)=2i —j +kand ¢ (=0C)=1t -3 —5k,where
Oistheorigig
Step I. .. AB = P.V. of point B — P.V. of point A
=2i— j+ k—(3i—4j—4k) 22i— i+ k—8i+4)+4k

—> A A A

or AB == 1 +3j] +5& (@)
%
BC = P.V. of point C — P.V. of point B

A A

—(i -8) —Bh) =i« + h)=i-8j-Bh-2i+ j—k
-_3 —2j _6h .(20)
%

AC = PV. of point C — P.V. of point A

- 837-Bh-(3i-4)—4k)= i-3)-5h-8i+4) +4k

=—-2i +J -k ...(111)
Adding (i) and (i7),
- — A A A " A A
AB + BC =-1 +3] +56k -1 —-2j] -6k
A A A —
—2i 4+ j -k =AC [By ()]

.. By Triangle Law of addition of Vectors, Points A, B, C are the
Vertices of a triangle or points A, B, C are collinear.

Step II.

%
From ) AB = |AB | = \1+9+25 = /35



18.

Sol.

19.

Sol.

_)

From (i), BC = IBC | = \1+4+36 = /41
ﬁ

From (iii), AC=1AC | = J4+1+1 = \/g

We can observe that (Longest side BC)® = (/41 )* = 41 = 35 + 6
= AB? + AC?
Points A, B, C are the vertices of a right-angled triangle.
In triangle ABC (Fig. below), which of the following is not
true:

— - —
(A) AB + BC + CA

- — -
(B) AB + BC - AC

ol ol el =

— - —
(C) AB + BC - CA

— - —
(D) AB - CB + CA
Option (C) is not true.
Because we know by Triangle Law of Addition of vectors that

— — — - — ]

AB + BC = AC,ie, |AB + BC = _ CA

— — — - = — >
= AB + BC - AC = 0 |=  AB + BC '+ CA =

ol

— — — - - - =
But for option (C), AB + BC — CA = AC '+ AC =2AC = 0 .
Option (D) ii)same as option (A).
If ? and b are two collinear vectors, then which of the

following are incorrect:
= - - i
(A b =ALa,for somescalar A. (B) a =% b
-
@ and b

(C) the respective components of are

proportional

(D) both the vectors E) and Z) have same direction, but
different magnitudes.

Option (D) is not true because two

collinear vectors can have different N

directions and also different E) s

magnitudes.

The options (A) and (C) are true by definition of collinear vectors.

Option (B) is a particular case of option (A) (taking A = + 1).




Exercise 10.3

1. Find the angle between two vectors

. . R T
magnitude V3 and 2, respectively having a . b

- -
Sol. Given: | @ | =3, 1 b1 =2and a.b =6



Sol.

Sol.

A A A
. Find the projection of the vector i — j on the vector i + j.

%
Let 6 be the angle between the vectors @ and b . We know that

- >
a.b
[

lallb

cos 0 =

V6
J3(2)

_ Y6 _J6 _[6 _1_1 _ n PO

Putting values, cos 6 =

A A A
. Find the angle between the vectors i - 2j + 3 kand

A A A
3i -2j +

A n A — A I A
=1 -2J] +3k and b =31 -2J + k.

Ad = T74+9 = VT4 I lxi+yj+zkl= [+ 42422
ﬁ
and b 1l=J9+4+1 = 14

- A A
Also, ? . b = Product of coefficients of i + Product of coefficient of J

k.
Given: Let E)

+ Product of coefficients of lAe
=13) + (- 2)(—2) +3(1) =3 +4+3 =10

_>
Let 0 be the angle between the vectors @-and b .

ab _ 10 10 5
ol V1414 14T

We know that cos 6 =

0 =cos !

3| ot

A

Let?:g—j=g—j+0k B
-
d A A A " A a
and b =1 +J =i +J +0k A
%
Projection of vector @ and b
- Z 90° 90°
= Length LM = 22 L Mo
15l
OO+ DA +00) 1-1+0 0 B
= = = — = 0.
JOZ+ @2+ 02 V2 V2 B
. — -
Remark. If projection of vector o on b A
is zero, then vector @ is perpendicular to 90°
- >
vector b . l?



Sol.

Sol.

A A
Find the projection of the vector : +3j + 7k on the

A A A
vectg 71, - J 1—81?7

A — A /\ A

Let @ =17 +37J +7k and b =71 — J + 8k
- >
.. — - a.b
We know that projection of vector a’ on vector b = ——
151

17)+3(-1)+7(8) 7-83+56 60

i JD2 + (12 + (82 B J49+1+64 114~

Show that each of the given three vectors is a unit

1

1 A N A A N A
vector: Il (2i + 3J + 6F), o Bi - 6J + 2Fk),

1 A A A
7 6i +2J -3Fk).

Also show that they are mutually perpendicular to each

other.
Let @ =2 @5 +3)5 +64) -8 €27 DT 2
7 % 7 7
21 . 2t eac QT 63 23
b == (3; -6 AE) = =Di g 2k
7(l J +2k) 2w St
- _ 1 . "\ Gs 2 2 3
=Z(6i.+2) ~3k)=o iy
c 7(l+J ) pol v J
2 2 2
— 2 3 6 4 9 36
Q@ \/[7] +(7] +(7j 49 "19 " 19

1l
»P‘Hk
NejiNe}

1l

pi

Il

-

S
1l
e
3|
N——
Do
+
—
|
<&

&=

ol
1l
=
3|
~—
o
+
—

=

)2 (2)2 9 36 4 49
+H 2| ==t —=t—== =

7 V49 " 49 49~ V49
2)2 (-3)2 36 4 9 49
2l 4= === = = =
7 7 V49 " 49 " 49 V49

(@)

.(i1)

..(ui7)

. - 7 > . .
Each of the three given vectors @ , b, ¢ is a unit vector.

From (i) and (i7),

S RCRCRUIGREL

(d

=L

= albl + a2b2 + a3b3]



Sol.

6 18 12 6-18+12 0

i — __——————— = — = 0
49 49 49 49 49
- -
a and b are perpendicular to each other.
From (i) and (ii7),
-BE-FE 2
b . === +|—=]| |z] += |=
7 7 7 7 7 7
_18 12 6 _18-12-6_ 0 ¢
49 49 49 49 T 49
- -
b and ¢’ are perpendicular to each other.
From (i) and (ii7),
a .c = ||+ |l=l|+|=||=
7 \7 7 \7 7 7
_E+£_§_12+6—18_£_0
T 49 49 49 49 © 49
— - .
a and ¢ are perpendicular to each other.
- 7 o .
Hence, a , b, ¢ are mutually perpendicular vectors.

