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PREFACE TO THE FOURTH EDITION
Some important problems have been added and solved in the miscellaneous set of problem which

was introduced in last edition of this book. Some articles  have been re-written to bring more clarity in
the discussion of theory. Referenced to the latest papers of various universities have been inserted at
proper places.

I hope that these changes will make the book more useful.
Suggestions for further improvement of the book will be highly appreciated.

AUTHOR

PREFACE TO THE FIRST EDITION
This book on dynamics has been specially written to meet the requirements of under-graduate

and Honours students of Mathematics, Physics and Engineering, and those preparing for I.A.S., I.F.S.
and other competitive examinations. This book contains complete unified U.G.C. syllabus of
mathematics recommended by the board constituted by the University Grants Commission of India.

The authors possess a very long and rich experience of teaching mathematics and have first hand
experience of the problems and difficulties that students generally face.

The salient features of the book are :
* The matter has been presented in a simple and lucid language, so that students themselves shall

be able to understand the solutions of the problems.
* Each chapter opens with necessary definitions and complete proofs of the standard theorems

and results. These in turn are followed by solved examples which have been classified in various
types and methods. This classification will help the students to revise the subject matter at the
time of examination without losing any confidence.

* Care has been taken not to omit even a minor step so that the students can understand everything
without the guidance of a teacher. Hence even an average student will be able to grasp the
subject matter easily. Furthermore, the problems have been graded in every chapter to instill
confidence in the students.

* Up-to-date yearwise reference of various examination papers have been given throughut the
book.

* At the end of each chapter objective type questions have been given in keeping with the latest
trend of question papers.

* This book serves as a suitable textbook, help book, reference book and question bank for all
examinations.

In view of these special features, it is sincerely hoped that the book will surely serve its purpose.
We are grateful to Shri Ravindra Kumar Gupta, Managing Director,  Shri Navin Joshi,

Vice-President (Publishing) and Shri R.S. Saxena, Adviser (Publishing) for showing personal interest
throughout the preparation of the book.

All valuable suggestions for further improvement of this book will be highly appreciated.

AUTHOR
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1
Basic Concepts of Dynamics

1.1 Some basic definitions
1. Dynamics.  It is that branch of mechanics which deals with the motion of bodies under the

action of given forces.
2. Particle.  A particle is a portion of matter which is indefinitely small in size i.e., which for the

purpose of our investigation is so small that the distance between its different parts may be neglected.
It may be treated as a mathematical point endowed with mass.

3. Body.  A portion of matter occupying finite space, i.e., limited in every direction is called a
body.

Rigid body : A rigid body is defined to be a collection of particles, the distance between any two
of which remains invariant

4. Rest and Motion.  A particle is said to be at rest if it does not change its position relative to
its surroundings with time.  If it changes its position with time, it is said to be in motion.

5. Path.  The path of a particle is the curve drawn through the successive positions of the point
during motion.  If the path is a straight line, then the motion is called rectilinear and if the path is a
curve, then the motion is said to be curvilinear.

6. Position.  The position of a particle at a given time is determined by the point occupied by the
particle on its path.

7. Displacement.  The change of position of a particle in the given interval of time is known as
its displacement in that interval.  The displacement of a particle from P to Q will be denoted by the
symbol .PQ


  Note that displacement is a vector quality..

8. Velocity.  The rate change of displacement with respect to time is known as velocity.  It is a
vector quantity because it has both magnitude and direction.

9. Speed.  The mangnitude of velocity is called speed.
10. Average speed.  Average speed of a particle in a given interval of time is given by the ratio of

the total distance travelled by it to the total time taken.
Thus, average speed = (Total distance)/(Total time)
11. Uniform velocity.  A particle is said to move with uniform velocity if it moves in a constant

direction and covers equal distances in equal intervals of time, however small these intervals may be.
12. Acceleration and retardation.  The rate of change of velocity with respect to time is called

acceleration.  It is a vector quantity as it has both magnitude and direction.  If a particle moves such
that its velocity decreases, then the acceleration is negative and is called retardation.  Clearly, the
velocity of a particle is uniform when its acceleration is zero.

13. Uniform acceleration.  When velocity of a particle moving in a straight line changes by
equal amounts in equal intervals of time, however small, the particle is said to move with uniform
acceleration.

