Evaluate the determinants in Exercises 1 and 2.

2 4
-5 -1
Answer
24
-5 =1

=2(-1)-4(-5)=-2+20=18

Evaluate the determinants in Exercises 1 and 2.

cosf?  —sind o —x+l x—1

(i) sinf?  cos# (ii) x+1 x+1

Answer
cost!  —sinf

Gy S0 €osOl_ o5 B)(cos B) — (~sin B)(sin 8) = cos? 6+ sin® 6 = 1
¥ —x+1 x—1

(ii) x+1 x+1

= -x+1x+1)-(x—-1(x+1)
=X - X +x+x-x+1-(x*-1)
=x>+1-x"+1

=x>-x*+2

<3
A=
2 A=4
If 4 2 , then show that 2 4' |A|
Answer

(]

r |
A=

. - 4 2
The given matrix is .



1 2] [2 4
4 2] (8 4
2 4
. LHS.=[24|= =2x4-4x8=8-32=-24
8 4
1 2
Now, |4|= =1x2-2x4=2-8=-6
4 2
S RHS. =44 =4x(-6)=-24
S LHS.=RH.S.
Question 4:
10 1
A=l0 1 2
If 004 , then show that|3A‘:2?|A"
Answer
10 1
A=l0 1 2
00 4

The given matrix is
It can be observed that in the first column, two entries are zero. Thus, we expand along

the first column (C,) for easier calculation.

0 1 0 1
0

2

12
-0 =1(4-0)-0+0=4

|A|=1

~.27|A|=27(4)=108 (i)

0 1] [3

Now, 3A=3/0 1 2|=|0

00 4] [0

36 0 3 |03
b ]

3
6
2

= WD

012 o120 |36
=3(36-0)=3(36)=108 ..(ii)

- 3A|= 3‘

From equations (i) and (ii), we have:

34|=27|4|



Hence, the given result is proved.

Question 5:

Evaluate the determinants

3 -1 2 3 4 5

o 0 -1 1 |
(i) 3 =5 0 (iif) 2 3 |
o 1 2 2 -1 -2
-1 0 =3 o 2 -1
) —
(ii) Ul(iv) 3 5 0
Answer
3 -1 =2
A=0 0 -1
(i) Let 3 =5 0]

It can be observed that in the second row, two entries are zero. Thus, we expand along

the second row for easier calculation.

-1 -2 3 -2 3 -1
A=-0 +10 —(-1 ={-15+3)=-12
4 -5 0| 3 n‘ ( }3 —5‘ ( )

3 4 5

A=[1 1 =2
(ii) Let 3 ]
By expanding along the first row, we have:

1 -2 1 -2 I 1
|| =" +4 +5

3 1 2 1 2 3

3(1+6)+4(1+4)+5(3-2)
3(7)+4(5)+5(1)
21

+20+5=46



(iii) Let B .
By expanding along the first row, we have:

A= 2 -1

(iv) Let 30

By expanding along the first column, we have:
-1 =2 -1 =2

-5 0 20—
=2[U—S}—U+3{I+4}

=—10+15=5

+3

2 -l
|A=2‘_ #ﬂ
-5 0

Question 6:

B o
|
K=}

If , find|A| .

By expanding along the first row, we have:



|A|:1|I —3‘_1|2 -3

2

4 -9 |5 9 |5 4
=1(-9+12)-1(-18+15)-2(8-5)
=1(3)-1(-3)-2(3)

=3+3-6

=6-6

=0

Question 7:

Find values of x, if

2 4 |ax 4 |2 3‘_;- 3‘
(i) 21 [ x(ii) 4 5 [2x 5
Answer

2 4_21 4
(i) 51 6 x

= 2x]l-5xd4=2xxx—-06x4
=2-20=2x"-24

=2’ =6

—=x =3

::-xzi-.'@

2 3‘

4 5 [2x 5

x 3‘
(ii)
= 2x5-3xd=xx5-3x2x
= 10-12=5x—-06x
= -2=-x

= x=2

Question 8:

x 2 |6 2
18 x| |18 6

If , then x is equal to



(A)6 (B) £t6 (C) -6 (D) O
Answer

Answer: B
xr 2 6 2
18 x| 18 6

= x° =36=36-36

=y -36=10
= " =36
— yr=+6

Hence, the correct answer is B.



Exercise 4.2

Question 1:

Using the property of determinants and without expanding, prove that:

X a X+a
b y+b=0
z 4 I+c
Answer
X o X+ x a Xl |x a a
v b v+b =y h V| + ¥ i] bl=0+0=0
Z [ ol o 4 & [N Z Z o [

[Here. the two columns of the determinants are identical|

Question 2:

Using the property of determinants and without expanding, prove that:
a-b b-c c-a

b—c c¢c—a a-b=0

c—a a-b b-c

Answer

a—b b-¢ c—a

A=lb—c c¢—a a-b

c—a a-b b-c

Applying R, = R, +R,, we have:

a— b—a c—b
A=slb—c c—a a—~h
—{a—c‘] —{h—a} —{c—b}

a—-¢ b—a c-b

=—lh—¢ c—a a-h
a—-¢ b-—a c-b
Here, the two rows R; and R3 are identical.
S A= 0.



Question 3:
Using the property of determinants and without expanding, prove that:

2 7 65
3 8 T3|=0
5 9 B6
Answer
2 7 65 |2 7 63+2
3 8 75 =3 8 72+3
5 9 86 |5 9 81+5
2 7 63 |2 7 2
=3 8 720 +3 8 3
5 g9 81 |5 0 5
2 7 9(7)
=3 8 9{8} +10 [Twn columns are idenlica]]
5 g ‘}{9}
2 7 7
=93 8 8
5 9 9
=0 [Twn columns are idenlica]]
Question 4:
Using the property of determinants and without expanding, prove that:
1 he a(h f c}
| ca b{('+u} =1
1 ab cla+b)
Answer
1 he a(b+c)

A= ca  b(c+a)
| ab clzﬂvb}



By applying C; — C;5 + C,, we have:

1 he ab+be+ca
A=l ca ab+be+ca
1 ab ah +he +ca

Here, two columns C; and C; are proportional.
S A =0.

Question 5:

Using the property of determinants and without expanding, prove that:

b+c g+r y+:z a P x
c+a r+p z+x =25 q v
a+b p+g x+y C r z
Answer

b+c g+r y+:
A=lc+a r+p Z+x
a+b p+g x+y
b+c g+r yv+z| |b+ec g+r y+:z
=lc+a r+p c+x|+jcta r+p c+x
a P X b q y
= A, +A, (say) (1)
b+c g+r v+:
Now, A, =lc+a r+p =Z+x
a p x
Applying R, — R, — R3, we have:
b+c g+r v+z
A =l r z
1 pul x
Applying R, = R, —R,, we have:
b q y
A= r z

a P x



Applying R; <R3 and R, <R3, we have:

a p x| a p
A= [:—l]' b q v =h q

[& r bt C r

b+c g+r y+:z
A,=lc+a r+p z+x

b i v

Applying R; —» R; — R3, we have:
c r z

A,=lc+a r+p z+x

b q ¥

Applying R, = R, — R, we have:

IS z
A, =\a P x
h q ¥

Applying R; <R, and R; <R3, we have:

a p

X
fi'n.2={—lj‘|J b g y|=b q

s r

From (1), (2), and (3), we have:

o p X
A=2lh q v
c r z

Hence, the given result is proved.

Question 6:

By using properties of determinants, show that:

0 d —h
—-a 0 —c|=0
h c 0

—

-(2)

.(3)



Answer

We have,
0 a —b
A=|-a 0 —c
b & 0

Applying R, — ¢R,, we have:
(0 e ~be
A=—|-a 1] -c

‘b o

Applying R, = R, —bR,, we have:

ab ac 0

A= l —-a 0 -
‘ b c 0
b c 0

I 0 —c
b c 0

Question 7:

By using properties of determinants, show that:

5

—a ab ac
ba -b"  be |=4a’b’c’

cd ch —"

Answer



—a®  ab
A=lha -b*  he
ca ch —*
—a b C
=ahcla ~h C [Tﬂking out factors a, b, ¢ from R, R, and R:]
a b —0
=1 1 1
=a’h’c? |l -1 1 [Taking out factors a, b, ¢ from C,, C,, and Ci]
1 1 -1

Applying R, — R, + R; and R; — R3; + Ry, we have:

-1 1 ]
A=a’bh’e* |0 0 2
0 2 0

Question 8:

By using properties of determinants, show that:

2

] a a”
I b b'|=(a=b)(b-c)(c—a)
o c e’
(i)
1 | 1
a b e|=(a-b)(b—c)(c—a)(a+b+c)
(i a ! ¢
Answer
' 2
LetA=|l b b
I ¢ ¢’

(1)



Applying R; — R; — Rzand R, — R, — R3, we have:

0 a-c¢ a -¢
A=|0 b—c b ¢
| ¢ ¢’
0 -1 —a—c
=(c—a)(b—c)|0 I b+c
I ¢ ¢t

Applying R; — R; + R, we have:

0 0 —a+bh
A=(b-¢)(e—a)0 1 b+e
1 c ¢’
0 0 -1
=l:ﬁ—b}{b—c}{c'—a}ﬂ 1 h+e
1 ¢ ¢t

Expanding along C;, we have:

sao-oe-a)

= [a—h}{h—c){c —a}

Hence, the given result is proved.

| 1 |
A=la b C
3 1 Ii
(i) Let 1@ b “l,
Applying C; —- C; — Czand C, — C, — C3, we have:



0 0 |
A=lg—c b-c¢c ¢

3 3 3 3 3
a —¢' b=

] 0 1
=|g—¢ h—¢ ¢
(a-c)(a +ac+c®) (b-c)(b’ +bc+c7) ¢’
] 0 |
:(c'—a}(b—f}-l 1 C
—[u2+ac+cz) (bz+bc+c3) ¢’
Applying C; — C; + C,, we have:
0 0 1
ﬂ.:[c—a}[b—c){] l c
(:52 —a3)+[bc'—ac') (b:'+£:c+c:) ¢
] {0 1
=(b—c)(c—a)(a—b)0 1 ¢
~(a+b+c) (!:j +bc+c2) ¢’
0 0 1
:(a—b}{b—c}[c—a){a+h+c}{] 1 c
-1 (ff +be +c3) ¢’

Expanding along C;, we have:

A=(a-b)(b-c)(c—a)(a +b+(~}{—l}‘? :‘
= (a—b](f: —c‘][c —a]{a +h +c]

Hence, the given result is proved.

Question 9:
By using properties of determinants, show that:



X x’ vz

v _L’: X ={x—y]l{_v—z}{z—x}{xy+_w +zx]

Answer
x xt oz
LetA=|y Vv x|

X x° yz
A=|y—x p—x? X — yz
z—x -y Xy —yz

e ) (x)
(z—x) (z—x)(z+x) —-y(z-x)

X x* yz
=(x—y)(z—x)[-I —x—y z
l I4x -y

Applying R3; — R3 + R,, we have:

X X vz
ﬁ:[x—_v){:—.r)—l —-x—= z
0 -y Z—y
x x yz
()= ey

Expanding along R;, we have:



=[(r-2)(z-x)(z —J’}][(_I}tl

=(x=y)(z=x)(= —_1}[( xz—yz)+ ( xz—xy+x:):|

=—(x=y)(z=x)(z=y)(xy+ yz +2x)
(=) =) =)y 220

Hence, the given result is proved.

Question 10:

By using properties of determinants, show that:
x+4 2x 2x
2 x+4 2x ={5x+4}{4—x}:
2x 2x x+d

(M

v+k v ¥

¥ v+k v =k (3y+k)
(i) v ¥ y+k
Answer

x+4 2x 2x
A=|2x x+4 2x
2x 2x x+4

(i)

Applying R; — R; + R, + R3, we have:
Sx+4 Sx+4 Sx+4

A=2x x+4 2x
2x 2x x+4

1 1 1
={5x+4} 2x x+4 2x
2x 2x x+4

Applying C, — C, — C4, C3 —» C3 — C4, we have:

2

X

—X—y

|



1 0 0
i'-.={5x+4] 2x -x+4 0
2x 0 -x+4
1 0 0
=(5x+4)(4—x)(4-x)]2x 1 0
2x 0 1

Expanding along C;, we have:
D‘

A=(5x+4)(4-x) |

|
2x

.

=(5x+4)(4-x)

Hence, the given result is proved.

v+k ¥ v
A=y y+k oy
(ii) v v v+k
Applying R; — R; + R, + R3, we have:
3v+k 3y+k 3y+k
A=y v+k ¥
v y y+k

I I I
=(3y+k)|y y+k ¥y
¥ ¥ y+k

Applying C; —- C, — C;and C3 — C3 — C4, we have:

1 0 0
ﬁ:{3y+k}}' k 0
¥ 0 k
| 0 0
:k:{3y+k] bt I
¥ 0 |

Expanding along C;, we have:



) 1
A=k (3y+k)
J_.l

Hence, the given result is proved.

o
I‘:k'{3_m’+k}

Question 11:

By using properties of determinants, show that:

a-b-¢ 2a 2a
2h b—c—a 2b :{xn'+._h+¢.'}11
0 2c 2¢ c—a—b
X+ y+2z x v
z y+z+2x y |=2(x+y+z)
(ii) z x Z+x+2y
Answer
a—b-c 2a 2a
A=| 2h b-c—a 2h
0 2c 2c c—a—b
Applying R; — R; + R, + R3, we have:
a+h+c a+h+c a+h+c
A=|2b b-c—-a 2b
2c 2 c—a—h
1 1 1
:(a+b+c)2!; h-c—-a 2h
2c 2e c—a-b

Applying C;, — C, — C4, C3 —» C3 — C4, we have:

1 0 0
ﬂ.z[a+b+r:] 2h —I:a+b+::'} 0
2¢ 0 ~(a+b+c)
1 0 0
=(a+b+c)26 -1 0

e 0 -1



Expanding along C;, we have:
A=(a+b+c) (-1)(-1)=(a+b+c)

Hence, the given result is proved.

xX+y+2z x ¥

A=| =z y+z+2x ¥

. z X Z+x+2y
(i) Y

Applying C; — C; + C; + C5, we have:

2{x+}=+z} X ¥
A=2(x+y+z) y+z+2x ¥
2{x+y+z} x z+x+2y
| x ¥
:2(,r+y+z]l y+z+2x ¥
| x z+x+2y

Applying R, — R, — R;and R; — Rz — Ry, we have:

1 x ¥
$:2[1:+_];+z){] X+y+z 0
0 0 x+y+z
1 x bt
=2(x+y+2)|0 | 0

0 0 |
Expanding along R;, we have:
ﬂ.:2[J¢:+}'+z}3(1_}{1—(]'}:2{x+y+z]3

Hence, the given result is proved.

Question 12:

By using properties of determinants, show that:

| X x
X | x |= {l—x;}?

X x |



Answer

| x X
A=|x* ] Y
X ¥’ |

Applying R; — R; + Ry + R3, we have:

1+ x+x l+x+x° T+ x+x°
A=’ ] X
x X ]
1 1 1
=(1+x+,‘:EJT2 1 X
¥
x x° 1

Applying C, — C, — C;and C3 — C3 — C4, we have:

1 0 0
fi‘.=[l+,~:+x:)x3 1—x° x—x
X Xt —x l—x
1 0 0
=(]+x+x2){]—x}[l—x] x l+x x
X -x |
1 0 0
=(1—x3][ll—x} ¥ l+x x
X —x |

Expanding along R;, we have:

+
=
ba

Hence, the given result is proved.



Question 13:

By using properties of determinants, show that:

l+a” —b° 2ab —2bh
2ab 1—a’ +b* 2a =(] +a’ Jrh:)'t
2h —2a 1—-a* -4
Answer
l+a’ - b 2ab -2b
A= 2ab 1—a* + 4 2a
2h ~Z2a 1-a’ —b*

Applying Ry — R; + bRsand R, — R, — aRs, we have:

l+a® +b 0 —b{|+fﬁ+b-’}
A=D 1+a” +b° a[]+a3+h")
2b —2a I—a’ —b"
1 0 ~h
el . J
=(1+a'+b') 0 | a
2h 2a l-a -b°

Expanding along R;, we have:

A=(1+a +5) [{1)

-

=(1+a* +b7) [1-a* —b* +2a° - b(-2b) ]

0 I

2h —2a

1 i

2a l-a'-¥

‘_h

(1+a® +5°) (1+d* + %)

¥

(1+u: +h:)'

Question 14:

By using properties of determinants, show that:



a +1 ab ac

ab B+l be | =l+a* +b +¢°
ca ch ¢t +1
Answer
a+1 ab  ac
A =lab b +1 be
ca ch ¢’ +1

Taking out common factors a, b, and ¢ from R;, Ry, and Rj respectively, we have:

a+— b o
a
A =abela b+ l c
b
]
a h o+—

c

Applying R, — R, — R;and R; — Rz — Ry, we have:

a+ 1 h s
a
1 1
A =abe|—— — ]
a h
1 |
= 0 -
a c

Applying C; — aC;, C; — bC;, and C; — ¢Cs, we have:

a+1 b ¢
A=abex l -1 1 0
abe O 0 |
a+1 b ¢
=|-1 1
-1 0 1

Expanding along R;, we have:



=—1{—¢3]+(gz+l+b’-}=]+gf + b+t

Hence, the given result is proved.

Question 15:

Choose the correct answer.

. kA
Let A be a square matrix of order 3 x 3, then | ||s equal to

a KMlg K

Answer

Answer: C

A is a square matrix of order 3 x 3.

|

Letd=|a,

oy

Then, kA =| ka,
ka,

ka,
| kA| = ke,

ke,

=k*|4|
kA=A

Hence, the correct answer is C.