- - -
Find | | and 1 & |, if (@ + b).(& - b) = 8 and

%
121 =81DI.
- - -
Given: (@ + b )#(a—b)=8Gnd |a 1 =815 I )
- = = -
2@ d —-d.b +b.axb.b =8
— — -
> lad1’2-ad. b + &% —1b12=8
- -
[ We know that @ .@ = 1@ 12and b.b =I5 I%and
- - —
b.a =a.b]
%
= 1d12-1b12=8 (i)
- - - -
Putting | @ | =81 b | from () in (i), 64 1 b 12105 12=8
- -
or B4-1)1bH12=8 = 631b12=8
1 12= — 16| = > =
= b 63 - b \63 9x7
("." Length i.e., modulus of a vector is never negative.)
- 2 2
s =2 ]2
= b 37

_)
Putting this value of | & | in (i),



- 2 12 16 |2
la | =8 = = = |=.
3\V7 3 N7

- - - -
7. Evaluate the product Ba -5b).2a +70b).

— —
Sol. The given expression = (35> -5b). (25> +7b)

Sol.

Sol.

—(33).@7)+BT).T5)-6Gb).QaT)-6Gb).Tb)

- - - -
—6ad.d +21d.b —10b.a4 -35b.b

- - -
=61d 12+21a.b —10a.b —351 b 12
- = - - -
[cad.@ =1ad1%2and .5 =16 12and b.a@ =a.b]

- -
=6l @ 12+11a.b —351 b I%

H
Find the magnitude of two vectors ;) and. b , having the
same magnitude such that the angle between them is 60°

1
and their scalar product is 3

— - - -
Given: | a | = | b | and angle 6 (say) between a and b is
60° and their scalar (i.e., dot) product = %

. - =
ie., a.b

|~ N

- - -
= @ | 1b |50 @b =12 1151 cos 6]

[...

_)
Putting | 6 | = | Ea (given)-and 6 = 60° (given), we have

121 1 d | cos 60° = & = |?|2(%)=%

Multiplying by 2“1 @ 12 = 1 = lal=1 D)
(*.© Length of a vector is never negative)

1 [By ()]

1.

- —
b1 =1a l
%

1@ 1 =1and | b |

Find | ¥ I,ifforaunitvectora),(? - 7).(? + ?)=12-

. - . . - .
Given: a is a unit vector = |la | =1 ()
. — - — —
Also given (x —a).(x +a)=12
- - - = - - - =
= X .X +X.a —a.x —a.a =12
— T —
= lx12+d.x —d.x —ld 1?2=12
—
= 2" 12-1d 12=12



10.

Sol.

11.

Sol.

Putting 1@ | =1 from (i), 1% 12-1=12
= 1% 12=13 = 1x1 =413,
(.- Length of a vector is never negative.)
A

Ao A > A - A
fa =2 +2j +3k, b =-1 +2j + k and ¢ =3i+j

— > . . - .
are such that ¢ + A b is perpendicular to ¢ , then find
the value of A.

. — A A AL A A
Given: o =2i +2j +3k, b =—-1i +2j + k
and ?=3i+j.

)

Now,g> +Ab =20 +2) +3IAe +M=1 +2] +lAe)

=927 +2) +3k —hi +20h] + Ak

-7 Q-0 +@+20] +@F VR

%
+Ab
. . — A N o o )

Again given ¢ =3i + j =31 + J +0k.

Because vector @ + Aa is perpendicular to i ; therefore,

(? +k?).?=0

i.e., Product of coefficients of L+ N =
= 2-M3+ 2+ 201 + (83 +10=0
= 6-3A+2+2L=0 =""=-A+8=0
= gA=%9 S A=
— N = . .
Show that | @ | b + | b.l & is perpendicular to
- - N —>
lalb —1b|a,forany two non-zero vectors ¢ and b .
- - —
Let ¢ =lalb #4bld =lb +ma
N -
where l=la | andm =15 |
- - - -
Let d =1dlb -1bld=1b-ma
- - -
Now, ¢.d =(b +ma).0b —md)
- - - -
=2 b.b —Imb.d+lmd . b-m?d @
— — - -
=PI b 12— Imd.b+lma.b-m*d 12=21 b 12— m?la |
N -
Putting l=ld landm=15b I,
- -
=1a 1211218 121a12=0
%
ie, <c.d =0

— - .
Vectors ¢ and d are perpendicular to each other.



12

Sol.

13.

Sol.

14.

%
. If E).E) = 0 and E). b = 0, then what can be concluded
%
about the vector b ?
Given: @ .a =0 = 1d12=0 = 1d1=0 D)
(= @ is a zero vector by definition of zero vector.)
— —
Againgiven?.b:O = 13115 1cosB=0
. — . g
Putting 1 @ | = 0 from (), we have 0l b | cos 6 =0
) - —
i.e., 0 =0 for all (any) vectors b . .. b can be any vector.
- —
Note. (' + b + ¢ )2=(d +(b + ¢ )P
- -
T2+ (b +CP+2d (b + )
- = — - - =
[ (A +B)»P=A?%+B2+2A.B]
— — —
=@+ b2+ C2%242b.C +24.b +20.¢
T T S SN
Using a .¢ = ¢ .a
— s
or (@ +b +cP=a’2+b2+cl+42a.b¥b.C +¢.a)
- - -
If E), b, ? are unit vectors such that'@ + b + ? =0,
- >
find the value of @ . b + b.? + ?E)
- 7 = .
Because @, b, ¢ are unit vectors, therefore,
ﬁ
l@ | =1,1b | =1andhe | = 1. Q)
> —
Again given Tab +¢ =0
%
Squaring both sides (@2 + b + ¢ )2 =0
Using formula of Neote above
— - =
= @2+ b%vc?2+2d.b +b.C +c.d)=0
— - =
or 11241612410 12+2d .6 +b.c+¢.a)=0
%
Putting 1@ 1 =1, 1 5 1 =1, 1 ¢ | =1 from (),
- =
1+1+1+2d.b +b.c +c.a)=0
)
= 2(?.b+b.?>+?.?)=—3
- - -3
Dividing both sides by 2, @b +b.¢c+c.d = >
. - —> - —> - =
If either vector ¢ = 0 or b = 0, then «.b = 0. But
the converse need not be true. Justify your answer with an

example.