14. Expression for velocity at a point.  Let a particle move along the line OX, where O is origin.
Let P be the position of the particle at any time t such that OP = s. Then,

v = velocity at time t = ds/dt
The velocity at any time t is positive or negative according as

the particle is moving towards right (i.e., away from origin O) or
towards left (i.e., towards the origin O).

Expressions for acceleration at a point.  Let a particle move along the line OX, where O is origin.
1.1
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1.2 Dynamics

Let P be the position of the particle at any time t and let v be its velocity at P.  Then, if f is the
acceleration of the particle at any time t at P, then

f =
2

2, and 
d d d sf f
dt ds dt
v v

v

Instantaneous rest.  A particle is said to be at instantaneous rest at any time if and only if v = 0
but f  0.
1.2 Motion in a straight line with constant acceleration

A particle moves along a straight line from a fixed point in it with initial velocity u and constant
acceleration f, in its direction of motion.  Let s be the distance of the particle from the origin at time
t and v be the velocity attained at that time.  Then

(i) v = u + f t (ii) s = ut + (1/2) f t2 (iii) v2 = u2 + 2fs.
[Note : Replace f be f if f is retardation in any problem].

(iv) Distance travelled in the nth second = u + (1/2) (2n  1) f.
(v) The average velocity is the mean of the initial and the final velocities and is equal to the

velocity at the middle of the interval i.e.,
average velocity = (u + v)/2 = u + f . (t/2)

ILLUSTRATIVE SOLVED EXAMPLES
Ex. 1.  If a body starting from rest, moving with uniform acceleration describes 1000 cm in 10

seconds, then the acceleration with which it moves will be
(a) 20 cm/sec2, (b) 25 cm/sec2, (c) 30 cm/sec2, (d) 35 cm/sec2. [I.A.S. (Prel) 1993]
Sol.  Ans. (a)  s = ut + (1/2)f t2  1000 = 0 + (1/2)  f  102  f = 20
Ex. 2.  A train starts from a station with constant acceleration for 2 minutes and attains a

constant speed.  It then runs for 11 minutes at this speed and retards uniformly during the next 3
minutes and stops at the next station which is 9 km off.  The maximum speed (in km/hour) attained
by the train is (a) 30 (b) 35 (c) 40 (d) 45. [I.A.S. (Prel.) 1995]

Sol.  Ans. (c).  Let the particle move from A to B with
uniform acceleration f1 for 2 minutes.  Then, using v = u +
ft and s = ut + (1/2) ft2, we get V = f1  2 and
s1 = 0 + (1/2)f1  22 so that s1 = V.  Motion from B to C is
with uniform max. velocity V, so s2 = 11V.  Next, for motion from C to D with uniform retardation f2 for
3 minutes, using v = u  ft and s = ut  (1/2)f t2, we get 0 = V 3f2 and s3 = 3V  (1/2)  f2  32 so that s3
= (3/2) V.  Now, 9 = AD = s1 + s2 + s3 = V + 11V + (3/2)V = (27/2)V so that

V = (2/3) km/minute = (2/3)  60 km/hour = 40 km/hour.
Ex. 3.  If a particle starting with a velocity u and subject to a uniform acceleration ‘a’ travels for

‘n’ seconds, then the distance travelled by it in nth second is
(a) u + (a/2) (2n – 1),  (b) u + (a/2)(2  n),  (c) u + (n/2) (2a – 1),  (d) u + (n/2) (2a + 1).

[I.A.S. (Prel.) 98]
Sol.  Ans. (a).  Refer result (iv) of Art 1.2.  Here f = a.
Ex. 4.  A bus starts from rest with an acceleration of 1 m/s2.  A man, who is 48 m behind the bus,

starts running towards it with a uniform velocity of 10 m/s.  He will be able to catch the bus in
(a) 6 s (b) 7 s (c) 8 s (d) 9s. [I.A.S. (Prel.) 2002]
Sol.  Ans. (c).  Let M be the position of the man when the bus starts

from B.  Let the man be able to catch the bus at C after t sec.  Then, for
man, MC = 10t and for bus, BC = 0 + (1/2)  1  t2.  Form figure MC = MB
+ BC so that 10t = 48 + t2/2  or  t2 – 20t + 96 = 0  or t = 8  or  12.  Required
time is t = 8 when for the first time man catches bus at C.  [Note that t = 12 corresponds to time when
man and bus will be together at a later stage of further motion].
1.3 Vertical motion under gravity.  When a body is let fall in vacuum towards the earth, it will move
vertically downwards with an acceleration g (known as acceleration due to gravity).  Its value in F.P.S.

