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PREFACE
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ELEMENTARY COMBINATORICS

1.1 INTRODUCTION

In our daily life, we often come across the problems of finding the number of ways in which
a set of objects may be arranged or selected under certain given condition or conditions. This
process is also known as the sophisticated counting or counting without counting. In this process
of arranging a set of objects, we are generally concerned with the problems some of which are
given below :

(i) Seating arrangements (linear or circular).

(ii) Arrangements of books on a shelf.

(iii) Formation of numbers with given digits.

(iv) Arrangements of the letters of a given word, etc.

In the process of selection some of the problems are of the following nature :

(i) Selection of a team or a committee from a group of persons.

(ii) Finding the number of lines passing through a given number of points in the plane, etc.

Combinatorics is the study of arrangements of objects and counting of objects with certain
properties.

Combinatorics is concerned with the study of how to combine, select and partition elements
of sets in certain way. Thus, aspects of combinatorics include “counting” the objects satisfying
certain criteria (enumerative combinatorics), deciding when the criteria can be met, and
constructing and analyzing objects meeting the criteria, finding “largest”, “smallest”, or
“optimal” objects (extremal combinatorics), and finding algebraic structures these objects may
have (algebraic combinatorics).

1
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1.2 BASIC COUNTING PRINCIPLES

In this section, we will discuss two basic counting principles and illustrate the use of these
counting principles in solving different counting problems.

1.2.1 Sum Rule (The Principle of Disjunctive Counting)

If one action can be performed independently in n1 different ways and another disjoint action
can be performed independently in n2 different ways, and yet another disjoint action can be
performed independently in n3 different ways, and so on. (the number of actions being finite),
then the total number of ways in which either of these actions can be performed is

n1 + n2 + n3 + ...

In this, it is presumed that only one action can be performed at a time.

EXAMPLE 1. How many ways can we get a sum of 8 when two indistinguishable dice are rolled ?

SOLUTION. We should obtain a sum of 8 by the outcomes (2, 6), (3, 5), (4, 4), (5, 3) and
(6, 2) but the dice are similar so the outcomes {(2, 6) and (6, 2)}, and {(3, 5) and (5, 3)} cannot
be differentiated. Thus, we obtain the sum of 8 in only 3 ways.

EXAMPLE 2. If there are 36 boys and 24 girls in a class, find the number of ways of selecting
one student as class representative.

SOLUTION. Using sum rule, there are 36 + 24 = 60 ways of selecting one student (either
a boy or girl) as a class representative.

EXAMPLE 3. In how many ways can we draw a heart or a spade from an ordinary deck of cards ?

SOLUTION. In a deck of cards, there are 13 spades and 13 hearts. So, we may draw a heart
in 13 ways and a spade also in 13 ways. Thus, by sum rule, a spade or a heart may be
drawn in 13 + 13 = 26 ways.

EXAMPLE 4. In how many ways can we choose a prime number or an even number between 10
and 20 (excluding both numbers) ?

SOLUTION. A prime number between 10 and 20 can be chosen in 4 ways i.e., 11, 13, 17
and 19 and an even number between 10 and 20 can be chosen in 4 ways i.e., 12, 14, 16, 18.

Thus, by sum rule, a prime or an even number between 10 and 20 can be chosen in
4 + 4 = 8 ways.

EXAMPLE 5. What is the value of k after the following code has been executed ?

k � 0

for i � 1 to n1

k � k + 1

for j � 1 to n2

k � k + 1

for m � 1 to n3

k � k + 1



ELEMENTARY COMBINATORICS 3

SOLUTION. The initial value of k is 0. This block of code is made up of 3 different loops
and no. two of these loops can be done at the same time. Each time a loop is traversed, 1
is added to k. The sum rule shows that the final value of k is

n1 + n2 + n3

1.2.2 Product rule (The Principle of Sequential Counting)

If one action can be performed independently in n1 different ways, and after it has been done,
if a second action can be performed independently in n2 different ways, and after both have
been done, if a third action can be performed independently in n3 different ways and so on
(the number of actions being finite), then the total number of ways in which all the actions
can be performed together is :

n1 × n2 × n3 × ...

Here we have assumed that each way of performing the first action may be followed by
any way of performing the second action, and is then followed by any way of performing the
third action and so on.