Sol.

15.

Sol.

_)
Case I. Vector ? = 0 . Therefore, by definition of zero vector,

1 1 =0 )
- - -
@.b =1ad 116 1cs0=0C(51 cos0) [By (i)]
=0
- -
Case II. Vector b = 0 . Proceeding as above we can prove that
o>
a.b =0

But the converse is not true.
Let us justify it with an example.

Let @ = ; + J + k. Therefore, e | = J1Z2+12412 =3 = 0.

— - "
Therefore @ # 0 (By definition of Zero Vector)

4 A N A
Let b =1 +J —-2k.
g 2 2 2
Therefore, | b | = %+ D2 +(-2?% = 6. £0.
- —
Therefore, b # (.
o>
But a.b =1D+11+1(-2=1+1-2=0
- 7 . - -
Sohere a .b =0 but neither @ = (Q nor b = 0.

If the vertices A, B, C of a triangle ABC are (1, 2, 3),
(-1, 0, 0) and (0, 1, 2), respectively, then find ZABC.
Given: Vertices A, B, C of a triangle are A(1, 2, 3), B(- 1, 0, 0)
and C(0, 1, 2) respectively.

A(1,2,3)

S

B(-1,0,0) C(0,1,2)

%
Position vector (P.V.) of point A (=s OA) = (1, 2, 3)
-+ 2] + 3%
_)
Position vector (P.V.) of point B (= OB) = (- 1, 0, 0)
—— i+ 0 + OIAe
%
and position vector (P.V.) of point C (= OC) = (0, 1, 2)
-0i + J + 2k
We can see from the above figure that ZABC is the angle

- —
between the vectors BA and BC



16.

Sol.

%
Now BA = P.V. of terminal point A — P.V. of initial point B
+2j +3]Ae - (- ; +0yJ +0;z)

;
=7 +2) +3k +i -0j —0k =2 +2) +3Fk )

_)
and BC = P.V. of point C — P.V. of point B
—0i +j +2k —(—i +0] +0k)

=O§+j+2lAz+2—Oj—Ok=g+j+21/a\z (@)
- - N
. .b
We know that cos ZABC = M cos 0= a —
—
IBAIIBCI lallbl

Using (i) and (1)
20 +21)+3@ 10 10
T Ja+4+9 141+4  NTJ60 V102

o110
ZABC = cos 7102 °
Show that the points A(1, 2, 7), B(2, 6, 3) and C(3, 10, - 1) are
collinear.
Given points are A(1, 2, 7), B(2, 6, 3) and C(3, 10, — 1).

- 5 -
= PV’s OA, OB, OC of points A, B, C are
—> A A A
OA =(1,2, =1 +2j+"7k
N A " A
OB =(2,6,3) =2ix+¥6] + 3k
—> A A A
and OC =(3, 10, -1)=3i +10j - &
%
AB = P.V. of terminal point B — P.V. of initial point A
A A A A A A
=2] +6j +3k —(i +2] +7k)
—2i +6) +3k —i —2j —Tk =i +4) —4k .30
_)
and AC = P.V. of point C — P.V. of point A
=30 +10) —k —(i +2] +7k)
=37 +10j —k —i —2] —Tk
=27 +8) —8k =20i +4) —4k)

%
= AC =2AB [By ()]



17.

Sol.

— —> N -
= Vectors AB and AC are collinear or parallel. |'"a" =m b
= Points A, B, C are collinear.

— —
(. Vectors AB and AC have a common point A and hence can’t
be parallel.)

Remark. When we come to exercise 10.4 and learn that Exercise,
we have a second solution for proving points A, B, C to be
collinear:

- — —
Prove that AB x AC = 0.

A A A

Show that the vectors 22 -J + k, : -3J -5k and

N A
3;'\ - 4J -4F form the vertices of a right angled triangle.
Let the given (position) vectors be P.V.’s of the points A, B, C
respectively.

P.V. of point A is 2? -J + IAe and
P.V. of point B is zA -3J —5}Az and
P.V. of point C is 32 - 4] —4]2.
%
AB = P.V. of point B < P.V. of point A
= i-8J-5k-Q2i —~J whk)=i -3F -5k -2i +J -k
=~ i <2] —6k (D)
%
and BC = P.V. of point C — P.V. of point B
=3i-4j-Ak-(i-3j<B5k)=3i—4]—4k— i+3J+5k
—9; -] 4% ()
_)
and AC = P.V. of.point C — P.V. of point A

=31 4J—4h—(2i— J+ k) =8i—4j—4k —2{ + J — k

=i -3J -5k i)
Adding (i) and (ii), we have
—> — A n A A o A
AB + BC =-1i -2J] -6k +2i —J + k
A N A —>
=i -38J -5k = AC [By Gii)l

By Triangle Law of addition of vectors, points A, B, C are the
vertices of a triangle ABC or points A, B, C are collinear.

Now from (i) and (i7), A_I>3B_(>3 =(=D2)+ =21+ (-6)D)
=—2+2—6=—6¢O



18.

Sol.

- o
From (ii) and (iii), BC.AC = 2(1) + (- 1)(- 3) + 1(- 5)
=2+3-5=0

— —
= BC is perpendicular to AC
= Angle C is 90°. .. AABC is right angled at point C.
Points A, B, C are the vertices of a right angled triangle.

If @ is a non-zero vector of magnitude ‘@’ and A is a non-
zero scalar, then )»3 is a unit vector if
1
A)Ar=1 BAr=-1 (C) a = 1Al (D)a:m
. — . .

Given: a is a non-zero vector of magnitude a

— .
= lal=1 ..(0)

Also given: A # 0 and A4 is a unit vector,

= g l=1 = IAld =4
1
Al a=1 e,
= a = a |}\,|

Option (D) is the correct answer.



Exercise 10.4
A A A A
1. Find (@ x b l,if @ = i.47j + 7% and b= 33
A A
-2J +2k.
- 2 4 g 2 A A
Sol. Given: o =i —-7j +7k and b =3i -2 +2Fk.

J
-7
-2

%
Therefore, @ xebo=

LW R~
N 3 3>

A A A — A A A
[c Ifd =aji +ayj +ask and b =byi +byj +bsk;

A A A

i J k
then @ x b = |a ay az
by by by
Expanding along first row,
@ x b =t 99| ~J|g 2| *k3 -2
N —> /\ /\ A
= a x b =1 (-14+14) - j@2-21)+ k(-2 +21)



Sol.