/ 2dx dt at b

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/



Basic Concepts of Dynamics 1.3

system is 32 ft/sec2, in C.G.S. system is 981 cm/sec2 and in M.K.S. system is 9.8 m/sec2.
Downward motion.  If a particle is projected vertically downwards from a point A with initial

velocity u and h be the distance of the particle from A at time t and v be the velocity attained at that
time, then

(i) v = u + gt (ii) h = ut + (1/2) gt2 (iii) v2 = u2 + 2gh
(iv) Distance travelled in the nth sec = u + (g/2) (2n  1).
In particular, if the body starts from rest or is simply let fall or dropped so that u = 0, then the

above formulas become (i) v = gt, (ii) h = (1/2) gt2, (iii) v2 = 2gh or v = (2gh)1/2, (iv) distance travelled
in the nth sec. = (g/2) (2n  1).

Upward motion.  If a particle is projected vertically upwards from O with velocity u and h be
the distance of the particle from O at time t and v be the velocity attained at that time, then

(i) v = u  gt (ii) h = ut  (1/2) gt2 (iii) v2 = u2  2gh
(iv) Greatest height attained during upward motion = u2/2g
(v) Time to reach the greatest height = u/g

(vi) Time of flight (i.e., the total time taken by the particle to reach the greatest height and then
to return to the starting point again) = 2u/g.

(vii) Time of ascent = time of descent.
ILLUSTRATIVE SOLVED EXAMPLES

Ex. 1.  If a particle moves along a straight line according to the law 2 2 2s at bt c    where s
is the displacement at any instant, then how does the acceleration vary with displacement ?

(a) as 1/s      (b) as 1/s2     (c) as 1/s3    (d) as 1/s4 [I.A.S. (Prel.) 2005]
Sol.  Ans. (c).  We have 2 1/ 2( 2 )s at bt c   ... (1)
From (1) , v = ds/dt = (at + b) / 2 1/ 2( 2 )at bt c  ... (2)

 acceleration = f = 
2 1 / 2 2 2 1/ 2

2
( 2 ) ( ) ( 2 )

2
a at bt c at b at bt cd

dt at bt c

     


 

v

2 2 2

2 3/ 2 3
( 2 ) ( )

,
( 2 )

a at bt c at b ac b
at bt c s
    

 
  using (1)

Ex. 2.  Two particles of m1 and m2 gms are projected vertically upwards such that the velocity of
projection of m1 in double that of m2.  If the maximum height to which m1 and m2 rise be h1 and h2
respectively, then (a) h1 = 2h2 (b) 2h1 = h2 (c) h1 = 4h2 (d) 4h1 = h2. [I.A.S. (Prel.) 1996]

Sol.  Ans. (c).  Let velocity of m2 be u.  Then by problem the velocity of m1 is 2u.  Now, by
problem h1 = (2u)2/2g and h2 = u2/2g so that h1 = 4 (u2/2g) = 4h2.

Ex. 3.  A particle is thrown vertically upwards  with a velocity 30 m/sec. Find its greatest height.
[Pune 2010]

Sol.  Greatest height 
2 30 30 45.91m

2 2 9.8
u

g


  


Ex. 4.  If 2x at bt c   , find velocity when t = 2 [Agra 2009]

Sol.  By definition, velocity = / 2dx dt at b 
Hence, when t = 2, the required velocity = 4a + b
Ex. 5.  The velocity of a jet projected vertically upwards to reach a height of 4 km is

(g = 9.8 m/sec2) (a) 28.0 km/s (b) 2.8 km/s (c) 0.28 km/s (d) 0.028 km/s.
[I.A.S. (Prel.) 2001]

Sol.  Ans. (c).  Max. height H = u2/2g    u2 = 2gH = 2  9.8  4  1000 so that u = 280 m/sec
= (280/1000) km/sec. = 0.28 km/sec.