Question 16:

Which of the following is correct?

kb

1

kh,

kh

3

b

Al K45 3k|4

ke

kes |

ke,

(Taking out common factors & from each row )



A. Determinant is a square matrix.

B. Determinant is a number associated to a matrix.

C. Determinant is a number associated to a square matrix.
D. None of these

Answer

Answer: C

. A=\aif )

We know that to every square matrix, [ "l] of order n. We can associate a number
. . ath

aif = (i. f)

Thus, the determinant is a number associated to a square matrix.

called the determinant of square matrix A, where element of A.

Hence, the correct answer is C.



Find area of the triangle with vertices at the point given in each of the following:
(i) (1, 0), (6, 0), (4, 3) (ii) (2, 7), (1, 1), (10, 8)

(iii) (=2, =3), (3, 2), (-1, =-8)

Answer

(i) The area of the triangle with vertices (1, 0), (6, 0), (4, 3) is given by the relation,

101
A:lﬁﬂl

4 3 1

=%:l[[}—3}—f}(ﬁ—4}+l{lﬂ—ﬂ]]

1 15 .
=E[ 3+18] =~ square units

(ii) The area of the triangle with vertices (2, 7), (1, 1), (10, 8) is given by the relation,

27 1
x‘\:l 1 1 1
o 8 1
:i[z(l 8)-7(1-10)+1(8-10)]
:%[2(—?}—?{—9)+|{—2)]

] . ] .

E[—|4+1fm.—2] E[—lﬁ—ﬁu]
=—? square units

5 5q

(iii) The area of the triangle with vertices (-2, =3), (3, 2), (-1, =8)

is given by the relation,



:%[—z{z+s]+3(3+1}+ 1(-24+2)]
:%[_z{m]+3{4}+ 1(-22)]

=%[—2[}+12—22]

:_E:_m

2

Hence, the area of the triangle is —15]=15 square units )

Question 2:
Show that points

A(a,b+c¢),B(bc+a),Cle,a+h)

are collinear

Answer
Area of AABC is given by the relation,

a b+e 1
b oe+a |
e a+bh 1

a b+e

=—lb—a a-b (Applying R, » R, -R, andR; - R, —R,)

|
0
c—a a-c 0
a

1
“La-b)e-a)1 1 0
: 0

a b+ec 1
=é{a—b][c—a] -1 1 0 (ApplvingR, - R, +R,)
- 0 0 0
=0 (All elements of R, are 0)

Thus, the area of the triangle formed by points A, B, and C is zero.



Hence, the points A, B, and C are collinear.

Find values of k if area of triangle is 4 square units and vertices are

(i) (k, 0), (4, 0), (O, 2) (ii) (=2, 0), (O, 4), (O, k)

Answer

We know that the area of a triangle whose vertices are (x1, y1), (X2, ¥>), and

(x3, y3) is the absolute value of the determinant (A), where

It is given that the area of triangle is 4 square units.

(i) The area of the triangle with vertices (k, 0), (4, 0), (0, 2) is given by the relation,

]k 01
—4 0 1
2

0 21

N =

=%[;f(n-z)—nf_4—ﬂ}+'f8-ﬂl]

=%L€k+ﬂ=—k+4

amk+4=2%4

When -k + 4 = — 4, k = 8.
When -k + 4 =4, k= 0.
Hence, k = 0, 8.



(ii) The area of the triangle with vertices (-2, 0), (0, 4), (0, k) is given by the relation,

2 0 1

]

EU 4 1
Al 10 kI
1¢
=—[-2(4-k)]
=k—4
k—4==%4

When k-4 =—-4,k=0.
When k —4 =4,k = 8.
Hence, kK = 0, 8.

(i) Find equation of line joining (1, 2) and (3, 6) using determinants

(ii) Find equation of line joining (3, 1) and (9, 3) using determinants

Answer

(i) Let P (x, y) be any point on the line joining points A (1, 2) and B (3, 6). Then, the
points A, B, and P are collinear. Therefore, the area of triangle ABP will be zero.

1 2 1

3 6 =0

x oy o1

1
2

1 -
:»E[](ta—,u-}—z{ﬂ—.xp1{_Jy—6xﬂ 0
= 6-y—06+2x+3y—6x=1
= 2y—4x=0
= y=2x
Hence, the equation of the line joining the given points is y = 2x.

(ii) Let P (x, y) be any point on the line joining points A (3, 1) and



B (9, 3). Then, the points A, B, and P are collinear. Therefore, the area of triangle ABP
will be zero.

31
9 3 1|=0

oy |

1
"2

ﬁ%[3{3—}’}—]{9—x}+I(‘.;‘y—?rx}:l =0

= 9-3y-9+x4+9y-3x=0
= b6y—-2x=10
= x-3y=10

Hence, the equation of the line joining the given points is x — 3y = 0.

If area of triangle is 35 square units with vertices (2, —6), (5, 4), and (k, 4). Then k is
A.12B.-2C. -12,-2D. 12, -2

Answer

Answer: D

The area of the triangle with vertices (2, —6), (5, 4), and (k, 4) is given by the relation,

2 -6 1
A=%5 4 1
ko4 1

(2(4-4)+6(5-k)+1(20-4k)

b | =

=%[30—m’<+2{]—4+’f]

~L[s0-10¢]
2

=25-5k
It is given that the area of the triangle is £35.
Therefore, we have:
= 25-5k =235
= 5{5 —k} =435
=5-k=17



When5 - k=-7,k=5+7=12.
When5 -k=7,k=5-7=-2.
Hence, k = 12, —2.

The correct answer is D.



Write Minors and Cofactors of the elements of following determinants:

2 -4 qa
0 0 3 (ii) h d
Answer

td
|
£

(i) The given determinant is 0

Minor of element a; is My;,

+~Mi; = minor of element a;; = 3

Mi> = minor of element a;, =0
M,; = minor of element a,; = -4
M,>, = minor of element a,, = 2

Cofactor of aj; is A; = (-1)'*7 M;;.

2A = (=) My = (1) (3) = 3

Az = (-1)'*? My, = (-1)°(0) = 0

Asi = (-1 My = (1)’ (-4) = 4

Az = (—1)°"2 My = (-1)* (2) = 2
a ¢

(ii) The given determinant is b d .

Minor of element a; is Mj.



~M;; = minor of element a;; = d

Mi, = minor of elementa;, = b
M,; = minor of element a,; = ¢
M,, = minor of element a,, = a

Cofactor of a;is A; = (-1)' "7 M;;

2A = (mD)T My = (-1)° (d) = d

A = (—1)"*? My, = (-1)° (b) = -b
Axi = (-1)*"" My = (1)’ (¢) = —¢
Ay = (—1)*"2 My = (1) (@) =a

100 1 0 4
0
(i)ﬂl 0 I(”){.‘J 1 2
Answer
1 0 0
0 1 0
(i) The given determinant is 00
By the definition of minors and cofactors, we have:
1 0
1

=1
Mi; = minor of a;1=

0 0
1

Mi> = minor of a;,=



0 1 0
Mi3 = minor of a3 = 00
0 1]
M,; = minor of a,; = 0 1
0 |
M5, = minor of a,, = 01
0 1]
M,z = minor of a,3 = 00
0 0 0
Ms; = minor of as;= 10
1 0 0
Ms, = minor of as; = 00
1 0 |
Ms3 = minor of asz = 0 1
A;; = cofactor of a;;= (—1)'** M;; = 1
A, = cofactor of @1, = (=1)!*2 M, = 0
A;3 = cofactor of a;3= (=1)!"*M;5=0
A1 = cofactor of @1 = (—=1)*** My; = 0
A,, = cofactor of @, = (=1)**2 My, = 1
A,3 = cofactor of a3 = (=1)**>* M3 = 0
As; = cofactor of as; = (=1)**1 M3, = 0
A3, = cofactor of aso = (=1)**? M3, = 0
As; = cofactor of as3 = (=13 M55 =1
1 0 4
3 5 -]
2

(ii) The given determinant is

By definition of minors and cofactors, we have:

5 -1
=10+1=11
2

Mi; = minor of a;1=



My

M2,

M3

<
pat
|

Ms3 =
A =
Az =
Aiz =
Az =
A =
Axz =
Az =
Asx =
Asz =

‘=6—D=6
= minor of a;,=
5
=3-0=3
= minor of a3 = I
04
=0=4==4
. o2
minor of a;; =
=2-0=2
"
minor of a,, = -
0
‘=]—{]=I
. ]
minor of a3 =
(0
‘:{]—2{]:—2{]
= minor of as;= -]
1 4
=—|-12=-13
. 3~
= minor of as; =
1 0
=5-0=5
5

. 3
minor of as; =

cofactor of a;;= (=1)'*! My; = 11

cofactor of a5 = (—=1)*? My, = —6
cofactor of a3 = (=1)'** M5 = 3
cofactor of a»; = (—1)**' My; = 4
cofactor of @, = (—=1)?*? My, = 2
cofactor of a»; = (—1)**3 My; = —1
cofactor of as; = (—=1)**! M3; = =20

cofactor of a5, = (—1)3*2 M3, = 13

cofactor of a3 = (=1)3**M33 =5



N
fad
Lo

A= 01
. 1 2 3
Using Cofactors of elements of second row, evaluate .
Answer
5 3 8
2 0 1
. . |12
The given determinant is
We have:
3 8
3 =0—-16=-7
My = 17~

~A,; = cofactor of @, = (—=1)*** My, = 7

5 8
1‘=]5—E=?
My, = )

~A,, = cofactor of @, = (—=1)**2 My, = 7

3

=10-3=7
2

My3 =

~A,3 = cofactor of @3 = (—=1)*"> My3 = -7

We know that A is equal to the sum of the product of the elements of the second row

with their corresponding cofactors.