Sum rule is in contrast to the product rule where we consider the sequence of actions
occurring together and thereby the number of ways get multiplied.

EXAMPLE 6. A coin is tossed four times and the result of each toss is recorded. How many
different sequences of heads and tails are possible ?

SOLUTION. Each tossing of a coin results in either head or tail i.e., there are two possible
outcomes for each toss.

Thus, by product rule, there are 2 × 2 × 2 × 2 = 24 different sequence of heads and tails.

EXAMPLE 7. How many different bit strings are there of length 7 ?

SOLUTION. Each of the seven bits can be chosen in two ways since each bit is either 0 or 1.

Therefore, the product rule shows there are a total of 27 = 128 different bit strings of
length seven.

EXAMPLE 8. An office building contains 27 floors and has 40 offices on each floor. How many
offices are there in the building ?

SOLUTION. There are 27 ways to choose the floor and 40 ways to choose an office for each
of these floor. Thus, by product rule, there are 27 × 40 = 1080 offices.

EXAMPLE 9. How many 4-digit numbers can be formed using the digits 1, 3, 4, 6, 7 and 8 ?
How many 4-digit numbers can be formed if no digit can be repeated ?

SOLUTION. The number of digits that can be used to form a 4-digit number is 6. So each
of the four digits can be chosen in 6 ways. Therefore, by the product rule, 6 × 6 × 6 × 6 =
64 = 1296 four digit numbers can be formed.

If the repetition of digits is not allowed, then thousand’s place can be filled in 6 ways,
hundred’s place can be filled in 5 ways, ten’s place can be filled in 4 ways and unit’s place
in 3 ways. Thus, by product rule, 6 × 5 × 4 × 3 = 360 different 4-digit numbers can be
formed.
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EXAMPLE 10. How many two-digit or three-digit numbers can be formed using digits 1, 2, 3,5,
7, 9, if no repetition is allowed ?

SOLUTION. The number of digits which can be used to form the numbers are six.

Number of ways in which two-digit numbers can be formed = 6 × 5 = 30

and the number of ways in which three-digit numbers can be formed = 6 × 5 × 4 = 120.

By sum rule, the number of two-digit or three-digit numbers that can be formed

= 30 + 120 = 150.

EXAMPLE 11. Each user on a computer system has a password, which is 6 to 8 characters long,
where each character is an upper case letter or a digit. Each password must contain at least one digit.
How many possible passwords are there ?

SOLUTION. Let P be the total number of passwords.

P1 be the passwords of length 6.

P2 be the passwords of length 7.

P3 be the passwords of length 8.

By sum rule P = P1 + P2 + P3

To find P1, it is easier to find the number of strings of upper case letters and digits that
are six characters long and subtract from this the number of strings with no digits.

By the product rule, the number of strings of six characters is (26 + 10)6 = 366 and the
number of strings with no digits is (26)6. (26 English letters and 10 digits)

Hence P1 = (36)6 – (26)6

= 1,867,866,560

Similarly, P2 = (36)7 – (26)7

= 70,332,353,920

and P3 = (36)8 – (26)8

= 2,612,282,842,880

So, P = P1 + P2 + P3

= 2,684,483,063,360.

EXAMPLE 12. How many different license plates are available if each contains a sequence of four
letters followed by three of the digits 0–9 (not necessarily distinct) ?

SOLUTION. There are 26 choices for each of the four letters. So by the product rule, the
number of ways in which the four letters can be chosen in

26 × 26 × 26 × 26 = (26)4 ways

and the three digits can be chosen in 10 × 10 × 10 = (10)3 ways.

Hence, by the product rule, there are total (26)4 × (10)3 = 456,976,000 different license
plates.

EXAMPLE 13. What is the value of ‘m’ after the following code has been executed ?

m � 0

for i1 � 1 to n1
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for i2 � 1 to n2

for i3 � 1 to n3

...

...

for im � 1 to nm

m � m + 1

SOLUTION. By product rule, it follows that the rested loop is traversed n1n2 ... nm times.

Hence the final value of m is n1 n2 ... nm.

EXAMPLE 14. How many numbers in the range 10000 to 99999 do not have any repeated digits ?