Ex. 6.  An object was thrown vertically downwards with the initial velocity v0.  If during the fifth
second of its fall, it travels (3/2) times the distance it had travelled during the third second then the
value of v0 is given by (a) 2g m/sec (b) (3g/2) m/sec (c) g m/sec (d) g/2 m/sec.

[I.A.S. Prel. 2002]

/ 2dx dt at b 
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1.4 Dynamics

Sol.  Ans. (b).  Since distance travelled in nth sec = u + (g/2) (2n – 1), here v0 + (g/2) (2  5  1) =
(3/2) [v0 + (g/2) (2 3  1)] so v0 = (3/2) g.

Ex. 7.  A stone falling vertically from rest travels half of its total path in the last second of its fall.
The total time of its fall is (a) less than 2 seconds (b) equal to 2 seconds (c) greater than 2 seconds
but less than 3 seconds (d) greater than 3 seconds. [I.A.S. Prel. 2003]

Sol.  Ans. (c).  Let total time of fall be n seconds then by problem, (g/2) (2n  1) = (1/2)  (1/2)
gn2 so that n2  4n + 2 = 0 giving n = 1 2  and n = 1 2.   But (1 2)  gives –ve value of time.
So reject this value.  Then the required time = 1 2  which is > 2 seconds but < 3 seconds.
1.4 Momentum of a body, force and Newton’s laws of motion.

Momentum of a body.  If m be the mass of the body moving with velocity v, then the momentum
of body = mv.  It is a vector quantity.

Force.  Force is an action which changes or tends to change the state of rest or of uniform motion
of a body in a straight line.

Impressed forces.  The external forces acting upon a body are known as the impressed forces.
Internal forces.  The mutual forces of action and reaction are known as internal forces.
Newtons laws of motion.  They are stated as follows :
First law.  Every body (or particle) continues in its state of rest or of uniform motion in a

straight line unless it is compelled by impressed forces to change that state.
Second law.  The rate of change of momentum is directly proportional to the impressed force

and takes place in the direction of the force.
Third law.  To every action, there is an equal and opposite reaction.
Same useful results and definitions
(i) Inertia and law of inertia.  A body has no tendency of itself to change its state of rest or

motion if it is kept free from the action of external forces.  The inability of a body to change its
position by itself is known as inertia and hence first law is also known as the law of inertia.

(ii) Equation of motion or fundamental equation of dynamics is given by P = mf, when P is
the impressed force acting on a body (or particle) of mass m and f is its acceleration.  Formula P = mf
is remembered as follows :

Force causing motion in absolute units = mass  acceleration
In vector notation P = mf is written as P = mf.
(iii) Deduction of first law from second law. [Pune 2010]
From Newton’s law II, d(mv)/dt = kP, ...(1)

where m is the mass of the particle, v is the velocity, P is the external force and k is a constant.  If there
is no force acting on the body, then P = 0 and so (1) gives

d(mv)/dt = 0 so that mv = c or v = c/m = u, a constant. ...(2)
where c is constant of integration.  Now (2) shows that the velocity of the particle is constant and
hence the particle continues to move in a straight line with constant speed.  Again, if u = o, then (2)
shows that v = o i.e., the particle continues to be at rest.  This is nothing but a statement of the first law.
The first law of motion can thus be deduced from the second law.

(iv) The physical independence of forces.  Suppose a force P1 acting on a particle of mass m,
produces an acceleration f1 in it.  Similarly if a force P2 acting on the same particle, produces an
acceleration f2 in it.  Then,

mf1 = P1 and mf2 = P2
On adding these, m (f1 + f2) = P1 + P2,

showing that a force P1 + P2 acting on the particle produces an acceleration
f1 + f2.  Hence we see that the additional force P2 produces an additional acceleration f2, as it would do
if acting alone on the particle.  This result is known as the principle of physical independence of
forces.
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(v) Unit of force
Poundal.  It is the absolute unit of force in the F.P.S. (Foot-Poundal-Second) system.  Thus, a

poundal is the force which produces an acceleration of 1 ft/sec2 in a mass of one pound.
Dyne.  It is the absolute unit of force in the C.G.S. (Centimeter-Gramme-Second) system.  Thus, a

dyne is the force which produces an acceleration 1 cm/sec2 in a mass of one gramme.
Newton.  It is the absolute units of force in the M.K.S. (Meter-Kilogram-Second) system.  Thus,

a Newton is the force which produces an acceleration of 1 m/sec2 in a mass of one kilogram.  A
Newton in briefly written as N.