~A = 321A21 + azzAzz + az3A23 = 2(7) + 0(7) + 1(—7) =14 -7=7

1 x oz
A= v =
Using Cofactors of elements of third column, evaluate Lz x
Answer
1 x oz
1 v zx

The given determinant is

We have:

1w

| =z—y
Mis = -

1 x

| |=z—x
Mys3 = -

1 x

| ) =y—X
M3z = Y

~A;3 = cofactor of a;3= (—1)'*3 M3 = (z — y)

A3 = cofactor of @3 = (=1)>"> My3 = — (z — x) = (x — 2)
As; = cofactor of sz = (—=1)*"* M33 = (y — x)
We know that A is equal to the sum of the product of the elements of the second row

with their corresponding cofactors.



SA=apA G tasAs tagAg
=yz(z=-y)+zx(x-z)+xy(y-x)
=y —yz+xlz—x = xy
= (xlz —yzz)+(y;3 —xzz]+(x_y: —x:y]
=z(x:—y1}+::(y—x)+xy '~ x)
=z(x—y)(x+y)+z (y-x)+xv(y-x)

x- }[z.r+z}«—z —x}]

(

=(x- _}’][ z(x—z)+y(z —x}]

={x y}{z t‘}[—z+}]

=(x=y)(y-2)(z-x)
Hence, A= (x=¥)(y=2)(z=x).

Question 5:
For the matrices A and B, verify that (4B)’ = B'A" where
]
A=|-4|,B=[-1 2 1]

O
0
A=[1], B=[l 5 7]
(if)
Answer



1] -1 2
AB=|-4|[-1 2 ]=| 4 -8
3] -3 [{
-1 4 -3
(4BY=| 2 -8 6
1 4 3
-1
Now, A"=[] -4 3].B=|2
|
-1 -1 4
BA'=| 21 -4 3]=| 2 -8
1 1 4

Hence. we have verified that {AB]' =fi'4.
(ir)

Ll



AB=1[1 5 7]=|1 5
2 2 10
4] 1 2
s(4BY =05 10
4] 14

Now, 4'=[0 1 2].B8'=|5

.
I 0 I

L BA=|5 [0 | 2]=10 5
7 0

Hence, we have verified that {AB]' =4



Exercise 4.5

Question 1:

Find adjoint of each of the matrices.

-

Answer

1 2
LetAd= .

We have,

) A, A, 4 =2
e ﬂﬂ:f.n‘! = - =
A‘u A 22 -3 I

Question 2:
Find adjoint of each of the matrices.

1 -1 2

2 3 5
-2 0 1
Answer
1 -1 2
Letd=|2 3 5.
-2 0 1
We have,
4, ] 5‘:3—0:3
0 1
2
A,2=—‘_2 I‘=—{2+m)=—|2
A,_.~=‘2 3‘:ﬂ+ﬁ=ﬁ
-2 0



-1 2
A:]=—ﬂ ]‘=—{—|—l}}:|
| 2
4,= =1+4=3
=2 1
| |
A= =—(0-2)=2
4= Fossme—o
31 .-i 5_ -
1 2
Az =—, 5=—{5—4}=—1
1 -1
Ay = | 5 |73+2=5

A, Ay

A
Hence, adjd =| A4, Ay 4, |=
A

‘4] 3 ‘4 23

Question 3:

Verify A (adj A) = (adj A) A = |A|I.

B

Answer



L]

we have,
Al=-12-(-12)=-12+12=0

LR P S

Now,
A, ==6,4, =44, =3 4, =2
-6 -3
I
4 2
Now,
-6 3
Aladid) = '
£ -4 ~f 4 2
[-12+12 —6+67 [0 0
=422 12-12] [0 0

Also, (adjd) A =[_j _ﬂ[—i —*ﬂ

[-12412 ~18+18] [0
- 8_8 12—]2 N I:I

Hence, A(adjd) = (adjd) A=|A|1.

Question 4:

Verify A (adj A) = (adj A) A = ot

-1 2
3 0o -2
1 0 3



1 -1 2
A=(3 0 -2
1 0 3
A =1(0-0)+1(9+2)+2(0-0) =11
1 0 o] [11 0 0
A r=1110 I 0|=[0 1m0
0 0 1| [0 0 1
Now,

4,=0,4,=-(9+2)=-114,=0
Ay =—(-3-0)=3.4,=3-2=14, =—(0+1)=-1
!f_“ 2—[}:2./1_;2 =—{—2—6]:E_/]_u:ﬂ+3=3



soadid={-11 1
0 -1 3
Now,
1 -1 270 3 2]
Aadid)=| 3 0 =2-11 1 8
1 3(0 -1 3
(041140 3-1-2 2-8+46 |
={0+0+0 O+0+2 o+0-6
0+0+0 3+0-3 2+0+9]
1 0 0
=0 11 0
0 0 11
Also,
0 3 2101 -1 2
(adjd)-A=|-11 1 813 0 -2
0 =] 31 0 3
0+9+2 0+0+0 0-6+6
=|-11+3+8 114040 -22-2+24
0-3+3 0+0+0 0+2+9
11 0 0
=0 11 0
0 0 11

Hence, A(adjd)=(adj4) A=|A|l.

Question 6:

Find the inverse of each of the matrices (if it exists).

BN

Answer



-1 5
Let A= .
-3 2

we have,
Al=-2+15=13
Now,
A, =2,4,=3,4,,=-54,, =-1
7 -
adid = :
3 -1
-1 1 1 2 -5
A =—adid=—
A 13]3 -1

Question 7:

Find the inverse of each of the matrices (if it exists).

1 2 3

0 2 1
0 0 5
Answer
1 2 3
LetA=|0 2 4.
0 0 3
We have,
|A = l{lﬂ—l]]—E[lJ—[})+3[D—l})= L0
MNow,

A4,=10-0=10,4,=-(0-0)=0,4,=0-0=0
Ay =—(10-0)=-10.4,, =5-0=5,4,, =—(0-0)
A, =8-6=2,4,=—(4-0)=-4,4,,=2-0=2

0



10 -10 2

cadid=| 0 5 4
0 0 2
| | 10 =10 2
. ‘,.'rl = ﬂa:fAz 0 5 -4
A 10
] 1] 2

Question 8:

Find the inverse of each of the matrices (if it exists).

1 0 0
3 3 0
5 2 -1
Answer
1 0 0
LetA=|3 3 0
5 2 -1
We have,
A=1(-3-0)-0+0==3
Now,

“3-0=-3,4,=—(-3-0)=3,4,=6-15=-9

An: -
A, =—(0-0)=0,4, =-1-0=-1,4, =—(2-0)=-2
A, =0-0=0.4, =-(0-0)=0,4,, =3-0=3

-3 0 0
cadid=| 3 -1 0
9 2 3

-3 0 0

A'=—adid=-=| 3 -1 0

| -9 -2 3

Question 9:

Find the inverse of each of the matrices (if it exists).



4 -1 0
-7 2 |
Answer
2 1 3]
Letd=|4 -1
-7 2 I
We have,

A|=2(-1-0)-1(4-0)+3(8-7)

=2(-1)-1(4)+3(1)

=-2-4+3
=-3
Now
A, =-1-0=-1,4,=-(4-0)=-4,4,=8-7=1
4, = [1—6]—5,A1«:2+2] =123, 4, ——{4—?):—”
A, =043=3,4,=-(0-12)=12,4,, =-2-4=-6
-1 5 3
adid =| —4 23 12
1 -11 -6
-1 5 3
.4"—|;|aajf,4:— -4 23 12
1 -11 -6
Question 10:

Find the inverse of each of the matrices (if it exists).

1 =1 2
0 2 -3
3 -2 4

Answer



1 -1 2
Letd=|0 2 -3 1.

3 -2 4
By expanding along C,, we have:
Al=1(8-6)-0+3(3-4)=2-3=-1
Now,
4,=8-6=2,4,=-(0+9)=-9,4,=0-6=-6
Ay =—(-4+4)=0,4, =4-6=-2.4,, =—(-2+3) =1
Ay, =3-d4=-1A,=—(-3-0)=3,4,=2-0=2

2 0 -1
soadid=| -9 -2 i
—6 -1 2
2 0 -1 -2 0 |
A'= adjd =-| -9 =2 3 [=(9 2 -3
—6 —1 G 1 —2
Question 11:

Find the inverse of each of the matrices (if it exists).