—0i +19) +19%
_)
1d x b1 = +0%+(19)?%+(19)

V2192 =2 (19) = 1942..

i .
Result: We know that n° = & x b is a vector perpendicular
N —
to both the vectors ¢ and b .
Therefore, a unit vector perpendicular

— > .
to both the vectors o« and b is

N
AN

ol

- =
axb

N
A ~ A
n =+ . A—T

I@xbl IA|

. Find a unit vector perpendicular to each of the vectors

- - A A
@ +bandd - b where7=3i+2j +2/I\e and

a
- A A A
b =i+2J -2Fk.

. — A 2 " R L "
Given: ¢ =3i +2j + 2k and b= i+2j] -2k

" A A A

Adding, T =d +b =i 47 + 0k
- 5> A I A

Subtracting d =ad — b =2i:4+0j +4%k

iJ
Therefore, 7 = ? X d_> = |44
2 0

s O >

Expanding along firstfow = i (16 — 0) — J (16 — 0) + k(0 — 8)

W =16i 216J -8k
211 =16 +(-16)2 + (- 8)? = /256 + 256 + 64 = 576 = 24.

_)
Therefore, a unit vector perpendicular to both @ and b is

. (16i -16j - 8k)
B 24

I+
\:¢

A
n =

S

161 167 82 24 27 1A)
L (167 162 8 40 L [27 27 %)
[24L 247 24) (3 3773

. A T .. " T A
. If a unit vector a makes an angle 3 with i, 1 with j

and an acute angle 6 with ?e , then find 6 and hence, the

A
components of a .



Sol. Let @ =xi + yJj + zk be a unit vector (D)

= lal=1 > \£x2+y2+22=1
i i 2 2=1 (7))

Squaring both sides, x* + y° + z

A A A A A Y
Given: Angle between vectors ¢ and i =i +0j + 0k is 3
AN —S
n a.i a.b
cos — = wocosb=——
3 AL A —
lallil lallbl

1 x()+ y(0) + 2(0)

g = 60 ..(ur)

DO | =
I
b3

Again, Given: Angle between vectors a and J.=0i + j + 0k

is T
4
cos = = &JA = 1 #(0) £ @)+ 2(0)
L 72 ()
= 5= iv)

Again, Given: Angle between vectors a and k = 0i +0 j + k
is 6 where 0 is acute.

Qb 040 +2)

cos O = ..(v)
28 @A
la k| (LX)
Putting values of x, yrand z from (ii7), (iv) and (v) in (i7),
R
4
$C0829=1—1_1=ﬁ=1$cose=i1
4 4 4 2

But 6 is acute angle (given)

= cos 0 is positive and hence = 1 —cos £ = p= =
2 3 3
1
From (v), z =cos 6 = E
Putting values of in (i) 1y, Lo by
uttin Vauesox,,zmz,a —i+ =] + =
g y D) \/§ 9
Components of a are coefficients of l , J, k in a

111 and acute angle 6 = T

ie., 5,\/5,5 3



Sol.

Sol.

Sol.

- - -
Showthat(a)—b)x(g+b)=27xb.
— —
LHS =(d - b)x(d + b)
=?X?+?X€>—z}xa —Z)xg)
— —
=6>+?xb+?xb—6)
— —
[ ?x?:?,?x?:?andb x?:—?xb]
— —
=2a x b =RH.S

A

A A A A A -
Find Aand pif Qi +6j +27k)x (i +Aj +pk)= 0.

A A A A A A —
Given: (21 +6j +27Tk)x (1 +Aj +uk)= 0

Pioh
= 2 6 27/ =0
1 A u

Expanding along first row,

(6L —2T) — S (2u—-2T)+ A2\ —6) =0 =00 +0, +0k

A

Comparing coefficients of i , J , 12: on both sides, we have
6u — 271 = 0 @)
2M — 240N (ll)
and 2A—6 =0 (D)
From (i), 2ju.=27 K » %
From (iiz), 2A = 6 = A= g =3
Putting A = 3 and u= % in (7), 6(%) -273) =0
L 27
or 81-81=0 or O =0 which is true. .. k=33ndu_?.
- - - -
Given that ¢ .b =0 and ¢ x b = 0. What can you
%
conclude about the vectors @ and b ? b
. - 7 — -
Given: ¢ .b =0 = lad |l 1blcos6H=0
= FEither la’ | =0
> -
or b1 =0 or cos®=0(= 6=90° a
. - = - =
= Either ¢ = 0 or b =0
- . . g .
or vector a is perpendicular to b . (D)

("." By definition, vector @ is zero vector if and only if | 7= 0)



Sol.

8.

- >
AgaingivenE)xbzo - lad xbl=0
— - .
= ladl |l blsind=0
— —
[ 1d xbl=1al b sin 6]
. - - .
= Either la'" | =0 or |51 =0 orsin®0=0(= 0=0)
— —
a b
- - — 4
= Either ? = 0 or b = (0 or vectors ? and b are
collinear (or parallel) vectors. ..(i1)

ﬁ
We know from common sense that vectors @ and b are
perpendicular to each other as well as are parallel (or collinear)

is impossible. (1)
N e e - S
From (i), (ii) and (iii), either " = 0 ~or’ b = 0
- - =
@.b =0 and @ x b = 0
. - -
= Either @ = 0 or b = 0.
- P o A o A 2
Let the vectors ¢, b, ¢ _be given as a;i +a,j + agk,
A A A A A A
bii +byj +bsk,cii +cy,J +c3k.

%

%
Then show that a p. E)

X =
x(b + ¢c)= xb +a xc.
& A A A =
a

Given: Vectors =a,l +ayj +ask, b =bji +byj +bsk,

A A A

=cilotegj +cgk

oY

b 4T =Brtc)i +(by+cy)] +(by+cah

i j k
_)
LHS =a x(b +¢ )=| @ ay as

bl+cl b2+C2 b3+C3

A A A A A A
i j ok A
= |[a Qg9 ag + |a; Qg9 ag
bl bz b3 Ci Cp C3

[By Property of Determinants]
%
=d x b

X + E) X ?) = R.H.S.

- - - - -
If either @ = 0 or b = 0 , then @ x b = 0.1Is the
converse true? Justify your answer with an example.



. - -
Sol. Given: Either ¢ = 0 or b = 0
- g g - .
lal=101=0 or 161=101=0 (1)
— —
1@ x b1 =12 115 1sin0=0(sin0) =0 [By ()]
- 7 -
a xb =0 (By definition of zero vector)

ﬁut the converse is not true.