Note 1.  One Newton = 105 dynes
Note 2.  The above units of force are called absolute units because their values are the same

everywhere and do not depends on the g, the acceleration due to gravity.
Gravitational units of force.  Units of force which depend on the value of g are called gravitational

units of force. In this system in F.P.S., it is called a pound weight or lb. wt, in C.G.S., it is called gram
weight or gm. wt and in M.K.S., it is called kilogram weight or kg. wt.

Connection between absolute and gravitational units of force
1 lb. wt = g poundals = 32 poundals

1 gm. wt = g dynes = 981 dynes
1 kg. wt = g Newtons = 9.8 Newtons = 9.8 N.

Note.  While using the formula P = mf, P is always measured in absolute units, i.e., in poundals
or dynes or Newtons.

ILLUSTRATIVE SOLVED EXAMPLES
Ex. 1.  Which one of the following statements is correct ?  (a) Newton’s three laws of motion are

independent (b) first law of motion is contained in the second law as a special case (c) second law of
motion can be deduced from the third law (d) third law of motion can be deduced from the second
law. [I.A.S. (Prel.) 1997]

Sol.  Ans. (b) Refer result (iii) of Art 1.4.
Ex. 2.  Newton’s second law of motion is given by (a) velocity = mass/force (b) acceleration =

moving mass/force,  (c) acceleration = moving force/mass (d) None of the above. [I.A.S. (Prel.) 1997]
Sol.  Ans. (c) Since P = mf so f = P/m.
Ex. 3.  Newton’s third law says (a) for every action there is an unequal and opposite reaction (b)

to every action there is an equal and opposite reaction (c) to every action there is an equal and same
reaction (d) None of the above. [I.A.S. (Prel.) 1998]

Sol.  Ans. (b).  Refer Art 1.4, third law.
Ex. 4.  If a body of mass M kg at rest is acted upon by a constant force of W kg.wt, then in T

seconds it moves through a distance of (a) gTW/2M meters (b) gTW2/2M meters (c) g2TW/2M meters
(d) gT2W/2M metres. [I.A.S. (Prel.) 1996]

Sol.  Ans. (d).  From P = mf, Wg = Mf so that f = Wg/M. Using s = ut + (1/2) ft2  we get,
                                            s = 0 + (1/2) (Wg/M)T2 = gT2W/2M.

Ex. 5.  If a body of (1/2) kg is subjected to a force (i + 2j + k) N and if the body is initially at rest,
then its velocity after 4 second will be (a) 2 6  m/sec (b) 4 6  m/sec (c) 8 6  m/sec
(d) 16 6  m/sec. [I.A.S. (Prel.) 1998]

Sol.  Ans. (c).  Magnitude of force = | i + 2j + k | = (l2 + 22 + l2)1/2 = 6  Newton.  Now P = mf
 6  = (1/2) f  f = 2 6  m/sec2.  Then by,, v = u + ft,  v = 0 (2 6) 4 8 6    m/sec.

Ex. 6.  A body of mass 50 gm is acted upon by a constant force F = 100 dynes.  The time required
to move the body through a distance 25 cm from rest is (a) 10 s, (b) 5.5 s, (c) 5 sec, (d) 3.5 sec.

[I.A.S. (Prel.) 2001]
Sol.  Ans. (c). P = mf    100 = 50 f    f = 2.  Then

                                                 s = ut + (1/2) ft2    25 = 0 + (1/2)  2  t2   t = 5 sec.
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1.6 Dynamics

Ex. 7.  The magnitude of a force which is acting on a body of mass 1 kg for 5 sec. to produce
velocity of 1 m/sec in it, is (a) 1000 dynes, (b) 2000 dynes, (c) 10,000 dynes, (d) 20,000 dynes.

[I.A.S. (Prel.) 1999]
Sol.  Ans. (d).  v = u + ft    100 = f  5    f = 20.
 P = mf = 1000  20 = 20,000 dynes.