1 0 0
0 cosa sing
0 singg —cosa

Answer



0

1 0 0
Lletd=|0 cosg sing
0 sing  —Ccosda
We have,
A= 1(—*:{:-5’0: —sin’ a} = —{cos’ a+sin’ o) =-1
Mow,
A,=-cos’@—sin"@=-1,4,=0,4, =

A4, =0,4,, =—cosa. 4,, =—sina

A, =0, 4, =—sina, 4, =cosa

-1 0 0
soadid =0 —COS —5in
0 —sin o COS ¥
-1 0
LA = I cadid =—| 0 —COS
A 0 —sin o
Question 12:
3 7
=l s B:[: 2
Let - Jand
Answer
Letd= ! .
2 5
We have,
A| =15-14=1
Now,

Ay =34, =24, =T, 4, =3

coadid = [ X

1

LA =
A

-7
3
djd =
adid=|

i

—sin o

COS

} . Verify that

1 0 0
=0 COSar SN
0 sing  —CcoSa
(4B) ' =B"'4"



[§]
Now, let B =L,

We have.
_B = 54 - 56 = _2

soadiB =
wis]

wpt= ]
B

Now,

9 —8

9
-3}_ R
6] |7 3
2
7
> 3
623+12 -62[ 8;
9 o191 67 -0
— -9 -
2 2 2



I

[18+49 24+ 63
'Lz+35 I6+45}
[67 87
_LT 6I:|

Therefore,we have AB| =67x61-87=47=4087 - 4089 = -2,
Also,

61 87
dj(AB)=
adi( }Lﬂ 6?}
L [61 87
c(4B) = ——adi(AB)=——
(4B) =541 ) 2{-4? ﬁ?}
_61 87
172 2 ,
0 ol ©
2 2

From (1) and (2), we have:
(AB)' = B7lA7?
Hence, the given result is proved.

Question 13:

3 1
A= o
If -1 2 ,show that 4" =34+7/ =0 Hence find4 .

Answer



AT =54+71

SR
5o e

Hence, A* -54+71 =0.

L AA=54=-71
= A-A(A) 5447 =714 [ Post-multiplying by 4™ as |4|= 0]

— A(AA" }—5.f =—74"
= Al —5]=-74"

=4 =—%(A—5!}

]
A ==(51-4
= A= (51-4)
BRUE 0 3 a2 -1
710 50 1=1 2 711 3
. A_l:l 2 _]

701 3
Question 14:

3 2
A= 1
For the matrix ! , find the numbers a and b such that A2 + aA + bI = O.

Answer



. |3 213 2 942
sAT= =
{I IMI I} LH
Now,

A +ad+bl =0

= (AA) A" +adA™" +bIA" =0
= A(AA" ) +al +b(14") =0
= Al +al +bA™' =0

= A+al =—-bA™
= A" =—]E(A +al)

Now,

at=Laga=t T 2]
VTRt | P )

We have:

I

6+2] [11 8
241 |4 3

[Pnsl—mulliplying by A™" as |4 = {J]

=3=a

{]_|3+a2 B b
all b1 l+a__l

b

Comparing the corresponding elements of the two matrices, we have:

—lz—lz‘.;b:l

B34 5 3 g-1>a-—4

Hence, —4 and 1 are the required values of a and b respectively.

=l=a
i)




Question 15:

For the matrix -1 3 show that A®> — 642 + 54 + 11 I = O. Hence, find

A—l.
Answer
1 1 1
A=|1 2 -3
2 -1 3
1 1 1 ][1 1
A =1 2 3] 2 -3
2 -1 32 -1 3
1+1+2 1+2-1 1-3+3 4 2 1
=[1+2-6 I+4+3 1-6-9 |=|-3 8 14
2-1+6 2-2-3 2+3+9 7 -3 14
4 2 1 1 I 1
A=A A=|-3 8 ~14 1|1 2 -3
7 -3 14 |2 -1 3
(44242 44 4-1 4-6+3
=|—3+8-28 -3+16+14 -3-24-42
7-3+28 T-6-14 7+9+42

8 7 1
=|-23 27 —69
32 -13 58



A —eAT+S5A+I

8 7 1 4
=[-23 27 -69|-6|-3
32 -13 58 7
[ 8 7 1 ][ 24
=[-23 27 —69|-|-18
132 -13 58 | |42
(24 12 61 [ 24
=[-18 48 -84 |-|-18
42 -18 84 | |42

0 0 0
=|0 0 0|=0
0 0 0

Thus, A" -64> +54+11] =0,
Mow,
A -6 +54+111 =0

~18
12

=18

84

84

= (AAA) A" —6(AA) A +5447 +11IA " =0
= AA(AA"]-@A(AA")+5(AA-‘)=-1 I(IA")

= A —6A+51=-114"

= 4" =—%(AI -6A+5.”)

(1)

1 1 1 0 0

2 =3|+11|0 1

-1 3 0 0 1
5 5 11 0 0
10 =15]|+|0 11 ]

=5 15 0 0 11

[Pnst-muhiplying by A as || = D]



Now,

AP —6A+51
4 2 1
=|-3 8 ~14
7 -3 14
4 2 1
=|-3 8 ~14
7 -3 14
9 2 1
=[-3 13 -4
7 -3 19
3 -4 -5
=[-9 1 4
-5 3 1

3 —4
RN PR
1 _
-3 3
Question 16
2 -1
A=|-1 2
1 -1

1 1 1 1 0 0

~6|1 2 -3[+5/0 1 0

2 -1 3000 0 1

6 6 6 | [5 0 0

~6 12 —18[+|0 5 ﬂ]

|2 -6 18] |0 0 5
16 6 6 |
-6 12 I8
{2 -6 18

verify that A*> — 642 + 9A — 4I = O and hence find A™*



A=]-1 2 -1
1 -1 2
2 -1 1
A* =] -1 2 -1
{ 1 -1 2
4+1+1 -2-2-1
=[-2-2-1 +
{2+1+2
6 =
5 -5 6
6 -5
A=A"A=|-5 6
5 -5
[12+5+5
=|-10-6-5
[ 10+5+6
22 =21
=[-21 22

2 -1 1
-1 2 -1
-1 2
2+1+2
—1=-2-72
-1-2-2 1+1+4
5 2 -1 1
=5 -1 2 -1
6 | -1 2
—6-10-35 6+5+10
S+12+5 -5-6-10
—5-10-6 5+5+12
21
=21
22



Now,

A =64 +94-4]

[ 22
=| =21
21

22
=|-21
|21
40
=| =30

30

=21
22
=21

211 [e6
=21 |-6|-=5
22| |5
21] [ 36
~21|-| =30
22| | 30
30 ][ 40
~30 |-| =30
40 | | 30

LA —eA 0 4-a] =0

Mow,

A -4 +94-4] =0
= (AAA) A =6(AA) A" +944 4147 = O
= AA(AA)-6A4(AA")+9(44 ") =4(147")
= AAI —-6A] +9] =4 47"
= A —6A+9]=44"

= A" =%(AI—6A+'?H)

A*—6A4+9]
6 -5
=|-5 6
5 -5
(6 -5
=|-5 6
E -5
3 1
=1 3
-1 1

5 ] 2

-5|-6[-1

6 1
1 12

-5|-|-6

6 | |6

—1]

1

3_

From equation (1), we have:

5 ] 2
-5[+9| =1
5] ] 1
30 ] [18
=30 |+| -9
6| L9
300 [o
—30|=|0
40 | |0

1 0
—1({+90

2 0
6 9
-6 |+| 0
12 0

2 =1 |=4|0
=1 2 0
-9 9 4
18 -91-10
-9 18 0
0 0
0 0
0 0

[]"Ugl-multiplying by A7 as || #ﬂ]

= = 9



Let A be a nonsingular square matrix of order 3 x 3. Then mﬁA'is equal to
a g, A7 C. A p. 21
Answer B
We know that,
4 0 0
(adid)A=|A1=|0 A4 0
0 A
4 0 0
= (adjd) 4 =0 40
0 0 A
1 0 0
= ladjd||4)=|4" |0 [ 0| =[] (1)
0 0 1

- |adjA| =| A

Hence, the correct answer is B.

If A is an invertible matrix of order 2, then det (A™!) is equal to

1
det(A4)

A. det (A) B. C.1D.0

Answer

. 1
A existsand 4 = jmﬂr‘A.

Since A is an invertible matrix, | |



As matrix 4 is of order 2, let 4 :{

o

c
|4
Then, |4 =ad - bc andm:m{
=
Now,
d b
A A
A":laay_;;: 4
|4 < 4
A4
d b
.'.|A_I — |A| |4| =L d
—c  al |4l
A A
1
sdet( A7) =
)= ()

Hence, the correct answer is B.




Examine the consistency of the system of equations.

X+ 2y =2

2x+ 3y =3

Answer

The given system of equations is:

X+ 2y =2

2x+ 3y =3

The given system of equations can be written in the form of AX = B, where

o o]

~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.

2x —y =5

x+y=4

Answer

The given system of equations is:

2x —y =5

X+y=4

The given system of equations can be written in the form of AX = B, where



~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.
X+ 3y=5

2x + 6y =8

Answer

The given system of equations is:

X+ 3y=5

2x + 6y =8

The given system of equations can be written in the form of AX = B, where
] 3 X 5

A= , A= and B = .
2 f ¥ b

Now,

A=1{6)-3(2)=6-6=0

~ A is a singular matrix.