A A A

Let a@ =i +j +& W 1d 1= [1+1+1 = 43 20.
@ is a non-zero vector.
— A A A A A A

Let |b 1 =20 +j +k)=2i +2j +2k

- -
2lb = J4+4+4 or 1b1 =412 = J4x3 =243 0.

b is‘a non-zero vector.

%
But?xb:

[CRSCRY
DO = e
N = >

_)
Taking 2 common from Rs, = 0

— 3>

J
1
1

= s

(. Ry, and R; are identical)
9. Find the area of the triangle with vertices A(1, 1, 2), B(2, 3, 5)
and C(1, 5, 5).
Sol. Vertices of AABC are A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5).

Position Vector (P.V.)of point Ais (1, 1,2) = i + f + 2]2,
P.V. of point B is (2,8, 5) A(1,1,2)

—2i +3] +5k
P.V. of point C is (1, 5, 5)

= ; +5f +51Ae B(2, 3, 5) C(1,5,5)
A_]>3 = P.V. of point B — P.V. of point A
=20 +35 +5k —(i + ) +2k)
=2 +3] +5h—i —j -2k =i +2] +3k
and A—C> = P.V. of point C — P.V. of point A
=2+5f+5/2—(2+f+2;e)=2+5f+5lAe—g—f—21Ae

—0i +4] +3Fk



10.

ik
- —
AB x AC =|1 2 3
0 4 3

=i (6-12)— jB-0+ k(4-0)=-6i —3; +4Fk
We know that area of triangle ABC

- —
%IAB x AC | =% (3679716 | \Jx2+y%+ 22

% 61 sq. units.

Find the area of the parallelogram whose adjacent

- 2 A 2
sides are determined by the vectors a =i - j + 3k

A

- A A
and b =2i -75 + k.

Sol. Given: Vectors representing two adjacent sides of a

parallelogram are

4 =i +3h
—> A A A 2 A AR
and b =20 -7 + k. bF2i—Tj+k
i ok
%
@%b = 1 -1 3 5)=/'A—/{\+3ﬁ
2 =71
=i (142~ j1-64k(-T+2 =20 +5; -5k
— -
We know that area of parallelogram = la x b |
= 400+ 25+ 25 = 450 = /25 x9x 2
= 5(3) \/E = 15\/5 square units.

Note. Area of parallelogram whose diagonal vectors are 3 and

—> 1 - g

B is 2 la x B 1.

- - -

11. Let the vectors @ and b be such that la | = 3,

- 2 -

I1b 1 = g, then @ x b is a unit vector, if the angle

%
between @ and b is
T T m T
A) r ®B) 1 ©) 3 (D) 2"
- 2

Sol. Given: | @ | = 3,161 = £ and @ x b is a unit vector.

3



12.

Sol.

- -
=S 1d xbl=1 = 1d 1 1blsin6=1
N -
where 0 is the angle between vectors @' and b .
- 2
Putting values of 1a | and | b I, 3 [\{3—] sin 6 =1
1 T T
= V2 sin0=1 = sinO=-—~==sin - = 0=—
J2 4 4

Option (B) is the correct answer.

Area of a rectangle having vertices A, B, C and D with

o A Ah 1 2 A 1 4
position vectors - i +§J +4k,1 +EJ +4k, 1 —EJ
A A S A
+4Fk and - 1 - 2 J + 4k, respectively, is
1
A) 2 B)1 (C) 2 (D) 4
Given: ABCD is a rectangle. D c
%
We know that AB = P.V. of point
B — PV. of point A y
A1 A A
=i+ =7 +4k - |-i+-j+4k >
2/ [ o/ j A B
D EE S S N, | A A
=l+§J+4k+l—§_]—4k =21t +0j +0¢k
%
AB= |AB | = J4+0+0 =31 =2
and AD = PV. of point D — PV. of point A
R A g B
=—1 —-=j +4k — |=1+=j+4k
2 4P ( 2’ )
A 1 A A 1 2 A A A 2
=—l—§J+4k+l—§J—4k=—J=0l—J+0k

N
AD=IAD | =0+1+0 =1 =1
Area of rectangle ABCD = (AB)(AD) (= Length x Breadth)
= 2(1) = 2 sq. units
Option (C) is the correct answer.

- o
or Area of rectangle ABCD = |AB x AD‘ .



MISCELLANEOUS EXERCISE

1. Write down a unit vector in XY-plane making an angle of 30°
with the positive direction of x-axis.

%
Sol. Let OP be the unit vector in XY-plane such that ZXOP = 30°



Sol.

ﬁ
Therefore, | OP | =1

ie., OP=1 ..(0) P

By Triangle Law of Addition of

vectors, ~ 30° N
N N N X o) M X

In AOMP, OP = OM + MP

- (OM)i + (MP) ]

N
\%

=, A -
al a and unit vector along OX is i

and along OY is j ]

S pOM s MP o
= OP:OPOPL+OPOPJ

(Dividing and multiplying by OP in R.H.S.)

= (1) (cos 30°) i + (1) (sin 30°) JA [+ By (), OP = 1]

%
= unit vector OP = (cos 30) i + (sin 30°) j .. (i)
= 3 1,
= OP = ? 1 + 9 J -

Remark: From Eqn. (zi) of above solution, we can generalise the
following result.
A unit vector along a line making an angle 0 with positive

x-axis is (cos 8)%i.4 (sin )Y
Find the scalar components and magnitude of the vector
joining the points P(xy, y;, 2;) and Q(xy, ys, 25).
Given points are P(x{,.y;, z;) and Q(xy, ¥9, 29).
P 7z Q
(5, 3, 27) (% ¥2, 25)
= P.V. (Position vector) of point P is

A A

A
G, y1, 20) = %18 +y1] + 21k
/'\ A A
and P.V. of point Q is (xg, ¥9, 29) = X9l + Yo ] + 29k

%
Vector PQ, the vector joining the points P and Q.
= P.V. of terminal point Q — P.V. of initial point P

/.\ A A /\ A A
=Xl +Yy9] +29k — (01 +y1J +21k)
A A A A A A

=Xl +Y9] +20k —Xx10 —y1j —21k

—> A A A
= PQ =@ -x)l +@y-y)Jj +@g—2)k



%
Scalar components of the vector PQ are the coefficients of

A A A

%
i, j,k in PQ ie, (xg —x9), (y5 —y7), (29 — 2)
%
and magnitude of vector PQ

= \/(x2 —x1)2 + (yg — y1)2 + (29 —21)2 .I \/x2 + y2 + 2z

2

3. A girl walks 4 km towards west, then she walks 3 km in a

Sol.

direction 30° east of north and stops. Determine the girl’s
displacement from her initial point of departure.