1.5 Reaction on the lift when a body of mass m is carried on a lift moving with an acceleration f

                         Fig. (i)                         Fig. (ii)

         Case I  Lift moving up Case II.  Lift moving down
R = reaction = m (g + f) R = reaction = m (g  f)

Note 1.  The reaction does not depend upon the velocity but it depends on the acceleration.
When f = 0, R = mg i.e., when the lift is at rest or moves with constant velocity, the reaction is equal
to the weight of the body.

Note 2.  In case II, if f = g, then R = 0, i.e., reaction vanishes and the contact becomes loose.
Again, in case II, if f > g, R is negative.  In this case the body is left behind and moves down freely
under gravity.

Note 3.  The pressure on the body is called the apparent weight of the body.  Clearly, in case I,
the apparent weight > actual weight whereas in case II, the apparent weight < actual weight.

ILLUSTRATIVE SOLVED EXAMPLES
Ex. 1.  A person weighing 80 kg is standing on a lift.  The lift moves upwards with a uniform

acceleration 4.9 m/s2.  The apparent weight (in kg) of the person is (a) 160 (b) 120 (c) 80 (d) 40.
[I.A.S. (Prel.) 1994]

Sol.  Ans. (b). R = m (g + f) = 80 (4.9 + 9.8) = 120 g = 120 kg-wt.
Ex. 2.  If a body of mass m kg is carried by a lift moving with upward acceleration f, then the

pressure on the plane of the lift is
(a) mf  mg (b) mg  mf (c) mg + mf (d) (mg) (mf). [I.A.S. (Prel.) 1999]
Sol.  Ans. (c).  Refer case I of Art 1.5.  Pressure = Reaction.
Ex. 3.  A person having a mass of 98 kg is descending in a lift with an acceleration of 2 m/s2.  The

thrust of his feet on the lift while descending, is nearly equal to (take g = 9.8 m/s2) (a) 76.4  106

dynes, (b) 96.0  106 dynes, (c) 115.6  166 dynes (d) 196  106 dynes. [I.A.S. (Prel.) 2001]
Sol.  Ans. (a).  By case II of Art. 1.5, Thrust = Reaction = m (g  f) = 98 (9.8  2) = 98  7.8 N = 98 

7.8  105 dynes = 76.4  106 dynes (nearly).
1.6 Motion of two bodies connected by a string

Case I.  Two masses m1 and m2 (m1 > m2) are suspended by a light inextensible
and flexible string over a smooth, fixed, small, light pulley (or a peg).  Then,

(i) Acceleration = f = (m1  m2)g/(m1 + m2)
(ii) Tension in string = T = 2m1m2g/(m1 + m2)

(iii) Pressure on pulley = 2T = 4m1m2g/(m1 + m2)
Case II.  Two masses m1, m2 are connected by an inelastic string; m2 is

placed on a horizontal table and the string passes over a light smooth pulley
at the edge of the table and m1 is hanging freely.  Then,

(i) Acceleration = f  = m1g/(m1 + m2)
(ii) Tension in string = T  = m1m2g/(m1 + m2)

(iii) Pressure on pulley = 2T  = m1m2g 2 /(m1 + m2)

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/



Basic Concepts of Dynamics 1.7

Example.  Two masses of 5 kg and 9 kg are fastened to ends of a cord passing over a frictionless
pulley.  The acceleration of resulting motion is

(a) 2.8 m/sec2 (b) 2.5 m/sec2 (c) 5.6 m/sec2 (d) 5.0 m/sec2. [I.A.S. (Prel.) 1993]
Sol.  Ans. (a).  From case I of Art 1.6, f = [(9  5)  9.8]/(9 + 5) = 2.8 m/sec2.

1.7 Composition and resolution of velocities
Resultant velocity and components of velocity.  When a particle possesses a number of velocities,

then the single velocity which is equivalent to the given velocities is called their resultant.  The given
velocities are known as the components of their resultant.

Resolved parts of a velocity.  If a velocity be decomposed into two components at right angles to
each other, the components are known as the resolved parts of the velocity.

Parallelogram law of velocities.  If a moving point possesses
simultaneously two velocities, which are represented in magnitude
and direction by the sides of a parallelogram, drawn from a point,
then the resultant velocity is represented in magnitude and direction
by the diagonal of the parallelogram passing through that point.