Now,

e[S 7

ol TP

Thus, the solution of the given system of equations does not exist. Hence, the system of

equations is inconsistent.

Examine the consistency of the system of equations.
XxX+y+z=1

2Xx+ 3y +2z=2

ax +ay +2az=4

Answer

The given system of equations is:

xXty+z=1

2x + 3y +2z=2

ax+ay +2az=4

This system of equations can be written in the form AX = B, where
1 | x 1

3 2 LX=|y|landB=|2]|.

a 2a z 4

[a—y

]

A=

=

Now,
A =1(6a-2a)-1(4a-2a)+1(2a-3a)

=dg-2a-g=da-3a=a=0

~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.



Examine the consistency of the system of equations.

3x—-y—-2z=2

2y —z=-1
3x =5y =3
Answer

The given system of equations is:

3x—-y—-2z=2

2y —z=-1

3x =5y =3

This system of equations can be written in the form of AX = B, where
3 -1 -2 x 2

A=]0 2 1|, XA=|yland B=|-1]|.
3 -5 0 z 3

MNow,

A =3(0-5)-0+3(1+4)=-15+15=0

~ A is a singular matrix.

Now,
-5 10 5
(adid)=|-3 6 3
-6 12 6
5 10 s 2 10-10+15] 5
o (adid)B=|-3 6 3| -1|=|-6-6+9 |=|-3|=0
—6 12 ol 3 —]2—|2+]ﬂ_. ~f

Thus, the solution of the given system of equations does not exist. Hence, the system of

equations is inconsistent.



Examine the consistency of the system of equations.
5x -y +4z=5

2

-1

2x + 3y + 5z

5x — 2y + 6z
Answer

The given system of equations is:

5x -y +4z=5

2x+ 3y +5z=2

5x -2y + 6z = -1

This system of equations can be written in the form of AX = B, where

5 -1 | X 5
A=|2 3 5. X=|y|and B 2.
5 -2 6 z -
Now
A=5(18+10)+1(12-25)+4(-4-15)
=5{28} e1( 13)+4(-19)
=140-13-76
=51#0

~ A is non-singular.

Therefore, A™! exists.

Hence, the given system of equations is consistent.

Solve system of linear equations, using matrix method.
Sx42y=4
Tx+3y=35

Answer



The given system of equations can be written in the form of AX = B, where

5 2 x ol
4= LA = and B=| _|.

7 3 ¥y 5
Now, |4|=15-14=1=0.

Thus, A is non-singular. Therefore, its inverse exists.

Now,

1
A'=—(adid
,4|(“ ii4)

4B 3 2047
T | -7 515

[x 12-10 2
-
v] [-28+25] |3

Hence, x =2 and y =-3.

Solve system of linear equations, using matrix method.

2x—y=-2
Ix+4y=3
Answer

The given system of equations can be written in the form of AX = B, where

ol el

Mow,
A=8+3=11=0

ot

Thus, A is non-singular. Therefore, its inverse exists.



Tx] 1 [-8+37 1[-5] | 1
— = — = =
¥ 1| 6+6 [1[{12 12

-5 12
Hence, x = and y=—.
11 11

Solve system of linear equations, using matrix method.

dx-3y=3
Ix=-5y=7
Answer

The given system of equations can be written in the form of AX = B, where

4 -3 [ x 3
Az[ |._,X= |und5={ .
3 5 B 7]

Now,

A=-20+9=-11=0

Thus, A is non-singular. Therefore, its inverse exists.



SHE R I SR

L 11

—19

—6
Hence, x = T and y= =

Solve system of linear equations, using matrix method.

5x + 2y = 3
3x+2y=5
Answer

The given system of equations can be written in the form of AX = B, where

5 2 3
3 2 5

Now,

A=10-6=4=0

X

J,‘

-':-‘-‘: 1-'.';: HI'IdE=

Thus, A is non-singular. Therefore, its inverse exists.

Solve system of linear equations, using matrix method.

2x+y+z=1
3
A _2 E'_z ——
) 2
3v=5z=9
Answer

The given system of equations can be written in the form of AX = B, where



[
—_
et

and B =

e

Il

|

(3]

|

o

Il

By e
o N

Now,
A =2(10+3)-1(-5-3)+0=2(13)-1(-8)=26+8=340
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =13,4,=5,4;=3

A, =8, 4,, =—10,4,, =6

A, =1,4;,=3,4,=-5

13 8 ]
] ]
A = —(adjid)=—|5 -10 3
A 34
3 —6 =5
13 8 1 :
. 1 3
X =4 B=345 -10 3 5
3 -6 5]l o
x (1341249
= |y =—| 5=15+27
| 34
z (3-9-45
34 ]
L P
34 5 2
L 3
L 2]

Hencekle,y:%* and z = —E.

Question 12:

Solve system of linear equations, using matrix method.
X—y+z=4

2X+y—-3z=0



Xty+z=2
Answer

The given system of equations can be written in the form of AX = B, where

-1 1 x 4
A=|2 1 3. X=|y|land B=|0].
1 1 z 2

Now,
A=1(1+3)+1(2+3)+1(2-1)=4+5+1=10=0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =4,4,=-5,4,=1
A,=2,4,=04,,=-2
Ay =2,4,=5,4,,=3

4 2
ca = ()=t s 0 s
|4 10 ! -2 3
4 2 2104
A X=A'B=|5 0 510
1 2 32
x [ 16+0+4
= |y =% =20+0+10
z _4+U+6
20
L -10
m_ 0
2

Hence, x =2, y=-1, and z =1.

Question 13:

Solve system of linear equations, using matrix method.



2x+ 3y +3z=5

X—2y+z=-4

3x—-y—-2z=3

Answer

The given system of equations can be written in the form AX = B, where
5

and B=| -4
3

"

2 3 3

1 -2 I [LX =
3 -1 -2
Now,

;1| =2(4+1)=3(2-3)+3(—-1+6)=2(5)-3(-5)+3(5)=10+15+15=40=0

A=

et

by

Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =3,4,=54,=3

A, =3,4,, =-13,4,, =11

Ay =94, =1 A, =7

5 3 9
] ]
A =—(adjid)=— 5 13 1
A1) =35
5 11 -7
5 3 95
.'.A’=A"!1‘=L5 ~13 1 ||-4
40
5 11 713
x [25-12+27
=y :L 25452 +3
40
z |25-44-21
: 40
"0 80
—40
I
=| 2

Hence,x=1,y=2,and z = -1.



Question 14:

Solve system of linear equations, using matrix method.
X—y+2z=7

3x +4y — 5z = -5

2X—y+3z=12

Answer

The given system of equations can be written in the form of AX = B, where

1 -1 2 x 7
A=|3 4 S X=yland B=|-5 |
2 -1 3 z 12

Al=1(12-5)+1(9+10)+2(-3-8) =7+19-22=4 %0
Thus, A is non-singular. Therefore, its inverse exists.
Now, 4, =7.4,=-19,4,=-11

Ay =LA, =—1,4,,=-1

A, =-3,4,=11,4,=7

] | 7 1 -3
. "=_ i =—| —]¢ —
A |A[aq,a,4} 4_:,1; _: 1?1
7 1 =317
.'.X:A"B:%—IQ -1 11| -5
-1 -1 71|12
x [ 49-5-36
=y ! =133+5+132
z 4_—??+5+84
E 2
My f2h
4_12 3

Hence,x=2,y=1l,and z=3.

Question 15:



2 3 5
A=|3 2 4
1 1 =2

If , find A™%. Using A™! solve the system of equations

2x-3v+5z=11
Ix+2y—-4z=-5

x +y-2z=-3
Answer
2 -3 5
A=|3 2 —4
| 1 -2

oA =2(-4+4)+3(-6+4)+5(3-2)=0-6+5=-1=0

Now, 4, =0, 4,=2, 4, =1
-1, A4,=-94,,=-5
Ay =2, 4,=23, 4,,=13
0 -1
R A":%{a@‘jﬁ]}:— 2 -9
’ 1 -5

P
L
I

o 1 -2
=l-2 9 -»3 (1)

2
23
13 -1 3 =13

Now, the given system of equations can be written in the form of AX = B, where

2 -3 5 x 11
A=|3 2 4. X=|yland B=|-5]|.
1 1 -2 z -3



The solution of the system of equations is given by X = 47'B.

X=4"'B
[x 0 I -2
=|yl=[-2 9 -23 || -5 "Using (1) ]
HEE 5 ~13|| -3
[ 0-5+6
=|-22-45+69
-11-25+39
=
=2
_3_

Hence,x =1, y=2, and z =3.

The cost of 4 kg onion, 3 kg wheat and 2 kg rice is Rs 60. The cost of 2 kg onion, 4 kg
wheat and 6 kg rice is Rs 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70.
Find cost of each item per kg by matrix method.