Let us take the initial point of departure as origin.

Let the girl walk a distance OA = 4 km towards west.

N(Y)
A
Q P
B
(Final point)
S
WEo 60° M 90° —30° = 60°
E(X
A 4 km O (initial point.of *)
departure)
v
S(Y)

Through the point A draw a line AQ parallel to a line OP (which
is 30° east of North i.e.,sin East-North quadrant making an angle
of 30° with North)

Let the girl walk 'a distance AB = 3 km (given) along this
direction O—é (given). 0_13 =4 (- g)[‘.'Vector (i)& is along
0OX")] N

- _ 41 ..(0)
We know that (By Remark Q N. 1 of this miscellaneous exercise)
a unit vector along AQ (or AB) maklng an angle 6 = 60° Wlth

positive x-axis is (cos 0) l + (sin O)J = (cos 60°) l + (sin 60°)J

s 3
S+ S
— — . - N S5, A
AB = | AB | (A unit vector along AB) I'." o =1d la

=3 -i+—
9! T g/

(1@ \/5/\,):32_'_3\/5;. o (i)
2 2



Sol.

Sol.

Girl’s displacement from her initial point O of departure (to

— — —
final point B) = OB = OA + AB (By Triangle Law of Addition
of vectors)

=—42 + [224_3\@;] = (—4+§)2 + %_}A

2 2
[By )]  [By (D]

- > - -
Ifd =b + ¢ ,thenisittruethat la I =185 1 +1¢ 12
Justify your answer.
The result is not true (always).

. - 7 >
Given: ¢ = b + ¢ .

. - 7 > . - 7

Either the vectors a , b, ¢ are collinear or vectors a , b

’

i form the sides of a triangle.

- = 5 )
Case I. Vectors @, b, ¢ are collinear.

A B’ B s C
N - = — —
Let @ = AC, b = AB and ¢ = BC,
— — — Y
then @ = AC = AB + BC =b + ¢
- —
Also, la | =AC=AB+BC=1b1+1¢1I
%
Case II. Vectors :, b, ? form a A
triangle.
Here also by Triangle Law of vectors, b >
%
T =b+c
B > ¢

%
But 1@ 1l < 1B 1+ 1¢I

(.- Each side of a triangle is less than sum of the other two sides)

— P g - .
~l(a)=b + I =1b1+1c | istrue only when vectors

- — .
and ¢ are collinear vectors.

A A A
Find the value of x for which x(i + j + k) is a unit vector.

A A A A

Because x(i + j + k) =xi +xj + xk is a unit vector (given)

Therefore, xi +xf vkl =1



Sol.

Sol.

Vel + a2 +22 =1
A A A
[ xi +yj +2zk = \/x2+y2+22]

1
Squaring both sides 3x> =1 or «% = 3 SLoox =1
Find a vector of magnitude 5 units and parallel t

resultant of the vectors

51~

the

=}

A /.\ A - /‘\ /.\ A
@ =2i +3j —kand b =i -2j + k.
. — A A A - A A 2
Given: Vectors ¢ =21 +3j —kand b =1 -2 + k.
— N —
Let vector ¢” be the resultant of vectors ¢ and 5 .
% A A A A A A
C=ad +b =20 +3] ~k+i 2] +k.

=3i + j +0k.
Required vector of magnitude 5 units and parallel (or
. - — RPN
collinear) to resultant vector ¢ = o + b is

52 52 53i+f+0k
€= 2 [ Var1i+0
6F 4 [ onE® o
= i+ = — T (3Gt
J10 107 Jio V10 /
4 A 1 A A A 10 »
=150\/E(3l+j)=l/;q(3z+j)=z\/ﬁz+\/2—j.
A /-\ A — A /-\ A
If?=i+,]+k,b=2i-_]+3kand
? =i -2Jj +.k,find a unit vector parallel to the
- - —
vector 2a - b +3c .
A A A
. — A A A . :
Given: Vectors @ =i + j + k, b =21 —J +3k
and?:i—2f+l?z.
%
Le‘cg>=25>—l;+3?>

201 +f+l2a)—(2i —f +31Ae)+3(i —2f +IAe)

2i +2; +2kh —2i + ] —3k +3i —6; +3%

c/i\ = 32 - 3f + 2lAe ~. A unit vector parallel to the vector

d =30 —3; +2k is

h_d _ 8i-3j+2k 3+ 8 & 24
4 9+9+4=122 V22 V22 V22



Sol.

Show that the points A(1, - 2, - 8), B(5, 0, - 2) and
C(11, 3,7) are collinear and find the ratio in which B divides AC.
Given: Points A(1, — 2, — 8), B(5, 0, — 2) and C(11, 3, 7).

i.e., Position vectors of points A, B, C are

—> /.\ A A
OA (=A(1,-2,-8) =1 —2j — 8k
— n A A A A
OB (=B(5,0,-2)=5i +0j —2k =51 —2Fk
— A A A
and OC (=C(11,3,7) =11i +3j + 7k
%
AB = PV. of point B — P.V. of point A
=50 2k —(i 2] ~8k)=5i —2k —i +2] +8k
—> A A A
or AB =41 +2j + 6k
_)
AB=IAB| = f16+4+36 = /56 = JAx14 =214
%
and BC = PV. of point C — P.V. of point B

A

A A A A A A A A A
117 +3j +7k — (51 —2k) =110 % 3y + 7k —51 + 2k

6i +3; +9%
%
BC=IBCI| = /36+9+81 =+/126 = \/9x14 =314
%

AC = PV. of point C — PV. of point A

117 +3) +Th - (i =27 —8k)

117 +3j 47k —i2+2; +8k=100i +5, + 15k
%
AC = | AC |.= 100+ 25 + 225 = /350 = 25x14 = 514

— — A A A A A A
Now, AB + BC =4i +2; +6k +6i +3j + 9k

A A A —
=10i +5j + 15k = AC
o Points A, B, C are either collinear or are the vertices of
AABC.
Again AB + BC = 2414 + 314 =2 + 3)J14 =514 = AC
Points A, B, C are collinear.
Now to find the ratio in which B divides AC

A
o . °
'i‘(L 2-8) (5,0,—2) ci“—l 37
=a > =C

=b
Let the point B divides AC in the ratio A : 1.