Let the two velocities u and v acting at an angle  be represented
in magnitude, direction and sense by the two side OA and OB of the parallelogram OACB, then their
resultant velocity V is represented by the diagonal OC.  Let OC make an angle  with OA.  Then we
have

V = (u2 + v2 + 2uv cos )1/2,  tan  = (u sin )/(u + v cos ) ...(1)
Some particular cases of composition of velocities.
Case I.  When u and v are perpendicular to each other, then  = 90°
(1)    V = (u2 + v2)1/2 and tan  = u/v.
Case II.  When u and v are in the same direction, then  = 0.
(1)    V = u + v and  = 0.
Case III.  When u and v are in the opposite directions, then  = .
If u > v, (1)    V = u  v and V has the direction of u.
If v > u, (1)    V = v  u and V has the direction v.
Case IV.  If v = u.  Then (1)    V = 2u cos (/2) and  = /2.  Thus, the direction of resultant

velocity bisects the angle between the two component velocities.
Components u and v of a velocity V in the directions making angles  and 

with it on either side.
u = (V sin )/sin ( + ), v = (V sin )/sin ( + ).

Resolved parts u and v of a velocity V in two directions at right angles to each
other, when u makes an angle  with V.

u = V cos  and v = V sin 
Note.  The sum of the resolved parts of a number of velocities in a given direction

is equal to the resolved part of their resultant in the same direction.
1.8 Relative velocity.  Relative velocity of B with respect to a moving point A is obtained as the
resultant of the absolute (actual) velocity of B and the reversed absolute (actual) velocity of A.

In vector notation, if u and v are the absolute velocity vectors of two points A and B respectively,
then the relative velocity of B relative to A, is v  u.

Ex. 1.  The velocity of a boat relative to water is 2i + 2j and that of water relative to earth is
i – 2j, where i, j represent velocities of one km an hour due to east and north respectively.  The
velocity of boat relative to earth is (a) 3 km an hour due east, (b) 2  21/2 + 51/2 km an hour at 45°
north of east, (c) (17)1/2 km an hour at tan1 4 north of east, (d) 171/2 km an hour at tan1 4 due
north.

[I.A.S. (Prel.) 2003]
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1.8 Dynamics

Sol. Ans. (a). Let u, v and w be absolute velocity of boat, water and earth respectively. Then,
given that

u – v = 2i + 2j and v – w = i – 2j
Adding these, (u – v) + (v – w) = 2i + 2j + i – 2j
 Velocity of boat relative to earth = u – w = 3i.
Ex. 2. To a man walking at 4 km per hour along a road due west the wind appears to blow

from the south while to a cyclist travelling in the same direction at 8 km per hour it appears to
come from the south-west. What is the true direction and velocity of the wind? [I.F.S. 1998]

Sol. Let v be the actual velocity of wind and let it blow in a direction making an angle  south
of west.

N

O E

S


W 4

v

Fig. (i)

             

N

O
E

S

W
8

v

Fig. (ii)

45°

135° u

A

Situation I. v is the resultant of the velocity (= 4 km/hr) of the person along OW and the
apparent velocity of wind along OS (see figure (i)). Resolving velocities along OW, we have

         cos 4 v ... (1)
Situation II. In this case v is the resultant of the velocity (= 8 km/hr) of the person along OW

and apparent velocity (u, say) of wind along OA making 45° with OE (see figure (ii)). Resolving
velocities along OW and ON, we have

cos 8 cos135 8 / 2u u     v and          sin sin135 / 2u u   v
In order to eliminate u, adding the above equations, we get

cos sin 8  v v or sin 4, v  using (1)  ... (2)

Squaring and adding (1) and (2), we get 2 2 16 v  4 2v  km/hr
Dividing (2) by (1), we get       tan  = 1       = 45°

Hence wind blows with velocity 4 2  km/hr from north-west.
MISCELLANEOUS PROBLEMS

Ex. 1. The distance travelled by a particle, falling freely from rest in first, second and third
seconds are in the ratio
(a) 1 : 2 : 3     (b) 1 : 3 : 5     (c) 9 : 4 : 1      (d) 1 : 4 : 9. [M.S. Univ. T.N. 2007]