Answer

Let the cost of onions, wheat, and rice per kg be Rs x, Rs y,and Rs z respectively.
Then, the given situation can be represented by a system of equations as:
dx+3v+2z=00

2x+4y+62=90

bx+2y+3z=T0

This system of equations can be written in the form of AX = B, where

4 3 2 X 160
A=|2 4 6l.X=|y|land B=|90|.

6 2 3 z 70
,4|:4{12—I2}—3{6—36}+2[4—24]:ﬂ+9t}—4{}:i{I#{]

Now, A, =0,4,=30,4,=-20
Ay =54, =0,4,, =10
A.‘il = ]D“‘I?: = _EG-.A_-H =10



20 10 10
0 -5 10
A= " adid= 30 0 -20
| -20 10 10
Now,
X=A1'B
0 -5 10 |[e0
:x:% 3 0 -20]9
=200 10 10 |[70
x 0-450+700 ]
=y =S—‘[} 1800 +0—1400
z ~1200+900+ 700 |

(250
=— 400
400

nx=5y=8andz=8§.

Hence, the cost of onions is Rs 5 per kg, the cost of wheat is Rs 8 per kg, and the cost of

rice is Rs 8 per kg.



Miscellaneous Solutions

Question 1:
x  sinf cosd
—sinf? —x 1
Prove that the determinant cosé ! o is independent of 6.
Answer

x sinf cos@
A=|-sinfd -—x 1
cos 1 x
= .Jr(x2 - l)— sin@(—xsin@ —cos &)+ cos & (—sin & + x cos F)
=x' —x+xsin’ @ +sin O cos@ —sin & cos & + xcos” @
=x —x +x(sin3 & + cos’ B)
=x —x+x
= x" (Independent of &)

Hence, A is independent of 6.

Question 2:
Without expanding the determinant, prove that

a a bel |1 a’ a’
b b cal=|1 b’ b’
¢ o abl |1 ¢’ e

Answer



=—|b* b abe [R —aR.R, - bR,.and R, — ¢R, |

= ——abc b’ b 1 [Taking out factor abe from C, |

abe| |
¢ ¢ abe
a l
|
abe R .
o o 1
a a 1
=|p” b 1
{"3 C.i -I
] a !
=11 b
] c* c
=R .HS.

Hence, the given result is proved.

Question 3:
cosacos i cosasinfl  —sina
—sin f# cos i 0

sin o cos sin o sin COS ot
Evaluate ‘3 ‘8

Answer

cosacos i cosasinff  —sina
A=| —sinf cos fi 0
sincos /. sinasinfl cosa

Expanding along C5, we have:

[Applying C, > C; and C, <> C,]



A =—sin .r_nr(—s.inr::rsin3 B —cos’ ,{)'sina)+coscx(ccscxc053 B +cosasin® ,b']
=sin’ -::x(.‘s-in2 ﬁ+cﬂslﬁ)+cus: a(cuslﬁ+sinz ,3)
=sin® a (1) +cos” a(1)
=1

Question 4:

h+ec c4+a a+bh
A=lc+a a+b b+ce|=0

a+h b+e c+a
If a, b and c are real numbers, and

Show that eithera + b+ c=00ra=>b =rc.
Answer

b+c c+a a+h

A=|lc+a a+b b+c

a+b b+c c+a

Applying R, = R, +R, + R, we have:
2{{:+h+c} 2[a+h+r:] 2[a+h+£']

A=|c+a a+h h+¢

a+h h+c c+a
| | 1
=2(a+b+c)c+a a+b b+e
a+h b+c¢ c+a
Applying C, - C, =C, and C, — C, - C,, we have:
1 ] ]
A=2(a+b+c)c+a b-c b-a

a+h c—a c-b

Expanding along R;, we have:



ﬁzi[aihic][l]Uh ﬁ']{c h) {f) a][ﬁ' a”

2{u+b+c}[—b:—c‘:+Ebc—bc+bu+uc—a3:|
:2{a+b+c)[mb+bc'+ca—a:—b:—c::l

It is given that A = 0.

{a+b+c)[ab+hc+m—a:—b:—c:]=ﬂ

= Eithera+b+¢=0, orab+bc+eca—a —b" —¢* =0.

Now,

ab+bc+ca-a’ =b* —c* =0

= —2ab—2bc—2ca+2a’ +2b +2c7 =0

= (a—h]1+(h—c}1+{c:—a}2 =1{

= (a—h}: = (.I'?—(.'}: =(e —a}z =0 [(n—h}z ,{h—c'}: ,{c—a]z are non-ncgmivc}
= (ﬂ'—h} :[h—c} :{:c—a} =0
=aga=h=¢

Hence, if A = 0, then eithera+ b+ c=0o0ra=b =rc.

Question 5:
x+a x x
x x+a x |=0,a#0

Solve the equations o rta

Answer



X+ X xX
X X+a X

X X X4

Applying R, =R, +R, + R, we get:

Jx+a  3x+a 3x+a

X X+ua X

X X X+a

:}{?rx-lru]x X+

X

=0

x =0

X+

Applying C, - C, -C, and C, —» C, -C,. we have:

1 0
(3x+a)x a
x 0

0=0

Expanding along R, we have:

{3x+u}[lxa1]= 0

=g (3:r+ a)=0

But a =0,
Therefore, we have:
3x+a=10
o
= x=——
3
Question 6:
al
a’ +ab
ab
Prove that

Answer

he

b +be

ac+e’
ac

ot

— 4{12!}1‘:‘1



a’ be  ac+c’
A=\a’ +ab b ac

ab b +be ¢
Taking out common factors @, b, and ¢ from C,,C,, and C., we have:
] C a+c
A=abcla+h b a
b h+e ¢
Applying R, - R, -R, and R, =+ R, —R,, we have:
a ¢ a+c
A=abc| b h-c¢ -¢
h—a b —a
Applying R, =R, + R, we have:

bl c a+c
A=abcla+bh b cr
b—a b o)

Applying R, - R, + R, we have:

e c a+c
A=abcla+b b ]
2h 2h 0
a c a+c
=Z2ab'cla+b b a
1 1 (

Applying C, - C, - C,, we have:
a c—a a+tc
A=2abcla+b -a a
1 0 0
Expanding along R;, we have:
A= Emb"c'[a(c' —a)+ala +c]]
= Zaf?:{?[m? —a’+a + ac]
= Eah:c{Zaf]
=da’b’c’



Hence, the given result is proved.

Question 8:
1 =2 1
A=|-2 3001
Let 1 1 y verify that
(i, [944] '=adj(4™")
(i) (47) =4
Answer
1 -2
A=|-2 3001
I [
A =1(15-1)+2(-10-1) +1(-2-3) =14-22-5=-13
Now. A, =144, =11.4,=-5
Ay =iy =44y =3
A, =-54,=-3,4,=-1
14 11 -5
adid=|11 4 -3
-5 =3 -l
A :ﬁ(mﬁﬁ)
14 11 -5 -4 -I1 5
—%11 4 -3 _]—3—|| -4 3
I 5 3 1
(0
adjd| =14(-4-9)-11(-11-15)-5(-33+20)

=14(-13)-11(-26)-5(-13)
=—182+286+65=169

We have,



13 26 13
adj{adjid)=|26 -39 13
~13 13 65
1
o [adiA] " = (adj(adj
[adj] Im#AI( lj(adjd))
-13 26 13
- Ll 30 13
169
-13 -13 65
-1 2 -
=1i" 3 -1
-t a1 s
w0 s
14 -11 5 ﬁ lj 13
Now, 4" =—|-11 4 i|= —E -E E
5 3 1
S 31
13 13 13
49 _[_£_£]
169 169 169 169
4
adi{ A7) = _(_L_EJ _14 25
169 169 169 169
33 20 42 55
169 169 [ 169 169]
-13 26 13 -1 2
=1l 30 =tz 3
169 13
-13 -13 65 S

Hence, [adjd] ' =adj(A™).
(if)

33 20
— — e —
169 169
[ 42 55
| —— e
169 169
560 121

169 169

)




We have shown that:

-14  -11 5
A"=% -1 -4 3
5 3 ]
-1 2 -1
And, aaf;'.ﬂi":% > 3
-1 -1 -5
Now,

A =[113]3[—14x{—13)+l 1 x{—zﬁ}ﬁx{—m}]:[]sT x(~169)=-

L -1 2
.'.(,4_[] 1 adid 1 xi 5 3

A =[_|13] EI
(a) =4

Question 9:

X yooox+y
Vv o ox+y x

X+ y x v
Evaluate u -

Answer



x L o &
A=| y X+y X
x+y X v

Applying R, =+ R, +R, + R, we have:

2{x+_}’} 2[I+_V} 2[1‘+_}')
A= ¥ x+y x
X+ ¥ x ¥y

1 1 1
=2(x+y) ¥ x+y x
X+y ox ¥
Applying C, - C, —C, and C, — C, -C,, we have:
1 0 0
A=2(x+y)| ¥ X x—y
x+y -y —x
Expanding along R;, we have:
A= 2(x+ y][—x: + y[x—y}]

=-2(x+ y}[xz £yt =)

=—2[Ij + )Jj)
Question 10:
I X y
1 x+y ¥
Evaluate ! ooy

Answer



| X ¥
A=|l X+v ¥
| X x+y

Applying R, - R, -R, and R; = R, —R,, we have:

1 X ¥
A=|0 ¥ 0
0 0 X

Expanding along C;, we have:

A=1{xy—0)=xy

Question 11:

Using properties of determinants, prove that:

-

& @ B+y
g B rral=(B-y)Ny-a)la-B)a+B+y)

2

Y Y a+p

Answer

loi a Pty

A= Jik ¥+

y v a+p

Applying R, - R, -R, and R; = R, —R,. we have:

@ a’ By

A=|f-a p—a’ a—f3

y-a Y -a a-y

o a’ [+
=(f-a)(y-a)| B+a -1
I y+a =1

Applying R, = R, —R,, we have:



a at By
A=(f-a)(y-a)l f+a -1

0 y=4F 0
Expanding along R;, we have:
ﬂ:[ﬁ—cr}(;r—rx}[—[}'—ﬁ}(—fz—ﬁ—}r}]
=(B-a)(y-a)(y-B)a+B+y)
=(a=-B)(B-r)y-a)la+p+r)

Hence, the given result is proved.