Sol.

10.

Sol.

}?+1
A+l

By section formula, P.V. of point B is

A1L,3,7) + (1, -2, - 8)

5.0, —2) =
= ) A+l

Cross-multiplying,

A+ 1Bi +0)-2h) =A11i+ 87+ Th) + (i-2] —8%)
B+ D — 20+ D = 1100 + 30 +TAh + 1 —2) — 8k
(5L +5)i — 2L+ Dk = (LA + Di + (Bh—2))+ (Th—8)h

Comparing coefficients of i , f, IAe on both sides, we have
BA+5=11A+1,0=312-2,- (2L + 2) = 7TA - 8
= —-6A=-4,-3A=-2,-2L-2=TA-8(= -9A=-6)

L4222, 6_2
6 3 3 9 3
All three values of A are same.
2

Required ratiois A : 1 = 3 1888

. Find the position vector of a point R which divides the line

joining the two points P and Q whose position vectors are

(25) + ?) and (3 - 3?) externally in the ratio 1 : 2. Also,
show that P is the middle point of line segment RQ.

We know that position vector of the.point R dividing the join of P
and Q externally in the ratio 122 = m : n is given by

= $o> -
> mb-na 1@=3b)-2%a+b)
C = =

m-n 1-2

— — —
o-3b24a-2%  -3a-5b L >
- = - T =83 +5b

Again position vector of the middle point of the line segment RQ

_ P.V.of point R + P.V.of point @ 32+ 56+ @~ 36 _ 4a+%b
- 2 - 2 2
N —
=2a + b =P.V. of point P. (given)
Point P is the middle point of the line segment RQ.

A A A
Two adjacent sides of a parallelogram are 2i -4j + 5k

A A A
and i -2j - 3Fk. Find the unit vector parallel to its
diagonal. Also, find its area.

Let ABCD be a parallelogram.



Given: The vectors representing two adjacent sides of this

parallelogram are say D ¢
A A A —
a =20 —4] +5k b
— n A A
and b =1 -25 -3k
Formula: .. Vectors along theA 2 B
a

— —
diagonals AC and DB of the
parallelogram are

- -
_>+band5)—b

a
. RN e o " A A o °
e, a + b =21 —-4j +5k +1 -2 -3k
=30 —6; +2k
- > Ao A a2
and o - b =2i -4 +5k —(i -2j —-3Fk)
A A A A A A A A A
=20 -4 +5k -1 +2j +3k =1 =2j + 8¢k
Unit vectors parallel to (or along) diagonals are
N E’—? 31—6]+2k z—2]+8k

and = 9r36+4-va9-7 2 [T 4s64-J69

@bl la-bl

Let us find area of parallelogram

LS iJ k : . R
a xb =]2 -4 5| =1(12+10= j(-6-5+ k(-4+4)
1 -2 -3
=220 + 117+ 0k
— d
We know that area of parallelogram = | " x b |

= Je2k +antio? = J484+121 = J605

= J5x1217= \[121x5 = 115 sq. units.
11. Show that the direction cosines of a vector equally inclined
1 1 1
Sol. Let [, m, n be the direction cosines of a vector equally inclined to

the axes OX, OY, OZ.
. A unit vector along the given vector is

to the axes OX, OY and OZ are

a =li +mj +nk and lal =1

= JP+m?+n® =1 L PemPen?=1 .0
Let the given vector (for which unit vector is a ) make equal

angles (given) 0, 6, 6 (say) with OX (=1 ), OY (= j ) and OZ (:>lAe)
. The given vector is in positive octant OXYZ and hence 6 is
acute. ..(i0)



12.

Sol.

A

For angle 6 between a and 7,

a.i (lg+mJA'+nlAe).(§+0f+OlAe)
cos 0 = — =
or cos 0 =1(1) + m(0) + n(0) =1
or !l =cos 6 ...(111)
Similarly, for angle 6 between a and JA m = cos 0 ...(kv)
Similarly, for angle 6 between a and k n = cos 0 ...(v)

}Pl’uttlng these values of /, m, n from (uz) (iv) and (v) in (z) we
ave

cos® 0 +cos20 +cos?B=1 = 3cos20=1
29_7 0=+ l__'_i
= cos =3 = cos O =1% 3—_\/5
1

("." By (ii), 6 is acute and henceé cos 6 is positive)

cos 0 = —
V3

1
Putting cos 6 = ﬁ in (i7), (iii) and (iv), direetion cosines of the

1 1 1
required vector are [, m, n = ﬁ , ﬁ and ﬁ

A /.\ A — /.\ /.\ A
Let @ =i +4j +2k, b =3i -2j +7Fk and

b
— A A A -
¢c = 2i - J + 4k. Find a vector b which is

%
perpendicular to both 7 and b and ¢.d =15

Given: Vectors are @ = L + 4J + 2k

- A A
and b =31 —2j + Tk
By definition of cross-product of two
- . - —
vectors, a xb is a vector a b
. — -
perpendicular to both ¢ and 5 .
%
Hence, vector d which is also perpendicular to both @ and b

%
is 2 = 7\(? x b ) where A = 1 or some other scalar.

J
4

= N >

i
Therefore, ? =Ar 1
3

Expanding along first row, = A[7 (28 + 4) — f(7 - 6) +
k(-2 -12)
or d =AB2i — ; —14k] G



13.

Sol.

14.

or d =32ni —A] — 140k
To find A: Given: ¢ = 2i — ‘]/\ + 4k

Also given <. 3 =15
= 2(32A) + (= 1)(—= A) + 4(— 14A) = 15

= 64L+A-56L=15 = 9A =15 = A=

w | ot

Putting A = g in (i), required vector

—

7 - g (321 — j —14%) = = (1607 - 5] — 70k).

s> |-

A A
The scalar product of the vector i + j + k with a unit

A A A
vector along the sum of the vectors 2i + 4j -5k and
A A A

Ai +2j + 3FE is equal to one. Find the value of A.
Given: Let @ =i + | + k )

- 8 A > _ 4 5 9

b =21 +4j -5k and ¢ =Ai +2j] +3k

- - A Al A

b +¢ (=d (say)=(@2+Mi +6) -2k

/\ —
d , a unit vector along b + 0 @ E) is
— A A A
(li\ d 2+AM)i+6j <2k
=: =
Idl J@+A?+36+4=a+2%+4)+40
" A\ ¢
or d=(2+k)z+6] 2k
NN
(2+A) Q 6 A 2 A
= ) —k

+ j-
A2 4 4 +ad N VRN LT
i)

A A
Given: Scalar (i.e., Dot) Product of E) and d ie, = ? .d =1
. From (i) and (i7),

12+ ) 1(6) 1(-2)
Aran+aa * WP ranraa Y A2ranvaa <1

Multiplying by L.C.M. = A2 + 4\ + 44 ,
240 +6-2= N24+4)\+44 = A+6=\A2+4r+44

Squaring both sides (A + 6)2 = A2 + 4\ + 44
= A+ 120+ 36 =A% + 4A + 44
= 8L =8 = A=1

%
If @ , b, ? are mutually perpendicular vectors of equal

%
magnitude, show that the vector a + b + ? is equally

. 1. o e 4
inclined to ¢, b, c .