SOLUTION. There are nine choices for the first digit from 1 to 9. Once this has been
chosen, there remains still 9 choices for the second because now 0 be used. There are now
8 choices for the third digit, seven for the fourth digit and six for the fifth.

So there are 9 × 9 × 8 × 7 × 6 = 27216 possible numbers.

EXAMPLE 15. How many even numbers in the range 100–999 have no repeated digits ?

SOLUTION. This event can be partitioned into two mutually exclusive cases.

Case 1 : The number ends in 0.

In this case, there are 9 choices for the first digit (1–9) and then 8 choices for the second
(since 0 and the first digit must be excluded). So there are 9 × 8 = 72 numbers of this type.

Case 2 : The number does not end in 0.

Now, there are four choices for the final digit (2, 4, 6 and 8) and 8 choices for the first
digit (0 and last digit are excluded) and 8 choices for the second digit (the first and last digits
are excluded).

There are 4 × 8 × 8 = 256 numbers.

By addition rule, there are 72 + 256 = 328 even numbers.

EXAMPLE 16. Three persons enter into a room, where there are 5 chairs. In how many ways can
they take up their chairs ?

SOLUTION. The first person has a choice of 5 chairs and can sit in any one of those 5
seats. So there are 5 ways. Second person has a choice of 4 seats and the third person has
a choice of 3 chairs. Hence the required number of ways = 5 × 4 × 3 = 60.

EXAMPLE 17. Suppose that we draw a card from a deck of 52 cards and replace it before the next
draw. In how many ways can 10 cards be drawn so that the tenth card is a repetition of a previous
draw ?

SOLUTION. First we count the number of ways, we can draw 10 cards so that the 10th card
is not a repetition.

First choose what the 10th card will be. This can be done in 52 ways.
If the first 9 draws are different from this, then each of the 9 draws can be chosen from

51 cards.
Thus, there are (51)9 ways to draw the first 9 cards different from the 10th card.
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Hence there are (51)9 × 52 ways to choose 10 cards with the 10th card different from any
of the previous 9 draws.

There are (52)10 ways to draw 10 cards with replacements. So, there are (52)10 – [(51)9 ×
52] ways to draw 10 cards where the 10th is a repetition.

EXAMPLE 18. In how many ways can 10 people be seated in a row so that a certain pair of them
are not next to each other ?

SOLUTION. There are 10 × 9 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1 i.e., 10! ways of seating
all 10 people. The number of ways of seating the 10 people where the certain pair of people
(Say x and y) are seated next to each other. If we treat the pair xy as one entity, then there
are 9 total entities. These are arrange in 9! ways. But, x and y can be seated next to each
other in 2 different orders i.e., xy and yx.

Thus, there are (2) × (9!) ways of seating all 10 people where x and y are next to each
other.

So, the number of ways in which 10 people be seated in a row and certain pair of them
are not next to each other is 10! – (2)(9!).

EXAMPLE 19. Find the number of three digit natural numbers having digits in increasing order
from left to right.

SOLUTION. First place can be filled by numbers 1, 2, 3, ... 7, second place by 2, 3, 4, ...
8 and third by 3, 4, 5, ... 9 i.e., the number of ways of filling each place is seven but total
number of ways is not 7 × 7 × 7 = 343 because number of ways of filling each place is not
independent. Reason behind this is that corresponding to 1 at first place, second place can
filled up by anyone of seven digits i.e., 2 to 8 but when we put 2 at first place, the number
of ways of filling second place is only six.

The rule of product is used only when the number of ways of doing each part is
independent. So, the right approach for this problem is that first select three distinct non-zero
digits which can be done in 9C3 ways then arrange them in increasing order which can be
done in only one way.

Therefore, the required number of natural numbers are

9C3 × 1 =
9 8 7 6!9!

3!(9 3)! 3 2 1 6!
¥ ¥ ¥

=

- ¥ ¥ ¥

= 84

For each positive integer we define n! = n.(n – 1)(n – 2)...3.2.1 = the product of all integers
from 1 to n.

Also define 0! = 1 Note that 1! = 1

Thus 7! = 7.6.5.4.3.2.1

(We read n! as “n factorial”)

The relation n! = n[(n – 1)!] enables us to compute the values of n! for small n fairly quickly.
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