Sol. Ans (b). We know that, distance travelled in the nth sec = u + (g/2) × (2n –1)
Here u = 0 so the ratio of distances travelled in 1st, 2nd and 3rd seconds

21 11 : (2 2 1)
2 2

g g     : 
1 (2 3 1) 1: 3 : 5
2

g    

Ex.2. Two balls are projected simultaneously with the same velocity from the top of a tower,
one vertically upwards and the other vertically downwards. If they reach the ground in time t1
and t2, then the height of the tower is  (1/2) × g t1 t2  (Garhwal 2010)

Sol. Let u be the common velocity of projection for both the balls and h the height of the
tower. Then for the first ball, and the second ball, we have

2
1 1(1/ 2)h ut gt    ... (1)
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and 2
2 2(1/ 2)h ut gt   ... (2)

Multiplying (1) by t2 and (2) by t1 and then adding, we get
h(t1 + t2) = (1/2) × g t1 t2 (t1 + t2) or h = (1/2) × g t1 t2

Ex. 3. Two motor cars are moving along two roads perpendicular to each other, towards
point of intersection of two roads. Their velocities at a particular time are v1 and v2 respectively
while their distances from the crossing are s1 and s2 respectively. If the accelerations of the two
cars be f1 and f2 respectively, then they shall avoid collision, if

(a) 2
1 2 2 1 2 1 1 2 2 1 1 2( ) 2( ) ( )s f s f f f s s   v v v v     (b) 2

1 2 2 1 1 2 2 1 2 1 1 2( ) 2( )( )s s f s f s f f   v v v v

(c) 2 1 1 2 1 2 2 1 1 2 2 1( ) 2( ) ( )f f s s f s f s   v v v v        (d) 2
1 1 2 2 1 2 2 1 2 1 1 2( ) ( ) ( ) 0s s f s f s f f   v v v v

[I.A.S. 2004]
Sol. Ans. (a) If possible, let the two cars collide after time t at the point of intersection. Then,

using s = ut + (1/2) × ft2, for both the cars we have
2

1 1 1(1/ 2)s t f t  v or 2
1 1 12 2 0f t t s  v ... (1)

and 2
2 2 (1/ 2)s t f t  v or 2

2 2 22 2 0f t t s  v ... (2)
Solving (1) and (2) for t2 and t by cross-multiplication, we get

2

1 2 2 1 1 2 2 1 1 2 2 1

1
4( ) 2( ) 2( )

t t
s s s f s f f f

 
    v v v v

 2 2 2
1 2 2 1 1 2 2 1 2 1 1 2 1 2 2 1( ) / 2( ) ( ) /( )t s s f f s f s f f f     v v v v v v

             2
1 2 2 1 2 1 1 2 2 1 1 2( ) ( ) ( )s f s f f f s s   v v v v ... (3)

Hence to avoid collision, the condition is given by
2

1 2 2 1 2 1 1 2 2 1 1 2( ) ( ) ( )s f s f f f s s   v v v v

Ex. 4. If time t be regarded as a function of velocity v, prove that the rate of decrease of

acceleration is given by 3 2 2( / ),f d t d v  f being the acceleration.

[Kanpur 2006, 07; Rohilkhand 2001]
Sol.  Let t = f (v), where f is an arbitrary function ... (1)
Differentiating (1) w.r.t. ‘t’, we get           1 ( ) ( / )d dt  v v

 Acceleration = / 1/ ( )f d dt  v v ... (2)

Differentiating (2) w.r.t. ‘t’, we get   2
1 ( )

{ ( )}
df d
dt dt

  


v
v

v

or 3
2

( ) ( ),
{ ( )}

df dv f
dt dt

      


v
v

v
 using (2) ... (3)

Now, (2)        / ( )dt dv   v                               2 2/ ( )d t dv   v      ... (4)
  From (3) and (4),            df/dt = – f 3 × (d2t/dv2),

which is negative. Hence the rate of decrease of acceleration is f 3 × (d2t/dv2).

Ex. 5. A point moves with uniform acceleation. If 1 2 3, ,v v v  be average velocities in three
successive intervals of time t1, t2, t3, prove that (v1 – v2)/(v2 – v3) = (t1 + t2)/(t2 + t3).

[Pune 2010; Rohilkhand 2003]
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