. - 7 - .
Sol. Given: a , b, ¢ are mutually perpendicular vectors of equal
magnitude.
- = - -
d.b=b.ad=0,b.C =c.b =0,
d.d =d.c =0 0
%
and 11 =18 1=1¢1=Ax(say o (@)
- — -
Let vector d = @ + b + ¢ make angles 0, 0,, 65 with
%
vectors E), b, ? respectively.
- -
d.d (E)+b+_>)._a>
cos 0 = — . g
ld+dl la+b+c llal
Da+d bide dP +0+0 .
= - 2 5 =_)—)_>—> [By(L)]
la+b+c llal la+b+c¢ lHal
%
o - Ia P _lal i)
= 80 = oy = .. (i
la+b+c llal la+b+c |
%
Let us now find l'd + b +?I.
o g -
We know that | @ + b + ¢ 12=(d"+ b + ¢ )2
— —
= T2+ (b + V0247 . (bt ¢)
S>> — - - =
o (A+ BP?=A2+B2%2+2A .B]
- —> -
=Tl b2+ 24207 ¢ +24 . b +20 . ¢
- - -
1 1241124001242 . ¢ +2d . b+ 24 . ¢

Putting values from () and (i7)

H
1d + b + 12202422 +2240+0+0=3\2

e+ b + 1 =+32 =23
%
Putting this value of 1@ + & + ¢ | =Av3 and 1 a | = A
1 ;
from (ii) in (ii7), cos 6; =

A 1
— = —= s 0 =cost —
W3 3 ) ! V3

Similarly, 0, = cos™ ! Vel and 05 = cos™ ! —=

NE]
11
0, =0y =03 (:cos 1§)

_)
Vector @ + b + ¢ is equally inclined to the vectors E),

%
b and ?



15.

Sol.

16.

Sol.

17.

Sol.

- - .
al?2+1p 12 if and

> -
0 I

Prove that (@ + b).(a@ + b) = |

only if @, b are perpendicular, given ¢ # 0, b #
NN d NN —
We know that (a" + 5).(a + b)
- > - -
=d.d+d.b+b.ad+b.b
— — —
=lad1’+a.b +a.b +1b I
- —
=1d 12+ 15 12+24d . b )
. - - .
For If part: Given: ¢ and b are perpendicular
-
= a.b =0

R S o
Putting ¢ . b = 0 in (i), we have
- - -
(@ +b).(d +b)=1a 12+ 1p |2
For Only if part:
- -
4+ b)=1d 17416 12

. — -
Given: (¢ + b ). (a + a
Putting this value in L.H.S. eqn. (i), we have

— 4
la 12+ 1p

%
:>O=2E>.b =

%
12=14q

— — —> — :
But ¢ # 0 and b # 0 (given).

%
Vector @ and b are perpendicular to each other.
Choose the correct answer:

- - i -
If 6 is the angle between two vectors ¢ and b, then @ . b 20
only when

(A)0<e<g (B)osesg (C©0<b<n DO<B<=
%
Given:E).b >0
— —
= lal I blcos06=>0 = cos 062>0
%
o 1ad land |5 | being lengths of vectors are always > 0]

and this is true only for option (B) out of the given
options [ For option (A) 0<6< g, cos 0 > O) .

Chooig the correct answer :
Let ¢ and b be two urii)t vectors and 0 is the angle
between them. Then E) + b is a unit vector if

2
@we=7 ®o=7T ©o=3 ™ 6=
. - 7 %3% .
Given: o', b and a + b are unit vectors
— ' - 7
= ldl=1,1bl=1land lad + b1 =1

. . - -
Now, squaring both sides of | @ + b | = 1, we have



18.

Sol.

19.

Sol.

%

12 =1 = (@ + bP=1
N N

= 2. p2429 .0 =1

- -
= 12 12+15 1242171 15 lcosb=1

%
l o +

el =l

%
where 6 is the given angle between vectors @ and b .

. — -
Putting la" | =1and | p | =1, wehave 1 + 1 + 2 cos 0 =1
= 2cosbB=-1 = c0s€)=_—1=—cos60O
= cos 0 = cos (180° — 60°) = cos 0 = cos 120°
= 0=120° =120 x & = 2%
180 3

Option (D) is the correct answer.
Very Important Results

(1)1 L—Izl L. =1k k=1

-

A A A % A A %
(2)L><z=0,]x] 0 and e x k= 0. R n
3)i.;=0= .0, h=0=h.j, i h=0=hui
(4)lx;_;€’;x;€ i ndlAaxzzf

Choose the correct answer:

Thevalueofi.(j x k)+j.(i x B)+kR.(i x j)is

Ao 3B) -1 ©)1 D) 3
i.(fX/Ae)+f.(ixlAe)+i;.(ixf)

A N N v . =g.g+f.(—f)+l2a;e
(Fd xk=—-kxi==j)

=1-1+1=1
Option (C) is the correct answer. 5
If 6 be the angle between any two vectors ¢ and b then

Ia.bl=|axbl,wheneisequalto
) L
Ao B) 1 ©) 2 M) n
- -
Given' |?.b|=|?xb|
- N ——
- 1a 151 TcosOl =1a |l |l plsinbd
— —
Co a@.b =1a 1151 cosb
- -
= 1a. b|=|?||b||c<§)e|)

Dividing both sides by | FRIN I, we have lcos O] = sin 0
and this equation is true only for option (B) namely 6 = kil out of
the given options. 4
cos ~ = L and also sin =~ }
4 2 42

Option (B) is the correct option.
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