Question 12:
Using properties of determinants, prove that:

X X’ 1+ px’
v v 1+ py =1+ pxyz) (x =y ) (v -2)(z - x)
z z" 1+ pz*
Answer
x x° 1+ px’
A=y v e
z z I+ pz

Applying R, - R, =R, and R, - R, - R . we have:

X X’ I+ px’
A=ly—x y—-x P(Jr':\—l';)
zZ—x z?-x p(zg—x'-‘)
x x’ I+ px’
={J’—-‘f][2—l‘]| y+x p(y2+x3+1y]

| z+x Ju(zz+.1r'?+:rz)

Applyving R, = R, =R, we have:



x x° 1+ px';

A=(y=x)(z-x)| y+x p[yl+x3+xy]
0 z=y  plz=y)(x+y+z)
x X 1+ px’
=(y=x)(z=x)(z= )] y+x o p(y+x"+xy)
0 1 plx+y+z)

Expanding along R;, we have:

A=(x=y)y-=2)z- x)[(—l}{p}(.xy: +x'+ x:y]+] +px’ + p(x +y+z]{:.}-‘ﬂ
=(x—y)(y-2)(z —x}[—p,tyz —px’ —pxy+1+ px’ + pxy+ po’ + px}:]
(=) (=) 2)0+ )

Hence, the given result is proved.

Question 13:

Using properties of determinants, prove that:
3a —a+h —a+c

~b+a  3b -b+c|=3(a+b+c)(ab+be+cea)
-c+a —c+b 3¢

Answer

-

3a —a+b —a+ce

A=|-b+a 3b -b+c

—c+a —c+b 3¢

Applying C, = C, +C, + C,, we have:
a+b+c —a+h —a+c
A=la+b+c 3h b+

a+b+c —c+b 3¢




1 —a+bh -+

:l:a+b+c}| 3b —bh+¢
1 —c+bh 3¢
Applying R, - R, -R, and R; - R, —R,. we have:
l —a+h —a+c
A=(a+b+c)|0 2b+a a-b
0 a-c 2e+a

Expanding along C;, we have:
A=(a+b —::]Hjh +a)(2c+a)—(a—b)(a —(.'}—|
=(a+h+ c'][4hc+ 2ab +2ac+a’ —a’ +ac+ba —bc‘]
(a+b+c)(3ab+3bc+3ac)
:3(a+b+t'](ab+.‘:lc+c'ﬂ}

Hence, the given result is proved.

Question 14:
Using properties of determinants, prove that:

| 1+ p 1+ p+g
2 3+2p 4+3p+2q =1
3 6+3p 10+6p+3g

Answer



1 1+ p I+ p+g
A=|2 3+2p 4+3p+2q

3 6+3p 10+ 6p+3g
Applving R, = R, 2R, and R, — R, -3R. we have:

| 1+ p 1+ p+g
A=|0 1 2+ p

0 3 T+3p
Applying R, = R, -3R,. we have:

| 1+ p I+ p+yg
A=|0 | 24+ p

0 0 |
Expanding along C;, we have:
a1 TP i(1-0)=1

0 1

Hence, the given result is proved.

Question 15:
Using properties of determinants, prove that:

siner  COSex cf.m{fx+5}
sinfi - cosfi cos(f+5) =0
siny  cosy cos(y+d)

Answer



singg cosar cos(a+6)
A=jsinfi cosfi cos(fi+6)
siny  cosy  cos(y+d)

sin e sind COS (£ COS O

1 . .
= |sin fisind cos ffeosd
sindCcosd | | e .
sin p sin g COS ¥ Cosd

Applving C, —» C, +C,. we have:
COS@COSd  COSECOSO
A= ! - cos ffcosd  cos flcosd

~ sindcosd . .
COS J COs & COS ¥ Cos O

Here, two columns C, and C, are identical.

A=

Hence, the given result is proved.

Question 16:

COSEr COs O — sina sin ¢
cos fFeosd —sin Fsind
COS ¥ COS ¢ — sin p sin d

COS & COs 0 —sina sin d
cos ffcos o —sin fsing
COs ¥ cosd —sin ysind

Solve the system of the following equations

X Vv z
4 6 5
B
x y z
6,9 20_,
X v =z
Answer
1 1 1
—=!}!—=q,—=r
Let * y

Then the given system of equations is as follows:

2p+3g+10r=4
dp—bg+3ir=1
6p+9g-20r=2

This system can be written in the form of AX = B, where



2 3 10 2 4
A=4 —6 5 [ A=|g|landB=|]
6 9 =20 r 2
Now,
A =2(120-45)-3(-80-30)+10(36+36)
=150+330+720
=1200

A
Thus, A is non-singular. Therefore, its inverse exists.
Now,
A1 =75, A =110, A5 =72
A1 = 150, Ay, = =100, A3 =0
As; =75, A3, = 30, Az = — 24

ATt =%m{f’.«1
75 150 75
=$ 110 =100 30
20 24
Now,
X=4"B
p 75 150 75 (4
=\ q =% 110 —100 30 (|1
r 72 0 2412
[300+150+150
=1 ] 440100460
]zou_ 288 +0—48
5
I'ﬁuu 12
= 1300 400 |= 3
240 |
5]

L andr—]
P 2,5; 3 5

Hence,x=2,y=3,andz=5.



Question 17:

Choose the correct answer.

If a, b, ¢, are in A.P., then the determinant
x+2 x43 x+2a

X+3 x+4 x+2bh

x+4 x+5 x+2¢

A.0B.1C. xD. 2x
Answer
Answer: A
x+2 x+3 x+2a
A=|x+3 x+4 x+2b
x+4 x+5 x+2¢
x+2 x+3 x+2a
=x+3 x+4 x+(a+c) (2b=a+cas a.b,and ¢ are in A.P.)
x+4 x+5 x+2c
Applying R, =R, —R, and R, = R, - R, we have:
-1 -1 a—-c
A=|x+3 x+4 x+(a+c)
1 | c—a
Applying R, = R, +R,. we have:
0 0 0
A=x+3 x+4 x+a+c

| | c—da

Here, all the elements of the first row (R;) are zero.
Hence, we have A = 0.

The correct answer is A.



Question 18:

Choose the correct answer.

If x, y, z are nonzero real numbers, then the inverse of matrix

0 0 x' 0 0
0 v xyz| 0 v
AL 0 z" 0 ] z”
¥ (0 0 1 ( 0
L 1 A S T
XVE XVE
C R ] - D. 0 ] 1
Answer
Answer: A
X 0 0
A=[0  y 0
0 0 z

SAl=x(pz=0)=xyz %0

Now, 4, = yz. 4, =0, 4, =
A, =0,4,, =xz =0
Ay =04, =0,4,, = xy
vz 0 0
SadiA=]0 xz 0
0 0 xy
1

4

Ay
] ‘433

LA =—adid

=



=—0 xz 0
o 0 ¥y
I 0
xXyz
1o Xz 0
xvz
0 0 v
L 0z |
l 0 0 _
x v 0 0
1
=0 - o/=fo
? I 0 0 z!
0 0 -
The correct answer is A.
Question 19:
Choose the correct answer.
1 sinf/ 1
A=|—sing 1 sin#
Let -1 —sinf | , where 0 < 6< 2n, then

A. Det (A) = 0

B. Det (A) € (2, @)

C. Det (A) € (2, 4)



D. Det (A)e [2, 4]

Answer

sAnswer: D
1 sinf 1
A=|—sinf 1 sin &
-1 —sinf |
.'.|A|=l(l—sinlﬂ}—sinﬂ{—sinﬂ+sini?}+I(sin'ﬂ6‘+]]
=1+sin” @+sin @ +1
=2+2sin" @
=2(l+sin:€}
Now,0=¢<2r
=0<sind <1
=0<sin"# <1
=1=<l+sin"# <2
=2<2(1+sin" ) <4
. Det(A4)e[2,4]

The correct answer is D.



